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PREFACE. 



THE following pages will be found to comprise all the 
parts of Elementary Trigonometry which can con- 
veniently be treated without the use of infinite series and 
imaginary quantities. 

The chapters have been subdivided into short sections, 
and the examples to illustrate each section have been very 
carefully selected and arranged, the earlier ones being easy 
enough for any reader to whom the subject is new, while 
the later ones, and the Miscellaneous Examples scattered 
throughout the book, will furnish sufficient practice for 
those who intend to pursue the subject further as part of a 
mathematical education. 

No substantial progress in Trigonometry can be made 
until the fundamental properties of the Trigonometrical 
Ratios have been thoroughly mastered. To attain this 
object very considerable practice in easy Identities and 
Equations is necessary. We have therefore given special 
prominence to examples of this kind in the early pages; 
with the same end in view we have postponed the sub- 
ject of Radian or Circular Measure to a later stage than 
is usual, believing that it is in every way more satis- 
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factory to dwell on the properties of the trigonometrical 
ratios, and to exemplify their. use in easy problems, than 
to bewilder a beginner with an angular system the use of 
which he cannot appreciate, and which at this stage fur- 
nishes nothing but practice in easy Arithmetic. 

The subject of Logarithms and their application has 
been treated very fully, and illustrated by a selection of 
carefully graduated Examples. It is hoped that the ex- 
amples worked out in this section may serve as useful 
models for the student, and may do something to cure that 
inaccuracy in logarithmic work which is so often due to 
clumsy arrangement. 

In the experience of most teachers it is found extremely 
difficult to get boys to handle problems in Heights and 
Distances with any degree of confidence and skill. Ac- 
cordingly we have devoted much thought to the exposition 
of this pai-t of the subject, and by careful classification 
of the Examples we have endeavoured to make Chapters vi. 
and XVII. as easy and attractive as possible. 

A^ery little advance can be expected in Trigonometry 
until the principal formulae can be quoted readily, but 
whether it is advisable for learners to have lists of formulae 
compiled for them, so as to be easily accessible at all times, 
is a matter upon which teachers hold different views. In 
our own opinion it is distinctly mischievous to furnish such 
lists ; it encourages indolent habits, and fosters a spurious 
confidence which leads to disaster when the student has to 
rely solely upon his own knowledge. 

In the general arrangement and succession of the 
different parts of the subject we have been mainly guided 
by our own long experience in the class room ; but as the 

^uscript and proof-sheets have been read by several 
I teachers, and have been frequently tested by pupils 
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in all stages of proficieiicT, the hope is enteitAinei^l thuf 
our treatment is sach as to enable beginners to take an 
intelligent interest in the subject from the firsts and to 
aoq[iiire a sound elonentaiy knowledge of practical Trigo- 
nometary before thej encoonter the more theoretical ditR- 
colties. At the same time, as each chapter is, as far as 
possible, complete in itself, it will be easy for teachers to 
adopt a different order of treatment if they prefer it ; the 
fall Table of Contents will facilitate the selection of a 
soitable conrse of reading, besides furnishing a useful aid to 
students who are rapidly revising the subject. 

We are indebted to several friends for valuable criticism 
and advice; in particular, we have to thank Mr T. D. Da vies 
of Clifton College for mianj useful hints, and for some in- 
genious examples and solutions in Chapters xxiv. and xxv. 

H. S. HALL. 
S. R. KNIGH'I\ 

November, 1893. 

PREFACE TO THE SECQND EDITION. 

For this Edition the whole book has l>een revifiod, 
and every example has been solved again. A few faulty 
examples have been removed and replac<^d by otli(5r«. No 
change has been made in the text except in Chaptijr xviii., 
where a simpler treatment of the propr^sitionH cAtntmiUu] 
with the Pedal and Ex-central Triangles has })efm giverj. 

H. S. HALL. 

December, 1894. 
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ELEMENTARY TRIGONOMETRY. 



CHAPTER I. 



MEASUREMENT OF ANGLES. 



1. The word Trigonometry in its primary sense signifies 
>lie measurement of triangles. From an early date the science 
ilso included the establishment of the relations which subsist 
3etween the sides, angles, and area of a triangle ; but now it has 
i much wider scope and embraces all manner of geometrical and 
algebraical investigations carried on through the medium of 
certain quantities called trigonometrical ratios, which will be 
lefined in Chap. II. In every branch of Higher Mathematics, 
whether Pure or Applied, a knowledge of Trigonometry is of the 
greatest value. 

2. Definition of Angle. Supjpose that the straight line OP 
[n the figure is capable of revolving about the point 0, and 
mppose that in this way it has 

passed successively from the posi- 
tion OA to the positions occupied 
by OB, OCy OD, ..., then the angle 
between OA and any position such 
18 OC is measured by the arrumnt 
?/ revolution which the line OP 
lias undergone in passing from its 
initial position OA into its final 
position OC. 

Moreover the line OP may 
tnake any number of complete re- 
^roiutions through the original posi- 
tion OA before taking up its final 
position. 
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It will thus be seen that in Trigouometry augles are not re- 
stricted as in Euclid, but may be of any magnitude. 

The point is called the originy and OA the initial line; 
the revolving line OP is known as the generating line or the 
radius vector, 

3. Measurement of Angles. We must first select some 
Jived unit. The natural imit would be a right angle, but as in 
practice this is inconveniently large, two systems of measure- 
ment have been established, in each of which the imit is a 
certain fraction of a right angle. 

4. Sexagesimal Measure. A right angle is divided into 
90 equal parts called degrees, a degree into 60 equal parts called 
minutes, a minute into 60 equal parts called seconds. An angle 
is measured bjr stating the number of degrees, minutes, and 
seconds which it contains. 

For shortness, each of these three divisions, degrees, minutes, 
seconds, is denoted by a symbol ; thus the angle which contains 
53 degrees 37 minutes 2*53 seconds is expressed symbolically in 
the form 53' 37' 2*53". 

5. Centesimal Measure. A right angle is divided into 
100 equal parts called grades, a grade into 100 equal parts called 
minu^tes, a minute into 100 equal parts called seconds. In this 
system the angle which contains 53 grades 37 minutes 2*53 
seconds is expressed symbolically in the form 53« 37* 2'63'\ 

It will be noticed that different accents are used to denote 
sexagesimal and centesimal minutes and seconds ; for though 
they have the same names, a centesimal minute and second are 
not the same as a sexagesimal minute and second. Thus a right 
angle contains 90 x 60 sexagesimal minutes, whereas it contains 
100 X 100 centesimal minut^. 

Sexagesimal Measure is sometimes called the English System, 
and Centesimal Measure the Frenoh System. 

6. In numerical calculations the sexagesimal measure is 
always used. The centesimal method was proposed at the time 
of the French Revolution as part of a general system of decimal 
measurement, but has never been adopted even in France, as 
it would have made necessary the alteration of Geographical, 
Nautical, Astronomical, and other tables prepared accoriung to 
the sexagesimal method. Beyond giving a few examples in 
transformation from one system to the other which afiford 
exercise in easy Arithmetic, we shall after this rarely allude to 
centesimal measure. 
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In theoretical work it is convenient to use another method 
of measurement, where the unit is the angle subtended at the 
oeotre of a circle by an arc whose length is equal to the radius. 
This system is known as Circular or Eadian Measure, and will 
be fully explained in Chapter VII. 

An angle is usually represented by a single letter, different 
letters A^ B, C,..., a, 0, 7)***) ^y <t>9 V^>'*m being used to distin- 
guish different angles. For angles estimated in sezaeesimal or 
ooDtesimal measure these letters are used indifferently, but we 
shall always denote angles in circular measure by letters taken 
from the Greek alphabet. 

7. If the number of degrees and grades contained in an angle 
he D and G respectively^ to prove that -5 = 77:. 

In sexagesimal measure, the given angle when expressed as 
the fraction of a right angle is denoted by ~ . In centesimal 

measure, the same fraction is denoted by r^ ; 

D O ^. ^, D G 

.-. ^=j^;thatis,^=j^. 

8. To pass from one system to the other it is advisable 
first to express the given angle in terms of a right angle. 

In centesimal measure any number of grades, minutes, and 
seconds may be immediately expressed as the decimal of a right 
angle. Thus 

23 grades =:f^ of a right angle =:*23 of a right angle ; 

15 minutes^^/^ of a grade=-15 of a grade=*0016 of a right 
angle ; 

.-. 23« 15* = -2315 of a right angle. 

Similarly, 15« 7* 53-4** = -1507534 of a right angle. 

Ck>nyersely, any decimal of a tight angle can be at once ex- 
pressed in grades, minutes, and seconds. Thus 

•2173025 of a right angle = 21 •73025« 

=21« 73-026* 

=21* 73' 2-5'\ 

In practice the intermediate steps are omitted. 
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Example 1. Beduce 2* 13' 4*5'' to Bexagesimal measure. 
This angle = -0213046 of a right angle '^^^^ "^^ * ^^^ *"8*® 

= 1° 66' 2-668". 1-917405 degrees 

60 

56-0448 minutes 
60 

2*658 seconds. 

Obs. In the Answers we shall express the angles to the nearest 
tenth of a second, so that the above result would be written 1° 66' 2*7". 

Example 2. Beduce 12° 13' 14-3" to centesimal measure. 

Thisangle=-13678487...ofarightangle 60ii4;8 seconds 

_ 1 og 157^ fti.Q- ^ ) 18-238888.. .minntes 

-.ld«0/ 04 y . 90 ) 12-2206888 ... degrees ' 

-18578487...ofai-ightangle. 

EXAMPLES. I. 

Express as the decimal of a right angle 

1. 67" 3(y. 2. ir 15'. 3. 37* 50\ 

4. 2" 10' 12". 5. 8' (y 36". 6. 2^ 4> 4-5". 

Eeduce to centesimal measure 

7. 69** 13' 30". 8. 19" 0' 4ft". 9. 60** 37' 6-7". 

10. 43** 52' 381". 11. 11" 0' 38-4". 12. 142M6' 46". 

13. 12' 9". 14. 3' 26-3". 

Beduce to sexagesimal measure 
15. 56« 8T bO'\ 16. 39« 6* 25'\ 17. 40« V 25'4". 

18. 1"^ 2^ 3". 19. 3« 2' 5**. 20. 8« 10' 6-5'\ 

21. 6^ 25^\ 22. ZT 5'\ 

23. The sum of two angles is 80* and their difference is 18° ; 
find the angles in degrees. 

24. The number of degrees in a certain angle added to the 
number of grades in the angle is 152 : what is the angle ? 

■ 

25. If the same angle contains in English measure ^ minuteil^ 
and in French measure y minutes, prove that 50a7=27y. 

26. If 8 and t respectively denote the numbers of sexa* 
gesimal and centesimal seconds in any angle, prove that 

250*=81<. 
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CHAPTER II. 



TRIGONOMETRICAL RATIOS. 



9. Definition. Batio is the relation which one quantity 
bears to another of the same kind, the comparison being made 
by considering what multiple, part or parts, one quantity is of 
the other. 

To find what multiple or part A is of B we divide A 
by B ; hence the ratio of ^ to 5 may be measured by the 

firaction -^. 

In order to compare two quantities they must be expressed 
in terms of the same unit. Thus the ratio of 2 yards to 

27 inches is measured by the fraction 5= — or - . 

Obs. Since a ratio expresses the number of times that one 
quantity contains another, every ratio it a numerical quantity. 

10. Dbfintfion. If the ratio of any two quantities can be 
expressed exactly by the ratio of two integers the quantities are 
said to be commensurable ; otherwise, they are said to be 
incommensurable. For instance, the quantities 8( and 5^ 
are commensurable, while the quantities y/2 and 3 are incom- 
mensurable. But by finding the numerical value of mJ2 we may 
express the value of the ratio ^2 : 3 by the ratio of two com- 
mensurable quantities to any required degree of approximation. 
Thus to 5 oecimal places v^= 1*41421, and therefore to the 
same degree of approximation 

V2 : 3=1-41421 : 3 = 141421 : 300000. 

Similarly, for the ratio of any two incommensurable o^u&ntUAfia. 
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Trigonometrical Ratios. 

11. Let PAQ be any acute 
angle ; in AP one of the bound- 
ary lines take a point B and 
draw BC perpendicular to ilQ. 
Thus a right-angled triangle BAC 
is formed. 

With reference to the angle A 
the following definitions are em- 
ployed. 

The ratio |J or '^^^ is caUed the sine of A. 

The ratio -r-= or —f- — is called the cosine of A, — 

AB hypotenuse 

The ratio |g or ^^^ ^ called the tangent of A. 
The ratio ^ or ^1^ ^ is called the cotangent of i 
The ratio ^ or ^^'^ is called the secant of A. 

The ratio -w?^ or ^^ .^ — rj- is called the cosecant of A. 
JSU opposite incte 

These six ratios are known as the trigonometrical rati< 
It will be shewn later that as long as the angle remains t 
same the trigonometrical ratios remain the same. [Art. 19.] 

12. Instead of writing in full the words tiney eosme^nffe, 
cotangent, secant, cosecant, abbreviations are adopted. Thus t 
above definitions may be more conveniently expressed ai 
arranged as follows : 

. J, BC A ^B 

smil=jg, cosecJ=^, 

, AC , AB 

cos^=^, s^^=2^' 

, A ^^ ^ A ^^ 



and tomrwai «uw are «:aKGnie» nwii : saev df« vrtneo \>Nrs .i 
and oovss J, ^ad are ihiss ^^czaeii : 



13L In Cbapoer VIIL ise dHbiiiivKu v:/ :he tti^'^K^ctte^rktit 
nticB vill be exseoied »> sib? cue of as;^j«» of anj ttU|^u:iu\li\ 
but far the p icwn^ ve oxinDe o<ir men^Hx u^ the vx't»Meniik>t\ 




IL AItK.TTgtt c^ Terinftl lora <tf the diMtaitk«w» of ;)h> 
trigopo M ic ii ial zstioB giTvn in Art 11 uu^ be Kel)V!Ul u^ t)io 
stQdenfc at fin^ he will gain no fre«^i>m iu tWir u^ xuitil h«' U 
able to wiite down from the figuie anv rfttio at «i^t 

In the adjoining figure^ P^R is a 
ri|^ift-«D^ed triangle in which I^^W 

Since PQ is the greatest aide, K ia 
the rig^ an^ei The trisonometricsal ^ ^' 
latioB cf the angies P and ^ may lio ^^ 

written down at <Mioe ; for example, 

. ^ PR h ^^ qR 1« 

*^«"Pe = 13' ^^^-/>V"13' 

. p_C^_12 „ /V_13 

15. It is important to observe that Mc* tHgonomi^trustl rii^«m 
of an angle are numerical guantittee, £aoh ono of thoin n^- 
presents uie ratio of one length to another, aiul thoy luuMt thoiu- 
aelves never be regarded as lengths. 

16. In everv right-angled triangle the lmK)toiuiHo \h tho 
greatest side; hence from the definitions of Art U it will 
be seen that those ratios whioh have the hyiK)UnuiKQ in i\\\\ 
denominator can never be greater than unity, whilo thottu whiuh 
have the hypotenuHO in the numerator can novor bo Iohh tliiin 
unity. Those ratios which do not involve the hypotoiuiHo am 
not thus restricted in value, for either of the two HidtM whi(*h 
subtend the acute angles may be tlie greatur. I [unce 

the eine and cosine of an angle com never he greater than 1 ; 

the cosecant and secant of an angle can 'never be leM than 1 ; 

the tangent and ootange9U may have any nufit hm 
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17. Let ABC be a right-angled triangle having the right 
angle at A ; then by Euc. i. 47, 

the sq. on BC 

=«:sum of sqq. on AC and AB^ 
or, more briefly, 

BC^==AC^'\-AB\ 

When we use this latter mode of ex- 
pression it is understood that the 
sides AB, AC^ BC are expressed in 
terms of some common unit, and the above statement may be 
regarded as a numerical relation connecting the numbers of units 
of length in the three sides of a right-angled triangle. 

It is usual to denote the numbers of imits of lengtii in the 
sides opposite the angles A^ By C by the letters a, 6, c respectively. 
Thus in the above figure we have a^—ll^'\'c\ so that if the lengths 
of two sides of a right-angled triangle are known, this equation 
will give the length of the third side. 

Example 1. ABC is a right-angled triangle 
of which C is the right angle; if a =3, 5=4, 
find c, and also sin^ and cotB. 

Here c2=a*+6«=(3)«+(4)*=9+ 16=25; 

/. C=:6. 

. . BC ^ 

Also sm ii = . T, = ■= ; 

AB 5 

Example 2. A ladder 17 ft. long is placed with its foot at a 
distance of 8 ft. from the wall of a house and just reaches a window- 
sill. Find the height of the window-sill, and the sine and tangent 
of the angle which the ladder makes with the wall. 

Let ^C be the ladder, and BC the wall. 

Let X be the number of feet in BC\ 

then ar« = (17)«-(8)*=(17-t-8)(17-8) = 26x9; 

/. ar = 6x3 = 15. 

Also ^*" 2C~17' 

. ^ ^^ 8 




C 




a] 



TRIGONOMETRICAL RATIOS. 



9 



18. The following important proposition depends upon the 
property of similar triangles proved in Euc. yl 4. The student 
who has not read the sixth Book of Euclid should not fail to 
notice the result arrived at, even if he is unable at this stage to 
understand the prool 

19. To prove that the trigonometrical ratios remain unaltered 
to long as the angle remains the same. 

Let AOP be any acute angle. In OP take any points B and 




Z>, and draw BC and DE perpendicular to OA. Also take any 
point J^in OF and draw FO at right angles to OP. 

BC 
From the triangle BOC, sin POA =^» ; 

DE 
from the triangle DOE, sin POA — ^^ ; 

FO 
from the triangle FOG, sin POA =yr?y - 

But the triangles BOCy BOE^ FOG are equiangular ; 

BC^DEFG 
''' 0B~ OD" OG' 



[Euc. VI. 4.] 



Thus the sine of the angle POA is the same whether it is 
obtained from the triangle nOC^ or from the triangle DOE^ or 
from the triangle FOG, 

A similar proof holds for each of the other trigonometrical 
ratios. These ratios are therefore independent of the length of 
the revolving line and depend only on the magnitude of the angle. 
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20. If A denote any acute angle, we have proved thai all 
the trigonometrical ratios of A depend only on the ma^tude of 
the angle A and not upon the lengths of the lines which bound 
the angle. It may easily be seen that a change made in the 
value of A will produce a consequent change in the values of all 
the trigonometrical ratios of A, This point will be discussed 
more fully in Chap. IX. 

Definition. Any expression which involves a variable 
quantity x, and whose value is dependent on that of ^ is called 
a function of z. 

Hence the trigonometrical ratios may also be defined as 
trigonometrical fmctions ; for the present we shall chiefly em- 
ploy the term raUo^ but in a later part of the subject the idea of 
ratio is gradually lost and the term function becomes more 
appropriate. 

21. The use of the principle proved in Art. 19 is well 
shewn in the following example, where the trigonometrical ratios 
are employed as a connecting link between the lines and angles. 

Example, ABC v&9k right-angled triangle of which A is the right 
angle. BB is drawn perpendicular to BC and meets CA produced in 
D: if ^B = 12, ^C=16, BC=20, find BB and CD. 

From the right-angl0d tri- 
angle CBB, 

— = tan C I 
BC **" ^ » 

from the right-angled triangle 
ABC, 



— 7;.=tan (7: 
AC "^ ' 




BD 

BC 



AB 
AC' 



Again, 



BD 12 , „^ ,^ 

20 ^16' ^^®^<^^^ = 1^- 

CD ^ BC 

^=BecC = ^; 

"20 ~ 16 ' ^^^^^ OD=25. 



The same results can be obtained by the help of Euo. vi. 8. 
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EXAMPLES, n. 

1. The sides AB, BO, CA of a ri^ht-angled triangle are 17, 
15, 8 respectively ; write down the values of sin A, sec A^ tan B, 
aecB. 

2. The sides PQj QR, RP of a right-angled triangle are 13, 
5, 12 respectively : write down the values of cot P, coseo Q, 
oosQ, cobP. 

3. ABC is a triangle in which ^ is a right angle; if 6=15, 
0=20, find Oy sin C^ cos B^ cot C7, sec C. 

4. ABC is a triangle in which ^ is a right angle ; if a = 24, 
5b25, find c, sin (7, tan A^ cosec A. 

5. The sides ED, EF, DF of a right-angled triangle are 35, 
37, 12 respectively : write down the viJues of sec E, sec F, cot E^ 
«aiF. 

6. The hypotenuse of a right-angled triangle is 15 inches, 
and one of the sides is 9 inches : find tne third side and the sine, 
cosine and tangent of the angle opposite to it. 

7. Find the hypotenuse AB of a right-angled triangle in 
which AC^l^ BC'^' 24, Write down the sine and cosine of A^ 
and shew that the sum of their squares is equal to 1. 

8. A ladder 41 ft. long is placed with its foot at a distance of 
9 ft. from the wall of a house and just reaches a window-silL 
Find the height of the window-sill, and the sine and cotangent 
of the angle which the ladder makes with the ground. 

9. A ladder is 29 ft. long ; how far must its foot be placed 
from a wall so that the ladder may iust reach the top of the wall 
which is 21 ft. from the ground 1 Write down all the trigono- 
metrical ratios of the angle between the ladder and the wall 

10. ABCD is a square ; C is joined to E, the middle point of 
AD : find all the trigonometrical ratios of the angle ECD. 

11. ABCD is a quadrilateral in which the diagonal AC\&eX 
right angles to each of the sides AB, CD: if AB^lb, il(7=36, 
i!/)=86, find sin ABC, aecACB, cos CDA, cosec DAC, 

12. PQR8 is a quadrilateral in which the angle PSR is a 
right angle. If the oiagonal PR is at right angles to RQ, ar-^ 
RP=20, RQ=2l, RS=ie, find sinP^A^, tsmRPS, coa Rf 
coaecPQR. 



CHAPTER III. 

RELATIONS BETWEEN THE TRIGONOMETRICAL RATIOS. 

22. Reciprocal relations between certain ratios. 

(1) Let ABC be a triangle, right-angled at C; 

*i. . . BC a 

then sm A = -j-^ = - , 

AB c 

and cosec ^ =157? = ~ J 

BC a' 

.*. sin.4xcosec-4=-x -=1. 

c a 

Thus sin A and cosec A are reciprocals ; 

1 



and 



. sin A = 
cosec ^ = 



cosec ul' 

1 
sinw4 ' 




(2) Again, 



AC b 



AB 



cos A = -TB = -, and secil=-r7^= ^ ; 
AB c AC 

A A ^ ^ -i 

.'. cos^ xsec^=-x T=l ; 

c 

.*. cosil= J, and sec -4 = r. 

sec^ cosil 



(3) Also 



^ , BC a . ^ . AC h 

tanil=-T7v=r> &oa cot-d=-=r7^=- ; 
AC 6' BC a 

.'. tanw4 xcotw4 = T X - = 1; 

6 a 



tan A = — r-7 * and cot A 
cot A 



tan -4' 
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23. To express tan A avd cot A in terms of sin A and cos A. 

From the adjoining figure we have 

. . BC a a b 

tan^=-jy,= y- = --^- 

AC c c 



tan J[ = 



=sin-4-rC0Sil ; 
sin^ 



cos^' 



Again, 



^ , AC h h a 

cot^=-^7^=- = --r- 

BC ace 

=cos^-rsin^; 

^ . cosul 
cotJ.= . 




sin J[ ' 
which is also evident from the reciprocal relation cot A = - 



tan^ ' 



Example. Prove that cosec A tan A = sec A . 



coseo A tan A = 



sin^^ 



sin A cos A cos A 

= 800 A. 



24. We frequently meet with expressions which involve the 
square and other powers of the trigonometrical ratios, such as 

isin^)2, (tan^)3, ... It is usual to write these in the shorter 
brms sin^ Aj tan^ A, ,.. 

Thus tan2^ =(tan A)^U^^^Y 

^COS A/ 

_ (sin Ay __ sin* A 
" (cos Ay ~ cos^il * 

Example, Show that sin^^ sec A cot' A = cos A . 



sin'-4 seo^ cot'<4 =sin'^ x 



1 /cobAV 
cos A \8in A ) 



... 1 QO^^A 

=sm^^ X 7 X 



cos^ sin^^ 

= 008^, 

by cancelling factors common to numerator and denominator. 
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26. To prove that sin* A + cos* A^\. 

Let BAC hQ any acute angle ; draw BC perpendicul 




ACy and denote the sides of the right-angled triangle AL 



By definition, 



. . BC a 



and 



cos^ 



AC h 
AB'^c 



.*. sin^^+cos*-4 = -s + -5 = — 5 — 



■"c2 
= 1. 

Cor. sin*^ = l-cos*^, sin A==*J\- cos* Z; 
cos*^=l-sin*^, cosil=:Vl-sin*X 

Example 1. Prove that cob* A - sin* A = cos' A - sin* A . 
cos* J - sin* A = (cos* J + sin* A) (cos* ^ - sin* A) 
=cos*i4-8in*^, 
since the first factor is equal to 1. 

Example 2. Prove that cot a ^^1 - cos* a = cos a. 
cot a Jl - cos*a = cot a x sin a 

cos a 



sin a 



xsma=cosa. 



DL] ULAZIOSB M E miAH THE TKIGOKOMSTBICAL RATIO& 

Wilii the figon of the previoiis aitide, we lukve 
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/ 



6» ft« 



o« 



6» 

= l+tan«J. 

Cor. 8ec*il-tan*^ = l, 8ecil=Vl+tanM, 
tan*-4=8ec"il-l, tanil=V8ec"il-l. 

JSxaHqde. Prove that oos^ »Jae(^A-l=fanA. 

eosA Jsec^A -l=eo8^xtan^ 

^ 8in<i 

=8iii J. 

27. To prove thai ooeec^ A ^l-i-cot* A, 
With the figure of Art 25, we have 

._AB_c 
cosecil-.gg-^; 

.*. cosec'J = -«= — s- 
a* a* 

=1+^ 
a* 

^l+cotM. 
Cor. cosec*il-cot*J = l, cosecil=Vl+cot*ii, 



cot*il=cosec*il-l, cot^ = Vcosec*il-l. 
£«amp{e. Prove that oot* a- l=co8eo^a~ 2 00866*0. 

0Ot*tt-l = (COt«tt + l)(00t«tt-l) 

=00860* a (oosec* a - 1 - 1^ 

= 00860* a (00860* tt - T 

i=: cosec* a - 2 00860* 
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28. The formulBB proved in the last three articles are not 
independent, for they are merely different ways of expressing in 
trigonometrical symbols the property of a right-angled triangle 
proved in Euc. i. 47. 

29. It will be useful here to collect the formulae proved in 
this chapter. 

I. cosec^ xsin^ = l, cosec^=-; — j, sin^= ^i 

sm A cosec A 

sec ul X cos ^ = 1, sec -4= j, cos^ = 



cos A sec A ' 

cot ^ X tan -4 = 1, cotul==7 i, tan ^ = . . . 

' tan A Got A 

TT . . sin^ . . cos A 

II. tanul= 7, cot-d = -. — J. 

cos A Bin A 

III. smM+cosM = l, 

sec^ ^ = 1 + tan^ A^ 

cosec^ ^4=1+ cot2 A. 

Easy Identities. 

30. We shall now exemplify the use of these fundamental 
formulae in proving identities. An identity asserts that two 
expressions are always equal, and the proof of this equality is 
called "proving the identity." Some easy illustrations have 
already been given in this chapter. The general method of 
procedure is to choose one of the expressions given (usually 
the more complicated of the two) ana to shew by successive 

wsformations that it can be made to assume the form of the 

aer. 

Example 1. Prove that sin^ A cot^ A + cos' A tan* J = 1. 

Here it will be foand convenient to express all the trigonometrical 
^utios in terms of the sine and cosine. 

mu ii X 'J ' ^ * cos'^ sin' 4 

The first side=sm'4 . . ^ ^ +cob'J . — s-: 

sm* A cos' A 

= COS* -4+ sin' ^ 

=1. 
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Example 2. Prove that sec* - sec* 6 = tan* + tan* $. 

The form of this identity at once suggests that we shonld ose tlie 
seeant-tangent formula of Art. 26 ; hence 

the first side = sec- ^ (seo< ^ - 1) 

= (l + tan«^)tan-^ 

=taii2^ + tan*^. 



EXAMPLES. m.a. 

Prove the follovmig identities : 
1. sin A cot A =co8 A, 2. cos A tan ii =>sin ^. 

3. cotilsec^=cosec-4. 4. sin^ sec^=tan-4. 

5. cosilcosec^=cot^. 6. cot il sec ^ sin -4 = 1. 

7. (1 — cos* A) cosec* ^ = 1. 

8. (l-sinM)secM = l. 

9. COt2 ^ (1 - C0S2 d) = C0S2 $, 

10. (1 - cos2 6) sec2 6 = tan2 6, 

11. tan o Vl - sin2 „ _ gjn ^^ 



12. cosec o Vl ~ sin* a = cot a. 

13. (l+tanM)cos2-4 = l. 14. (sec2^-l)cotM = l. 

15. (1 - cos* 6) (1 + tan* 6) = tan* 6. 

16. cosocoseco\/sec*a-l = l. 

17. sin2il(l + cot2.1) = l. 18. (cosec* u4 - 1) tan* ii=-l. 

19. (l-cos*^)(l+cot2^) = l. 

20. sin a sec a Vcosec* a - 1 = 1. 

2L coso\/cot^«+l=Vcosec*a— 1. 

22. sin* ^ cot* ^ + sin* ^ = 1. 

23. (l+tan2^)(l-sin*^) = l. 

24. sin*^sec2^=sec*^-l. 

25. cosec* tan* 6 - 1 = tan* $. 

H. K. K. T. <i 
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Prove the following identities : 

11 11 

sec* -4 cosec*^^ ' ' cos* -4 cot* -4"" 

8in^4 cosil f^ secA tan A 

cosec^ sec^ cos^ cot^ 

30. sin*a-cos*a=2sin*o-l = l-2cos*a. 

31. sec*a-l = 2tan*a4-tan*cu 

32. cosec* a - 1 = 2 cot* a + cot* a. 

33. (tan a cosec a)* — (sin a sec a)* = 1 . 

34. (sec B cot Of - (cos 6 cosec ^)* = 1. 

35. tan* 6 - cot* ^=sec* 6 - cosec* B. 

31. The foregoing examples have required little more than a 
direct application of the fundamental formulte; we shall now 
give some identities offering a greater variety of treatment. 

Example 1 . Prove that sec^ A + ooseo' A = sec* A cosec* A . 

rru A i, -A^ ^ .1 Bin*il + C0S*il 

The first side = — g-j + . „ . = « . . « . 

cos* A sm^ A cos* A sm* A 

1 



cos* A sin* 4 



= sec* 4 cosec* 4. 



Occasionally it is found convenient to prove the equality of 
the two expressions by reducing each to the same form. 

Example 2. Prove that 

sin*4 tan A +cos*4 cot 4 + 2 sin 4 cos A = tan A+ootA. 

The first side = sin*^ . j + cos* A . -; — ; + 2 sin 4 cos A 

cos A BUiA 

_ sin* A + coB^ A +2 sin* A cos' A 

" sin A cos A . 

(sinM +008*4)* 1 



sin 4 cos A sin 4 cos A ' 

^, , ., sin 4 C084 sin*4+cos*4 

The second Bide = - + — — - = -—. — - — 

COB 4 sm A cos 4 sm 4 

. 1 



sin 4 cos 4 * 

1 



Thus each side of the identity =-. 



sin 4 cos 4 
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Example 3. Prove that 7 — -^ = tan a cot fl. 

"^ tan /3- cot a '^ 

The tot side ^fa^'-cot^^lon'-cot^ 

1 1 tan a - cot i? 

cot p tan a tan a cot /3 

tan a- cot i3 tan a cot fi 
1 tan a - cot p 

=tanacot)3. 

The transformations in the successive steps are usually suggested 
by the form into which we wish to bring the result. For instance, in 
this last example we might have proved the identity by substituting 
for the tangent and cotangent in terms of the sine and cosine. This 
however is not the best method, for the form in which the right-hand 
side is given suggests that we should retain tan a and cot /3 unchanged 
throughout the work. 

EXAMPLES, nib. 

Prove tiie following identities : 

, sinacot^a 1 _ sec^acoto , 

1. = r . Z, 5 = tan a. 

cos a tan a cosec^ a 

3. 1 - vers ^ = sin ^ cot ^. 4. yers^sec^=sec^-l. 

5. sec^ — tan^sin^=cos^. 

6. tan ^ +cot ^=sec ^ cosec 6, 

7. Vl + cotM . Vsec2 il - 1 . V 1 - sin2 A = \. — 

8. (cos^+sin^)2+(cos^-sin^)2=2. 

9. ■(l+tan^)2+(l-tan^)2=2sec2^. 

10. (cot ^- l)2+(cot ^ + 1)2=2 cosec2^. 

11. sin2 A{\+ cot2 A) + cos2 A{\+ tan2 A) = % 

12. cos2 A (sec2 A - tan2 A) + sin2 A (cosec2 A - cot2 A) = l, 

13. cot2 a + cot* a = cosec* a — cosec2 a. 

' '. tan2a l+cot2a . „ „ 

!«• T-n — 9- • 12 — =sin2 a sec2 a. 

l+tan2a cot2a 

15. ;: — = — +r-r-' — = 2sec2a. 
1-sma 1+sina 
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Prove the following identities : 

- ^ tan a tan a 

16. ^4- — r=2coseca. 

seco-1 seco+1 

1 1 

l+sin^a l+cosec*a~ 

18. (sec 6 + cosec 6) (sin ^ + cos ^) = sec ^ cosec 6 + 2, 

19. (cos 6 - sin 6) (cosec ^ - sec ^) =sec ^ cosec 6-2, 

20. (l+cot^+cosec^)(l+cot^-cosec^)=2cot^. 

21. (sec ^+tan ^- 1) (sec^- tan ^+1)=2 tan 6. 

22. (sin A + cosec Ay + (cos A+aecAy= tan^ A + cot^ 

23. (secM+tan2^)(cosec2^+cot2^) = l + 2secMc 

24. (l-sin^+cos^)2=2(l-sin-4)(l+cos^). 

25. sin-4(l+tan-4) + cos J(l+cot^)=sec^+cose 

26. cos ^(tan^+2) (2 tan ^ + 1) = 2 sec ^ + 5 sin 6. 

A.* /x /I . /I Q l+sin^ 

27. (tan^+sec^;g= , . .. . 
^ ' 1 — sin^ 

Oft 2 sin ^ cos ^ - cos ^ _ ^ 
1 - sin ^+sin* ^- cos^ ^"^ 

AA xoy» sec^-1 . o/i sin^-1 ^ 

29. cot^^. - . . ^ +secg^.— -.^0. 

1+sin^ 1 + sec^ 

[The following examples contain functions of two angles; 
ease the two angles are quite independent of each other.] 

30. tan2a+sec*/3=sec2a+tan2/3. 

tan n +cot j3 _ tan a ^ ta n a- cot g _ 

' coto+tan/3~'tan/3' ' cota-tanj8~ 

33. x5ototan/3(tano + cot/3)=coto+tan/3. 

34. sin* a cos* /3 - cos* a sin* fi = sin* a - sin* /3. 

35. sec*a tan*^- tan*a sec2/3=tan*/3- tan* a. 

36. (sin a cos ^+cos a sin j8)*+(cos a cos /3— sin a sin / 
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32. By means of the relations collected toother in Art. 29, 
all the trigonometrical ratios can be expressed in terms of any 



one. 



Example 1. Express all the trigonometrioal ratios of il in terms 
of tanii. 

«, , 1 

We haye oot ^ = 



tan^' 

sec^=^l + tan2^; 
1 1 



COS^sr 



seci ^l + tanM* 



. , sin^ . . . . tan^ 

sin^= 7cos<i=tan^oos^=: 



C0S.1 Jl + t&n^A 

1 Jl + t&n^A 

Obs. In writing down the ratios we choose the simplest and most 
natural order. For instanoe^Viot A is obtained at once by tiie reciprocal 
relation connecting the tangent and cotangent: sec<i comes imme- 
diately from the tangent-secant formnla; tibe remaining three ratios 
now readily follow. 

Example 2. Given cos ^=T^t find cosec ^ and cot^. 



13 



1 1 

C0SeC^=-; 7= - . 

Mn^ ^/l-cosM 



1 1 _ 18 

i44"S"i2* 



V Via/ V lOJ V 169 18 



. . COSii - . 

cot A = -; — . =cos A X coseo A 
fonA 

^la^lQ^lQ* 



33. Jt is always possible to describe a right-analed triangle 
when two sides a/re given: for the third side can be found oy 
Euc^L 47, and the construction can then be effected by Euc. i. 22 
We can thus readily obtain all the trigonometrical ratios wh< 
one is given, or express all in terms of any one. 
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Example 1. Given cos -4 = =-5 , find cosec A and cot A, 

Take a right-angled triangle PQR, of which Q is 
the right angle, having the hypotenuse PR =1S units, 
and PQ = 5 units. 



Let QR = x 


units; then 


x^= 


= (13)2 -(5)2= (13 + 5) (13 -6) 




= 18x8 = 9x2x8; 




/. a;=3x4=12. 


Now 


•^--^^^^pI-iV 


BO that 


lRPQ=A. 




Hence 



and 



, PR 13 
coseo^ = P = j2. 

PO 5 
cotA = j^ = ^. [Compare Art. 32, Ex. 2.] 



Example 2. Find tan ii and cos A in terms of cosec A . 

Take a triangle PQR right-angled 
at Q, and having z J2PQ=4. For 
shortness, denote ooseo A by c. 



Then 
but 



cosec-4=c==-; 



cosec A = 



Pli 



PiJ c 



"QR"!' 

Let Qi^ be taken as the unit of measurement; 

then QR = 1, and therefore PR = c. 

Let PQ contain x units; then 

x^=c^ - 1, so that x= Jc*-!, 




Hence 



tan4=e = 



and 



COB A 



^Q Jc^-1 VcosecM-1* 



PR 



coBeoA 
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EXAMPLES. nLc. 

1. Given 8in/( = ^, find sec^ and cot ^4. 

4 

2. Given tan^ = -, find sin^ and cos J. 

3. Find cot^ and sin^ when sec ^=4. 

4. If tana=^, find sec a and coseca. 

5. Find the sine and cotangent of an angle whose secant 
is 7. 

6. If 25 sin ^ = 7, find tan^l and sec^. 

7. Express sin A and tan A in terms of cos A, 

8. Express coseca and cos a in terms of cot a. 

9. Find sin 6 and cot 6 in terms of sec B, 

10. Express all the trigonometrical ratios of A in terms of 
sin^l. 

11. Given sinil-cos^=0, find cosecul. 

12. If sin ^ =— , prove that V^* — ^^ . tan A—m, 

13. If 'p cot e^slc^-'p\ find sin 6. 

?7l^+l 

14. When sec-4 = -s — , find tan^ and sin J. 

15. Given tan-4=— „^^-, find cos -4 and cosec^. 

ifi ^c 13 « , ., , .2sino-3cosa 

16. If sec o= -^ , find the value of -r—. ^ . 

5 4 sm a- 9 cos a 

17. If cot<J=-P, find the value of f««^-g" J^. 

q jE>cos^+^sin^ 



CHAPTER IV. 

TRIGONOMETRICAL RATIOS OF CERTAIN ANGLES. 

34. Trigonometrieal Ratios of 45% 

Let BA C be a right-angled isosceles triangle, with the rigl 
angle at (7; so that 5=^ = 46°. 




Let each of the equal sides contain I units, 



then 


AC^BC=L 


Also 


AB^=:P + l^ = 2P; 




,\ AB=^IJ% 



Bin 45 =2B = V2°V2' 

C08 45=^ = j-^2 = -^2; 
tan 45' 






AC I 

The other three ratios are the reciprocals of these ; thus 
cosec 45° =. ^/2, sec 45° = J% cot 45° = 1 ; 
or they may be read off from the figure. 
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35. Trigonometrical Ratios of W and dtT. 

Let ABO be an equilateral triangle ; thus each of its angles 
is 60°. 




Bisect iBAChj AD meeting BO&tD; then z BAD-^dO\ 

By Euc. L 4, the triangles ABD, ACD are equal in all re- 
spects ; therefore BD= CD^ and the angles at D are right angles. 

In the right-angled triangle ADB^ let BB-l\ then 

AB^BC^n\ 

.-. AD=IJZ. 

"^^-AB^irr^ 



Again, 



. ^^o J5Z) « 1 



cos 30' 



AD_y3_^ 
AB~' 2^ ~ 2 ' 

BD I 



tan 30°=^ = ^-^ = -^. 
The other ratios may be read off from the figure. 
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36. The trigonometrical ratios of 46', 60", 30** occur ^ 
frequently ; it is therefore important that the student shoulc 
able to quote readily their numerical values. The exei 
which follows will furnish useful practice. 

At first it will probably be found safer to make use of 
accompanying diagrams than to trust to the memory. 





Fio. 1. 



Fia. 2. 



The trigonometrical ratios of 46" can be read off from Fi^ 
those of 60" and 30" from Fig. 2. 

Example 1. Find the yalaes of seo^ 45° and sin 60° oot 30° tar 
sec8 45°= (sec 45°)8= (^2)8=^2 x ^2 x ^2=2^2. 



sin 60° oot 30° tan 45° 



^n/3 



8 



2 >^V3xl=-. 

Example 2. Find the value of 

2 cot 45° + cos8 60° - 2 sin* 60° + i tan« 80°. 

Ti,ia» .(a«i)+Qy-!(5«)'t5(^y 



n 1 9 1 ., 

= 24-g-- + j=li. 



EXAMPLES. IV. a. 



Find the numerical value of 
1. tan2 60"+2tan2 46". 
3. 2cosec2 46"-3sec2 30". 



2. tan3 46"+4cos3 60". 
4. cot60"tan30"+sec«< 
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5. 2 sin 30- COS 30* cot 60^ 

6. tan2 45*sin60'tan30"tan2 60^ 

7. tan2 60'*+4cos2 46'' + 3sec8 30^ 

8. icosec2 60'' + 8ec«45''-2cot2 60'. 

9. tan«30**4-2sin60°+tan45**-tan60''+cos«30°. 

10. cot2 45'*+cos60*-sin«60'-|cot2 60". 

11. 3tan2 30'' + §cos2 30"-isec2 46*-Jsin2 60'. 

12. . COS 60** - tan2 45° + j tan* 30** + cos* 30° - sin 30°. 

13. J sin* 60° - i sec 60° tan* 30° + ^ sin* 45° tan* 60°. 

11 If tan* 45° - cos* 60° = x sin 45° cos 45° tan 60°, find a\ 

15. Find x from the equation 

cot* 30° sec 60° tan 45° 



a? sin 30° cos* 45° = 



cosec* 45° cosec 30° 



37. Definition. The complement of an angle is its defect 
Jrom a right angle. 

Two angles are said to be complementary when their sum 
is a right angle. 

Thus in every right-angled triangle, each acute angle is the 
complement of tne other. For in tne figure of the next article, 
if ^ is the right angle, the sum of A and C is 90°^ 

.-. (7=90°-^, and ul = 90°-a 

Trigonometrical Ratios of Complementary Angles. 

38. Let ABC be a right-angled 
triangle, of which B is the right angle ; 
then the angles at A and C are com- 
plementary, so that (7=90°-^. 

.-. sin(90°-^)=sinC=2^=:cos^; 

and COS (90° - ^) = COS C= ^= sin A 

Similarly, it may be proved that 
tan(90°-il)=cotil, | and sec (90°- ^)= cosec ^, ) 
cot (90° - u4) = tan ^ ; ] cosec (90° - ^) =sec A. 
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39. If we define the coHsiiie, co-tangent, co-secant, as 
co-functions of the angle, the foregoing results may be emboc 
in a single statement : 

each function of an angle is eqtuil to the corresponding cO'func< 
of its complement. 

As an illustration of this we may refer to Art. 35, fi 
which it will be seen that 

sin60'=cos30°=^; 

sin 30° = cos 60'' =5; 

tan60**=cot30°=V3. 
Example 1. Find a value of A when cos 2^ = sin 3A. 

Since cos 2A = sin (90° - 2A), 

the equation becomes sin (90° - 2^) = sin SA ; 

.-. 90° -2.4 =3.1; 

whence A = 18°. 

Thus one value of A which satisfies the equation i6 A = 18°. 1 
later chapter we shall be able to solve the equation more complei 
and shew that there are other values of A which satisfy it. 

Example 2. Prove that sec A sec (90° - -4) = tan .1 + tan (90° - . 

Here it will be found easier to begin with the expression on 
right side of the identity. 

The second side = tan A+ooiA 

_anA oobA _nn^A + ooa^A 
^cobA BihA'~ cos .1 sin J 

1 
"cos -4 sin.1 

= sec il oosec il = sec il sec (90° - il). 

EXAMPLES. IV. b. 

Find the complements of the following angles : 

1. 67' 30'. 2. 26° 30". 3. ion'3". 

4. 45''-^. 5. 45** +5. 6. 20° -B. 






f>Mi|fiiiiiiiiii' off SIf ^ "fmc C 

IS. Hn^Um ^0»*-Jl seic:»*~.4>«v>4,l. 
17. a»JtMiJtMi;SW-Jl>«]«Cv*>* •*'^-^* 

19. oo8{9(r-J)«>8ec(90*-.4)=tjai.4. 

2L ain^cotJcot(90*-^)s6c(lK>*-JWl. 

21 8ec(9(r-il)-cot^cos(90*-.4)tMiOH>* .4)-«i« .K 

24. tan {90''--4)+cot (90'-X)«0iww A i^>«w ^H*" .< V 

8m(90--^) tan(90'-X) 
^- 8^(90^:=^) • ""cos.!- "''*^'^* 

cosec* ^i tan* ^ cot A - - . . 

»• cot(90'-^) •^-^"^•'("O--^)- I. 

vers-d ^ ^ 

^ cot2ilsmV90'-i4) ^ ,,,,. ., , 

2»- cot^+co .-2"-^"^^^ -^^ "''*'^' 

30. U a; mn (90'' -A) cot (Wf- A)" (if mC^nr A},iUu\/f. 
3L Find the value of ;r which will Mitinfv 
sec i4 couec (do* - i4 ) - ;r f jr/t (W 
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Easy Trigonometrical Equations. 

40. As a further exercise in using the formulaa of Art. 29 
and the numerical values of the functions of 45% 60", 30", we 
shall now give some examples in trigonometrical equations. 

Example 1. Solve 4cosA = 3aecA. 
By expressing the secant in terms of the cosine, we have 

4coSil = -. , 

COSil 

4co82il = 3, 
cosA= =*=^. 

••• C08^=Y (1), 

J3 
or C08i4= -^— (2). 

Since cos 30°=^ , we see from (1) that A = m°. 

The student will be able to understand the meaning of the nega- 
tive result in (2) after he has read Chap. Yin. 

Example 2. Solve 3 sec' ^ = 8 tan 0-2. 

Since sec' ^ = 1 + tan* 0, 

we have 3{l + tan2^)=8tan^-2, 

or 3tan*^-8tan^+5 = 0. 

This is a quadmtic equation in which tan^ is the unknown 
quantity, and it may be solved by any of the rules for solving quad- 
ratic equations. 

Thus (tan ^ - 1) (3 tan ^ - 6) = 0, 

therefore either tan^-l = (1), 

or 3tan^-5 = (2). 

From (1), tan^=l, so that ^=45°. 

From (2), tan ^= - , a result which we cannot interpret at present* 

o 

41. When an equation involves more than two functions^ 
it will usually be best to express each function in terms of the 
sine and cosine. 
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Example. Solve 3tan^+oot^=5co8eo^. 

5 



We have 



therefore either 
or 



3 sin ^ cos 

cos $ sin ^ ~~ sin ^ ' 
3 sin* tf + cos' ^ = 6 cos ^, 
3(1- co8> 0) + cos' ^= 6 cos e, 
2co8'tf + 6co8^-3=0, 
(2008^-1) (0O8^ + 3)=0; 



2oo8^-l=0 
cos ^ + 3=0 



(1). 

.(2). 



Prom (1), cos 0=:- so that ^=60°. 

From (2), cos^= - 3, a result which mast be rejected as impossible^ 
because the numerical value of the cosine of an angle can never be 
greater than xmity. [Art. 16.] 



Find 

1. 

3. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
20. 
21. 

23. 
25. 
26. 
27. 
28. 



EXAMPLES. IV. c. 

a solution of each of the following equations : 



2sind=cosec^. 

sec^=4cos^. 

4Bin^=>3cosecd. 

V2cos^=cot^. 

sec«^=2tan2^. 

i5ec2^=3 tariff- 1. 

cot2^+<S^I^^=3. 

2cos2^+4sin2^=3. 

4sin^=12sin2^-l. 

tan ^=4-3 cot ^. 

cos* ^ - sin2 ^ = 2 - 5 cos ^. 

cot ^ + tan ^ = 2 sec ^. 



2. tan^=3cot^. 

4. sec^-cosec^=0. 

6. cosec2^=4 

8. tan ^=2 sin d. 

10. cosec2^=4cot2^. 

12. sec2^+tan2^=7. 

14. 2(cos2^-sin2^) = l. 

16. 6cos2^ = l+cos^. 

18. 2sin2^ = 3cos^. 



22. 4 cosec ^ + 2 sin ^ = 9. 
24. 2 cos 3+ 2^2 = 3 sec 3. 



tan ^ — cot ^ =s cosec ^. 

2 sin ^ tan ^ + 1 =tan ^ + 2 sin ^. 

6 tan ^- 5^3 sec ^-f 12 cot ^=0. 

If tan^ + 3cot^=4, prove that tan^=l or 3. 

Find cot from the equation 

cosec2 ^+cot2 ^=3 cot 0. 
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MISGELLANEOUS EXAMPLES. A. 

1. Express as the decimal of a right angle 

(1) 25« 3r 6-4** ; (2) eS** 21' 36". 

2. Shew that 

sin A cos A tan A +cos A sin ^ cot ^1=1. 

3. A ladder 29 ft. long just reaches a window at a he 
21 ft. from the ground : find the cosine and cosecant of th< 
made by the ladder with the groimd. 

17 

4. If cosec A=—y find tan A and sec A, 

ID 

5. Shew that cosec^ A - cot A cos A cosec A — 1^0, 



6. Eeduce to sexagesimal measure 

(1) 17« 18' 75'' ; (2) -0003 of a right angle. 

7. ABC is a triangle in which J5 is a right angle ; i 
a =40, find 6, cot -4, sec -4, sec C. 

8. Which of the following statements are possible and 
impossible ? 

(1) 4sin^=l; (2) 2sec^=l; (3) 7 tan ^=40. 

9. Prove that cos 6 vers ^ (sec ^ + 1 ) = sin^ 0, 

10. Express sec a and cosec a in terms of cot a. 



11. Find the numerical value of 

3 tan2 30' + 7 sec 60" + 5 cot^ 46* - 1 sin^ 60*. 
4 o 

12. If tan a= — , find sin a and sec a, 

n 

13. If m sexagesimal minutes are equivalent to n cen 
minutes, prove that m = *54n. 
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14. If imJ = -. pp3ve teas laail+siec J=S^ wbenU is *tt 



]5l Shevthtt 

cot :9Qr - J ckaA ck^ *y - j) t*n ;90* - X ^<\^ A. 



16i PQR is a triangle in which P is a right angle: if 
i^=21, Pi^^aO; find tan 9 and cc«ec $. 

17. Shew that (tan o - cot a) sin a 006 o= 1 - i cO($^«. 

18L Find a Taloe oi which satisfies the equation 

9ec6^=cQ6ec3#. 

19. ProTe that 

tan*e(r-2tan>46*=cot>»)'-2sin>»)'-?cosec«45\ 

20. Scdve the equations : 

(1) 38ind=2co8*^; (2) 5cot^-cosec*d—3, 



21. Prove that l+2BecS^ tan*.4-8eo*.4-tan*.4=-0, 

22. In the equation 

6sin«^-llsin<^+4=0, 
shew that one value of 6 is impossible, and find the other value. 

23. In a triangle ABC right-angled at C^ prove that 

tani4+tan5=— J. 

ah 

24. If cot ^ =c, shew that c+c~*=sec A cosoo A, 



AC ou XI A V2ver8^-ver82^ . 

25. Shew that - .- . — = tan A . 

1 — vers A 



Ha K. £• T. 




CHAPTER V. 

SOLUTION OF RIGHT-ANGLED TRIANGLES. 

42. Every triangle has six parts, namely, three sides ani 
three angles. In 'ij&gonometry it is 

usual to denote the thi^ angles bj the 
capital letters A, B, C, and the lengths 
of the sides respectively opposite to 
these angles by the letters a, 6, c. It 
must be imderstood that a, 5, c are 
numerical quantities expressing the 
number of units of length contained in 
the three sides. 

43. We know from Geometry that it is always possible t 
construct a triangle when any three parts are given, provided tha 
one at least of the parts is a side. Similarly, if the values c 
suitable parts of a triangle be given, we can by Trigonometr 
find the remaining parts. The process by which this is efifectei 
is called the Solution of the tnangle. 

The general solution of triangles will be discussed at a late 
stage; in this chapter we shall confine our attention to right 
angled triangles. 

44. From Euc. i. 47, we know that when a triangle is right 
angled, if any two sides are given the third can be found. Thu 
in the figure of the next article, where ABC is a triangle right 
angled at A, we have a*=62+c2 ; whence if any two of the thre 
quantities a, 6, c are given, the tMrd may be determined. 

Again, the two acute angles are complementary, so that if on 
is given the other is also known. 

Hence in the solution of right-angled triangles there ar 
really only two cases to be considered : 

I. when any two sides are given ; 

II. when one side and one acute angle are given. 
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45. Case L To mdre a rigkt-<imgl^ triangle yrhem firo mw^ 
csngwen. 

Let ABC be a li^t-aogled trumgle, of which .-f is tho right 
ang^ and aappose that any two sides are given : 




C "3 A 

then the third side may be found from the equation 

Also 

008(7=-, and iJ=90'-(7; 
a 

whence C and B may be obtained. 

Example, Given £=90°, a=:20, 6=40, solve the triangle. 

Hero t^szl^-a* 

==1600-400=1200; 
.-. c=20,^3. 

Ai . . a 20 1 

Also Binil=T=s 7K^ o» 

/. ^=80°. 
And (7=90°-ii=90°-30°=60^ 

The solution of a trigonometrical problem may often bo obtained 
in more than one way. In the present case the triangle can bo Rolved 
without making use of Euc. i. 47. 

Another solution may be given as follows : 

^ a 20 1 
"°«^=6 = 40 = 2' 




And 
Also 



/. (7=60°. 
yI=90°-(7=90°-60°=80°. 

:;^=cos4=co8 30°=>^; 
.-. c=20V3. 
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46. Case II. To solve a right-angled triangle when one 
side and one acute angle are given. 

Let ABC be a right-angled triangle 
of which A is the right angle, and 
Muppo^e one side h and one acute 
angle C are given ; then 

^=90**- (7, |=sec(7, |=tan C'; 

whence By a, c may be determined. 

Example 1. Given B = 90°, A = 30°, c = 5, solve the triangle. 
We have (7= 90° -4 =90° -30°= 60°. 




Also 



Again, 



^=tan30°; 
o 

a= 6 tan 30°= -4 

""n/3^V3"" 3 

^ = seo80°; 
o 




c^5 



• 6-6Rec30°-6x-l-i^-^^ 

Note. The student should observe that in each ease we write 
down a ratio which connects the side we are finding with that whose 
value is given, and a knowledge of the ratios of the given angle 
enables us to complete the solution. 

Example 2. If C=90°, B=26°43', and c=100, solve the triangle, 
having given tan 26° 43' = '482 and cos 25° 43'= -901. 

Here A = 90°-B 

= 90°-25°43'=64°ir. 



Now 



-=gobBi 
c 



a 



that is. Tq5 = cos 25° 43' ; 

.*. a =100 cos 26° 43' 
= 100 X -901 = 90-1. 




Also -=tan7?, or & = atani?; 

a ' 

.'. b = 90'l X tan 25°43'=901 x •482 = 43-4282. 
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EXAMPLES. V.a. 



Solve the triangles in which the following parts are given : 



I i=90", a=4, 6=2^3. 2. 

a 0=90% 6=12, a=V3. 4. 

5. a = 20, c=20, j5=90^ 6. 

7. 6=<?=2, ^=90**. 8. 

9. 0=90% a=9jZ, A=ZO\ 10. 

11. .l=60^ c=8, C-90". 12. 

13. 5=90", C7=60", 6=100. 14. 

15. 5= (7=45% c=4 16. 



c=6, 6=12, J5=90". 
a=60, 6=30, .4=90*. 
a =6^3, 6=16, C=90^ 
2c=6=6V3, iJ=90'. 
.4=90°, 5=30°, a=4. 
^=60% C=30°, 6 = 6. 
>4 = 30°, B=m% 6=20^3. 
25 =(7= 60°, a =8. 



17. If 0= 90°, cot ^ = -07, 6 = 49, find a. 
la If 0= 90°, ^ = 38° 19', c = 60, find a ; 
given sin 38° 19' = '62. 

19. If a= 100, 5=90°, C=40° 51', find c; 
given tan 40° 51' =-8647. 

20. If 6=20, ^=90°, C=78° 12', find a; 
given sec 78° 12' =4-89. 

21. If 5 = 90°, A = 36°, c = 100, solve the triangle ; 
given tan 36° = -73, sec 36° = 1-24. 

22. If .4 = 90°, c = 37, a = 100, solve the triangle ; 
given sin 21° 43' = -37, cos 21° 43' = -93. 

23. If .4 =90°, 5=39° 24', 6=25, solve the triangle ; 
given cot 39* 24'= 1*2174, cosec 39° 24'= 1-5755. 

24. If 0= 90°, a = 225, 6 = 272, solve the triangle ; 
given tan 60° 24' = 1 -209. 

47. It will be found that all the varieties of the solution of 
right-angled triangles which can arise are either included ▼« *^- 
two cases of Arts. 46 knd 46, or in some modification c 
Sometimes the soluMon of a problem may be obtf 
solving Ywo right-angled triangles. The two examples ^ 
illustrations will in various forms be frequently met 
subsequent chapters. 
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Example 1. In the triangle ABC^ the angles A and B are e( 
30° and 135° respectively, and the side AB is 100 feet; find the 
of the perpendicular from C upon AB produced. 

Draw CD perpendicular to AB 
produced, and let CD=x. 

Then z CBD=180°-135«=46°; 

.-. BD=CD=x, 

Now in the right-angled tri- 
angle ADC, 

CTi 

^ = tan 2>^C= tan 30°; 

AD 




that is, 



X. 



x+lQO ^3' 
.-. a;i^/3=a; + 100; 
j?(V3-l)=100, 

100 _ 100(^/3+1) 

^"V3^1 3~1 ' 

.\ aj= 50(^3 + 1). 

Thus the distance required is 50(/^3+l) feet. 

Example 2. In the triangle ABC, AD is drawn perpendic 
BC; solve the triangle, having given 

AD =5, AABD = eO°, 
In the right-angled triangle ABD, 

-7^=cosec-45D; 
AD 

:. AB= AD cosec ABD = 6 cosec 60° 

2 _ 10 10V3 

■" V^^n/S" 3 • 

Also j==ooi ABD; 
.'. BD=z AD oot ABD 

=6cot60==-| = ^-f. 

Ill the right-angled triangle ADC, 

jLDAC=i5''= iDGA; 
.-. DC=:DA=5. 
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Thus BC=CD+iJD=5 + ^ = ^5i^^ 

o o 

And -p=:=QOBeoACD; 

AD 

:. iiC=i4i)co8eo-4CD=6ooseo46°=6V2. 
FmaUy, z5iiC=180°-60°-46°=76°. 

ThuB a=ii±^, 6=6^2, c=^^ ^=76°. 



EXAMPLES. V.b. 

L ABC is a triangle, and BD is perpendicular to ^C' pro- 
duced : find BD, given 

J:=30% (7=120% ^C7=20. 

2. If ^i) is perpendicular to the base AC of a. triangle ABC, 
find a and c, given 

^=30", (7=45% 52)= 10. 

3. In the triangle ABC, AD is drawn perpendicular to BC 
making BD equal to 15 ft. : find the lengths of AB, AC, and AD, 
given that B and C are equal to 30** and 60° respectively. 

4. In a ridit-angled triangle P$^ find the segments of the 
hypotenuse Pk made by the perpendicular from Q; given 

§i2=8, I QRF^60% L QPR=^20\ 

5. If PQ is drawn perpendicular to the straight line QRS, 
find RS, given 

P§=36, zi2P§=30% iSPQ=^60\ ' 

6. If P§ is drawn perpendicular to the straight line QRS, 
find RS, given 

P§=20, LPRS=lZb% /.PSR-=20\ 

7. In the triangle ABC, the angles B and (7 are equal to 45** 
and 120° respectively; if a =40 find the length of the perpen- 
dicular from A on Bv produced. 

8. If CD is drawn perpendicular to the straight line DBA, 
find DC and BD, given 

^5=59, lCBD^^% z (7^5=32° 50', cot 32' 50' =1*59. 



CHAPTER VI. 



EASY PROBLEMS. 



48. The principles explained in the previous chapten 
now be applied to the solution of problems in height 
distances. It will be assumed that by the use of su 
instruments the necessary lines and angles can be met 
with sufficient accuracy for the purposes required. 

After the practice afforded by the examples in th< 
chapter, the student should be able to write down at one 
side of a right-angled triangle in terms of another throug 
medium of the functions of either acute angle. In the p: 
and subsequent chapters it is of great importance to a< 
readiness in this respect. 

For instance, from the adjoining figure, we have 




a=csin^, a=ccosi?, a=6cot5, 

a=6tan.4, c—aBecB, b—atajiB. 

These relations are not to be committed to memory I: 
each case should be read off from the figure. There are s 
other similar relations connecting the parts of the above tri 
and the student should practise himself in obtaining 
quickly. 
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Example. Q^ R^ T are three points in a straight line, and TP is 
drawn perpendicular to QT, If PT=a, iPQT=p, lPRT=2p, 
express the lengths of all the lines of the figure in terms of a and /3. 




By Euc. I. 32, 

lQPR=^ IPRT- IPQR; 

/. lQPR=2p-pz=p= IPQR; 
.-. QR^PR. 
In the right-angled triangle PRT, 

Pi2 = a coseo2j3; 
/. Q22 = acosec2j3. 

Also TR = a cot 2^, 

Lastly, in the right-angled triangle PQT, 

QT=a ooip, 
PQ=racosec/3. 

49. Angles of elevation and depression. Let OP be a 

horizontal line in the same vertical plane as an object §, and let 
OQ be joined. 

O P 

Q 





In Fig. 1, where the object Q is above the horizontal line OP, 
the angle POQ is called the angle of elevation of the object Q 
as seen from the point 0. 

In Fig. 2, where the object Q is below the horizontal line OP, 
the angle POQ is called the angle of depression of the object Q 
as seen from the point 0. 
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Example I. A flagstaff stands on a horizontal 
plane, and from a point on the ground at a 
distance of 80 ft. its angle of elevation is 60°: find 
its height. 

Let AB be the flagstaff, G the point 
of observation; then 

AB=zBCtaji60P=zS0jS 

=30x1-732= 61-96. 

Thus the height is 51*96 ft. 



EXAMPLES. Via. 

[The results shovZd be expressed in a form free from surds by using 
the approximations ^2=1-414, ,^3 =1-732.] 

1. The angle of elevation of the top of a chimney at a 
. distance of 300 feet is 30** : find its height. 

2. From a ship's masthead 160 feet high the angle of 
depression of a boat is observed to be 30*": find its distance 
from the ship. 

3. Find the angle of elevation of the sun when the shadow 
of a pole 6 feet high is 2^/3 feet long. 

4. At a distance 86*6 feet from the foot of a tower the angle 
of elevation of the top is 30'. Find the height of the tower and 
the observer's distance from the top. 

5. A ladder 45 feet long just reaches the top of a walL If 
the ladder makes an angle of 60** with the wall, find the height 
of the wall, and the distance of the foot of the ladder from the 

wall. 

6. Two masts are 60 feet and 40 feet high, and the line 
joining their tops makes an angle of 33° 41' with the horizon : 
find their distance apart, given cot 33** 41' =1-5. 

7. Find the distance of the observer from the top of a cliff 
which is 132 yards high, given that the angle of elevation is 
41** 18', and that sin 41° 18' ='66. 

8. One chimney is 30 yards higher than another. A person 
standing at a distance of 100 yards from the lower observes their 
tops to be in a line inclined at an angle of 2T 2' to the horizon : 
find their heights, given tan 27° 2'= '51. 



VI.] 
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Example 11. From the foot of a tower the angle of elevation of 
the top of a column is 60°, and from the top of the tower, which is 
50 ft. high, the angle of elevation is 80°: find the height of the 
column. 

Let AB denote the column and CD the tower; draw CE parallel 
to DB. 

Let ^£=0;; 

then AE=iAB-BE^x-bO. 

Let DB=CE=y. 

From the right-angled triangle ADB, 



y=a;cot60°= 



X 



From the right-angled triangle AGE, 
y = {x- 50) cot 30°=^/3 {x - 60). 




X 



=<^3(a;-60), 



a:=3(a?-50); 
whence a: =75. 

Thus the column is 75 ft. high. 

9. The angle of elevation of the top of a tower is 30" ; on 
walMng 100 yards nearer the elevation is found to be 60** : find 
the height of the tower. 

10. A flagstaff stands upon the top of a building; at a 
distance of 40 feet the angles of elevation of the tops of the 
flagstaff and building are GO** and 30" : And the length of the 
flagstaff. 

11. The angles of elevation of a spire at two places due east 
of it and 200 feet apart are 45" and 30" : find the height of the 
spire. 

12. From the foot of a post the elevation of the top of a 
steeple is 45", and &om the top of the post, which is 30 feet 
high, the elevation is 30"; find the height and distance of the 
steisple. 

13. The height of a hill is 3300 feet above the level of a 
horizontal plane. From a point A on this plane the angular 
elevation of the top of the hill is 60". A balloon rises from A 
and ascends vertically upwards at a uniform rate; after 5 min- 
utes the angular elevation of the top of the hill to an observer in 
the balloon is 30" : find the rate of the balloon's ascent in miles 
per hour. 
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Example III. From the top of a cliff 150 ft. high the angles of 
depression of two boats which are due South of the observer are 15^ 
and 75°: find their distance apart, having given 

cot 15° = 2 + ^3 and cot 75° = 2 - ^3. 




Let OA represent the cliff, B and C the boats. Let OP be a 
horizontal line through ; then 

Z POO = 15° and / POB = 75° ; 

.-. z 0C^ = 15° and z 05^ = 75°. 

Let CB=x, AB=y; then CA = x + y, 
From the right-angled triangle OBA^ 

y = 150 cot 75° = 150 (2 - ^3) = 300 - 150 ^3. 
From the right-angled triangle OCA^ 

a; + y = 150 cot 15° = 160 (2 + ^3) = 300 + 150 V3. 
By subtraction, ar = 300 /^3 = 519*6. 

Thus the distance between the boats is 519*6 ft. 

14. From the top of a moDument 100 feet high, the angles 
of depression of two objects on the ground due west of the 
monument are 45° and 30**: find the distance between them. 

15. The angles of depression of the top and foot of a tower 
seen from a monument 96 feet high are ^Xf and OO**: find the 
height of the tower. 

16. From the top of a cliff 160 feet high the angles of 
depression of two boats at sea, each due north of the observer, 
are 30** and 15** : how far are the boats apart ? 

17. From the top of a hill the angles of depression of two 
consecutive milestones on a level road running due south from 
the observ^er are 45** and 22° respectively. If cot 22** = 2*475 find 

the height of the hill in yards. 

18. From the top of a lighthouse 80 yards above the horizon 
the angles of depression of two rocks due west of the observer, 
are 75** and 15"*: find their distance apart, given cot 76° = •268 
and cot 15** =3-732. 
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50. Trigonometrical Probleme sometimea require a. know- 
ledge of the FointB of the Marinor's Gompaas, which we ah^ 




Tu the above figure, it will be seen that 32 points are taken 
at equal distances on the circumference of a circle,. so that the 
arc between anj two consecutive pointti subtends at the centre 
of the circle an angle equal to ^-'j that is to llj°. 

The points North, South, East, West are called the Oardtoal 
Points, and with reference to them the other points receive their 
names. The student will have no difficulty in learning these 
if he will carefully notice the airangement in any one of the 
principal quadranta. 

51. Sometimes a alightl; different notation is used; thus 
K. llj^' £. means a direction 11}° east of north, and is therefore 
the same as N. by E. Again STW. by S. is 3 ^oi'nb from south 
and may be expressed by S. 33|° W., or since it is 5 poinU from 
west it can also be expressed Tjy W. 5S{° S. In each of thesr 
cases it will be seen that the angular measurement is made froi 
the direction which is first mentioned. 



46 



ELEMENTARY TBIGONOMETBT. 



[chap. 



52. The angle between the directions of any two points is 
obtained by multiplying 11 J° by the number of intervals between 
the points. Thus between S. by W. and W.S.W. there are 6 
intervals and the angle is 66^**; between N.E. by E. and S.E, 
there are 7 intervals and the angle is 78}°. 



53. If B lies in a certain direction with respect to Aj it is 
said to hear in that direction from A ; thus Birmingham hears 
N.W. of London, and from Birmingham the hearing of London 
is S.E. 



Example 1. From a lighthouse L two ships A and B are observed 
in directions S.W. and 15° East of South respectively. At the same 
time B is observed from ^ in a S.E. direction. If LA is 4 miles find 
the distance between the ships. 

Draw LS' due South; then from 
the bearings of the two ships, 

Zi4LSf'=46% IBLS'^U'', 

so that Z^L5= 60°. 

Through A draw a line N8 pointing 
North and South; then 

z2^ilL=Z^L5'=46°, 

and iBAS=^5°, since B bears S.E. 
from A ; 

hence z J3^L = 180°-46°-46°=:9O°. 

In the right-angled triangle ABL^ 
AB=AL tan ALB=4. tan 60° 

=4^3=6-928. 

Thus the distance between the ships 
is 6-928 miles. 




Example 2. At 9 a.m. a ship which is sailing in a direction 
E. 40° S. at the rate of 8 miles an hour observes a fort in a direction 
50° North of East. At 11 A.M. the fort is observed to bear N. 20° W.: 
find the distance of the fort from the ship at each observation. 



fort. 



Let A and C be the first and second positions of the ship ; B the 



Through A draw lines towards the cardinal points of the compass. 
From the observations made 

Zi?^C=40°, Z^i45=60°, Bothat zBi4C=90°. 



in.] 
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Tliroagh C dimw CS* towaids the North; then iBCS'^^fif^. for 
the beumg of the fort firun C is N. 9QP W. 




Also 2ilCN'= ZC^5=90°-40°=60°; 

In the right-angled triangle AGB^ 
ilB=^(7tanilCP=16tan30°=~ = i^=9-237 nearly; 

and BC=^(7Bec^CB=16Beo80*»=16x -75= ?-^=18-476 nearly. 
Thus the distances are 9*287 and 18*476 miles nearly. 



EXAMPLES. VI. b. 

1. A person walking due E. observes two objects both in tho 
N.E. direction. After walking 800 yards one of the objects is 
due N. of him, and the other lies N.W. : how far was ho from 
the objects at first ? 

2. Sailing due E. I observe two ships lying at anchor duo 8. ; 
after sailing 3 miles the ships bear 60° and 30° S. of \V.; how 
far are they now distant from me ? 

3. Two vessels leave harbour at noon in directions W. ?' 
and E. 62° S. at the rates 10 and 10} miles (x^r hour resijoct 
Find their distance apart at 2 p.m. 
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4. A lighthouse facing N. sends out a fan-shaped beam 
extending from N.E. to N.W. A steamer sailing due W. first 
sees the light when 5 miles away from the lighthouse and 
continues to see it for 30/^2 minutes. What is the speed of the 
steamer 1 

5. A ship sailing due S. observes two lighthouses in a line 
exactly W. After sailing 10 miles they are respectively N.W, 
and W.N.W. ; find their distances from the position of the ship 
at the first observation. 

6. Two vessels sail from port in directions N. 35° W. and 
S. SS** W. at the rates of 8 and 8/^3 miles per hour respectively. 
Find their distance apart at the end of an hour, and the bearing 
of the second vessel as observed &om the first. 

7. A vessel sailing S.S.W. is observed at noon to be E.S.E. 
from a lighthouse 4 miles away. At 1 p.m. the vessel is due S. 
of the lighthouse : find the rate at which the vessel is sailing. 
Given tan 67^° = 2-414. 

8. A, B, C are three places such that from A the bearing of 
C is N. 10° W., and the bearing of 5 is N. 60' E. ; from B the 
bearing of (7 is N. 40** W. If the distance between B and C is 
10 miles, find the distances of B and C from A. 

9. A ship steaming due E. sights at noon a lighthouse 
bearing N.E., 15 miles distant; at 1.30 p.m. the lighthouse bears 
N.W. How many knots per day is the ship making? Qiven 
60 knots =69 miles. 

10. At 10 o'clock forenoon a coaster is observed from a 
lighthouse to bear 9 miles away to N.E. and to be holding a 
south-easterly course; at 1 p.m. the bearing of the coaster is 
15° S. of E. Find the rate of the coaster's saihng and its distance 
from the lighthouse at the time of the second observation. 

11. The distance between two lighthouses, A and By is 12 
miles and the line joining them bears E. 15° N. At midnight a 
vessel which is sailing S. 15° E. at the rate of 10 miles per hour 
is N.E. of A and N.W. of B : find to the nearest minute when 
the vessel crosses the line joining the lighthouses, 

12. From A to J5, two stations of a railway, the line runs 
W.S.W. At -4 a person observes that two spires, whose distance 
apart is 1*5 miles, are in the same line which bears N.N.W. 
At B their bearings are N. 7^° E. and N. 37^° E. Find the rate 
of a train which runs from A to B in 2 minutes. 



CHAPTER VII. 



BADIAN OR CIRCULAR MEASURK 

54. We shall now return to the system of measuring angles 
which was hrie% referred to in Art. 6. In this system angles are 
not measured in terms of a suhmultiple of the right angle, as in 
the sexagesimal and centesimal methods, hut a certain angle 
known as a radian is taken as the standard unit, in terms of 
which all other angles are measured. 

55, Definition. A radian is the angle suhtended at the 
centre of any circle by an arc equal in length to the radius 
of the circle. 




In the above figure, ABC is a circle, and its centre. If 
on the circumference we measiu*e an arc AB equal to the radius 
and join OA^ OB^ the angle AOB'y^^ radian. 

56. In any system of meastu^ment it is essential that the 
unit should be always the same. In order to shew that a radian, 
constructed according to the above definition, is of constant 
. magnitude, we must first establish an important property of the 
cirde. 

H. K. E. T. ' Nc: 
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57. The circumferences of drdes are to one cmother as their 
radii. 

Take any Iwo circles whose radii are r^ and r^, and in each 
circle let a regular polygon of n sides be described. 





Let AyB^hQ Q> side of the first, A^B^ a side of the second 
polygon, and let their lengths be denoted by a^^a^. Join their 
extremities to 0, and 0^ the centres of the circles. We thus 
obtain two isosceles triangles whose vertical angles are equal, each 

being - of four right angles. 



n 



Hence the triangles are equiangular, and therefore we have 
by Euc. VI. 4, 



that is, 



0,A, 



a„ 



na.i 



2. 
i 



that is, 



Pl^P2 



re 



where p^ and p^ are the perimeters of the polygons. This is true 
whatever be the number of sides in the polygons. By taking 
n sufficiently large we can make the perimeters of the two 
polygons differ from the circumferences of the coirresponding 
circles by as small a quantity as we please ; so that ultimately 






where c^ and c^ are the circumferences of the two circles. 
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58. It tfaoB apgnta that <A« ratio of lA« cuf iuw/ i fiyj H y <>/' a 
de io itt radimM is ike ma^ wkaienr te tkt nst i^ tkt cirtU; 
thatia^ 



in aU drtUs — -^ • i» a eoiutami qmtmtiiy. 

This constant is iiKxnnmeDBiirable and is always denoted by 
the Qieek letter v. Thon^ its nnmfflrioBJ Talue cannot be Ibund 
exactly, it is shewn in a later part of the subject that it can be 
obtained to any degree of ai^^woximation. To ten decimal places 

its vafaie is 3*1415996696. In many cases w= y , which is true 

to two decimal places, is a sufficiently close approximation; 
where greater accuracy is required t^e value 3*1416 may be used. 

50. If c denote the circumfierence of the circle whoHo mdius 
is r, we have 

circumference _ 
diameter "" ' 

c _ 
2r ' 

or c=2wr. 

60. To prove that all radians are eqitaL 

Draw ani/ circle ; let be its centre 
and OA a radius. Let the arc AB be 
measured equal in length to OA, Join 
OB ; then / A OB is a radian. Produce 
^0 to meet the circumference in G, 
By Euc. VI. 33, angles at the centre of a C 
circle are proportional to the arcs on 
which they stand ; hence 

lAOB arc^^ 

two right angles ~" arc ABC 

radius r 




semi-circimiference jtr n ' 

which 18 constant; that is, a radum always bears t/ie same ratio 
to two right angles^ and therefore is a constant angle. 
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61. Since a radian is constant it is taken as a standard tiiiit^ 
and the number of radicms contained in any angle is spoken of 
as its radian measure or circular measure. [See Art. 71.] 
In this system, an angle is usually denoted by a mere nwmher^ 
the unit being implied. Thus when we speak of an angle 2*5, it 
is understood that its radian measure is 2-5, or, in other woids, 
that the angle contains 2^ radians. 

Where it is desirable to refer to the imit expressly, a radian 
may be denoted by the letter p, thus 3p represents an angle which 
contains three raaians. 

62. To find the radian measure of a riglit anyle. 

Let A 00 be a right angle at the centre 
of a circle, and AOB a radian'; then 

the radian measure of l AOC 

^ I AOG ^&rc AG 

~ iA0B~q3cqAB 

- (circiunference) j i^rrr) 



radius 



2 




IT 



that is, a right angle contains - radians. 

63. To find the number of degrees in a radian. 

From the last article it follows that 

IT radians— 2 right angles =180 degrees, 

,. 180 , 
.'.a radian = — degrees. 

IT 



By division we find that - = 'SlSSl nearly ; 

IT 

hence approximately, a radian =180 x •31831= 57'2968 degrees. 

64. The formula 

TT radians =180 degrees 

connecting the sexagesimal and radian measures of an angle, 
is a useful result which enables us to pass readily from one 
system to the other. 
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Example. Express 75° in radian measure, and rr iu sexagesimal 
measure. 

(1) Since 180 degrees =ir radians, 

76 degrees=^^x radi«.s=g radians. 

5ir 
Thus the radian measure is v^ . 

(2) Since IT radians =180 degrees, 

V ,. 180 , 

V7 radians = =-.- degrees. 
o4 54 

Thus the angle = -^ degrees = 3° 20*. 

o 

65. It may be well to remind the student that the symbol n- 
always denotes a number, viz. 3*14159.... When the symbol 
stanos alone, without reference to any angle, there can be no 
ambiguity; but even when n is used to denote an angle, it must 
still be remembered that tt is a number^ namely, the number of 
radians in two right angles. 

Note. It is not uncommon for beginners to make statements 

such as "ir=180" or **^ = 90." Without some modification this 

mode of expression is quite incorrect. It is true that tt radians are 
equal to 180 degrees, but the statement 'ir=180' is no more correct 
than the statement ** 20=1 " to denote the equivalence of 20 shillings 
and 1 sovereign. 

66. If the nwmher of degrees and radians in an angle be 
represented by D and respectively, to prove thai 

180 it' 
In sexagesimal measure, the ratio of the given angle to two 
right angles is expressed by -^ . 

In radian measure, the ratio of these same two angles is 
expressed by - . 
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Example 1. What is the radian measure of 45® 13' 30" ? 

If 'D be the number of degrees in the angle, 

we have D = 46 -226. gO )«> 

eo ) 18*5 
Let be the number of radians in the given ~i25 

angle, then 

_ 45 225 _ 1005 
ir~ 180 ~ 4 • 






v 3*1416 

/. ^=7xl-005=^-=P^xl-005 
4 4 

= -7854 X 1-005= -789327. 
Thnn the radian measure is '789327. 

Example 2. Express in sexagesimal measure the angle whose 
radian measure is 1*309. 

Let D be the number of degrees; then 

D 1-309 

180 " T ' 

180 X 1-309 _ 180 X 1309 X 10 
•• ^"" 3-1416 "■ 31416 

180 X 10 



" 24 
Thus the angle is 75^ 



=75. 



EXAMPLES. Vn. a. 

lUnleas otherwise stated ir= 3-1416. 
It should he noticed that 31416=8 x 3 x 7 x 11 x 17.] 

Express in radian measure as fractions of n : 
1. 45^ 2. 30^ 3. 105°. 4. 22' 3(y. 

5. 18°. 6. 67*30'. 7. 14° 24'. 8. 78* 46'. 

Find numerically the radian measure of the following angles : 
9. 25° aC. 10. 37° 30'. 11. 82° 30'. 

12, 68° 45'. 13. 157° 30', X4, 62*30', 
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Express in sexagesimal measure : 
15. ^. 16. ^. 17. 2^. 18. 2^. 

19. •3927p. 20. •5236p. 21. •6646p. 22. 2-8798p. 

22 
Taking «•=-=-, find the radian measure of : 

23. 36" 32' 24". 24. 70" 33' 36". 

25. 116" 2' 45-6". 26. 171" 41' 504". 

27. Taking - = '31831, shew that a radian contains 206265 

w 

seconds approximately. 

28. Shew that a second is approximately equal to '0000048 
of a radian. 



67, The angles ^, ^, ^ are the equivalents in radian 
measure of the angles 45", 60*, 30" respectively. 

Hence the results of Arts. 34 and 35 may be written as 
follows : 

8in^ = ^, cos| = i, tan^=V3; 

. IT 1 TT JS i. . T 1 

Example, Find the value of 

aV 4 „ir 1 ,oir 2 . ,ir 1 .ir 

T>.™,„.s(^)-*|(f)'-la).-|(#)%!«- 

=i+i-i-i+a.8. 
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68. When expressed in radian measure the complement 
oi 6 VA -T — By and corresponding to the formulad of Art. 38 ve 
now have relations of the form 

sin (^-^j=cos^, tan(|^-^]=cot^. 

Example. ProTe that 

(cot ^+tan 0) cot ('^^0\=coae<^('^ - 0\ . 

The first side = (cot + tan ^)tan 
=cot^tan^+tan3^ 
= l + taxi^0=zBec^0 



=cosec' 



69. By means of Euc. i. 32, it is easy to find the number of 
radians in each angle of a regular polygon. 

Exanvple, Express in radians the interior angle of a regular 
polygon which has n sides. 

The sum of the exterior angles =4 right angles. [Euc. i. 32 Cor.] 

Let be the number of radians in an exterior angle ; then 

„«=2,. and therefore .=?^. 

n 

But interior angle = two right angles - exterior angle 

2ir 

z=ir-0=ir . 

n 



Thus each interior angle =^^ — . 



EXAMPLES. Vn.b. 

Find the numerical value of 

. sm- cos - cot - . 2. tan ^ cot ^ cos - . 

o o 4 O o 4 

3. -cos;r + 2co8ec-. 4. 2sm7+-sec7. 

2 3 4 2 4 
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Find the numerical value of 

5. cot« J+4 cos2 1^ + 3 feec* J . 

o 4 o 

6. 3ten«|-l8in«|-ico8ec«^ + |cos«|. 

7. (^8mg+cosgj^8in--cos3J8ec3. 

Prove the following identities ; 

8. sin^sec ^|-^j-cotdcot^|--d^=0. 

9. sin2^|-d^cosecd--tan2^|-d^sind=0. 

11. tand+tan^|-d^=sec^sec^|--dy 

12. sec«d+sec2^|-d^=(l+tan2^)sec2^|-^y 

13. Find the number of radians in each exterior angle of 
(1) a regular octagon, (2) a regular quindecagon. 

14. Find the number of radians in each interior angle of 
(1) a regular dodecagon, (2) a regular heptagon. 

15. Shew that 

COS*-r — COS^^ 



•lA \2 / sec^ g. 

10. ^ . . . =cos2^. 

cosecd 

cot 



tan* - — cot* ^ 



3 3 Q^ qW 

COS^ r cos'* - 

3 6 



16. Shew that the sum of the squares of 

sin^+sin f ^-^j and cos^-cos f ^-^j 



is equal to 2. 
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70. To prove that the radian measv/re of any €mgU at ike 

J. . , . J r ^i ^ ^ • subtending arc 
centre of a circle w expressed by the fraction -rr^ . 

Let AOC be any angle at the centre 
of a circle, and AOB a radian ; then 

radian measure of I AOC 

^ lAOC 

I AOB 

_ a,rc AC 

^ arc AB 

_arc J(7 

"^ radius ' 

since arc ^iS= radius ; 

,,,.,,-. - .^^ subtending arc 

that IS, the radian measure of lAOC— -jz-^ • 

' radius 

71. If a be the length of the arc which subtends an angle of 
6 radians at the centre of a circle of radius r, we have seen in 
the preceding article that 

^=- , and therefore a=r6. 

The fraction — r— is usually called the circular measwre of 
radius '' 

the angle at the centre of the circle subtended by the arc. 

The drcvlar measure of an angle is therefore equal to its 
radian measure, each denoting the number of radians contained 
in the angle. We have preferred to use the term radian measure 
exclusively, in order to ke^ prominently in view the unit of 
measurement, namely the radian. 

Note. The term circular measure is a suryival from the times 
when Mathematicians spoke of the trigonometrical functions of the 
arc. [See page 80.] 

Example 1. Find the angle subtended by an arc of 7*5 feet at 
the centre of a circle whose radios is 5 yards. 

Let the angle contain radians ; then 

""radius"" 15 "~ 2* 
Thus the angle is half a radian. 
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Exionple 2. In nmning a race at a nniform speed on a droolar 
course, a man in each minute traverses an are of a drele which sub- 
tends 2f radians at the oentrd of the coarse. If each lap is 792 yards, 

how long does he take to ran a mile? «•=:-=-. 

Let r yards be the radios of the oirde; then 

2wr = drcomf erenoe = 792 ; 

792 792x7 ^^ 
••'^=2i:=T^=^^^ 

Let a yards be the length of the arc traversed in each minute ; 
then from the formnla a=r$j 

a=126x8f=^B^=860; 

that is, the man rmis 360 yds. in each minute. 

1760 44 
.-. the time=-r^r- or -jr- minutes. 

Thus the time is 4 min. 53^ sec. 



Example 3. Find the radius of a globe such that the distance 

measured along its surface between two places on the same meridian 

22 
whose latitudes differ by 1° lO' may be 1 inch, reckoning that t= -=- . 

Let the adjoining figure represent a sec- 
tion of the globe through the meridian on 
which the two places P and Q lie. Let 
be the centre, and denote the radius by r 
inches. 

arc PO 
Now — 57—^ = number of radians in z POQ; 
radius 

but aroPQ=lmch, and /POQ=1°10'; 
.'. -= number of radians in 1^° 

T 

~^^ 180^6^ 7 ^180" 640 

whence r = y^ = 49t*j . 

Thus the radius is 49tV inches. 
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EXAMPLES. Vn. c. 

1. Find the radian measure of the angle subtended by an 
arc of 1 -6 yards at the centre of a circle whose radius is 24 feet. 

2. An angle whose circular measure is *73 subtends at the 
centre of a circle an arc of 219 feet ; find the radius of the circle. 

3. An angle at the centre of a circle whose radius is 2*5 yards 
is subtended by an arc of 7*5 feet; what is the angle? 

4. What is the length of the arc which subtends an angle 
of 1*625 radians at the centre of a circle whose radius is 
3-6 yards ] 

5. An arc of 17 yds. 1 ft. 3 in. subtends at the centre of 
a circle an angle of 1*9 radians; find the radius of the circle in 
inches. 

6. The flywheel of an engine makes 35 revolutions in a second ; 
how long will it take to turn through 5 radians ? Kr = ^^ . 

7. The large hand of a clock is 2 ft. 4 in. long ; how many 

[22n 

8. A horse is tethered to a stake ; how long must the rope 
bo in order that, when the horse has moved through 52*36 yards 
at the extremity of the rope, the angle traced out by the rope 
may be 75 degrees ? 

9. Find the length of an arc which subtends 1 minute at the 
centre of the earth, supposed to be a sphere of diameter 7920 
miles. 

10. Find the nimiber of seconds in the angle subtended at 
the centre of a circle of radius 1 mile by an arc 5^ inches long. 

11. Two places on the same meridian are 145*2 miles 

22 
ai>art; find their difference in latitude, taking ir=-frj and the 

earth's diameter as 7920 miles. 

12. Find the radius of a globe such that the distance measured 

along its surface between two places on the same meridian whose 

22 
latitudes differ by l-j^^** may be 1 foot, taking w^-^. 
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MISCELLANEOUS EXAMPLES. B. 

1. Express in degrees the angle whose circular lueasui-e is 
•15708. 

2. If (7=90% ^ =30% c= 110, find h to two decimal places. 

3. Find the number of degrees in the unit angle when the 

12fr 
angle is represented by If. 

4. What is the radius of the circle in which an arc of 1 inch 
subtends an angle of 1' at the centre ? 

5. Prove that 

(1) (sin a+cosa)(tana+cota)=seca-f coseca; 

(2) (V3 4- 1) (3 - cot 30**) = tanS 60' - 2 sin 60". 

6. Find the angle of elevation of the sun when a cliimney 
60 feet high throws a shadow 20 ^JZ yards long. 



7. Prove the identities ; 

(1) (tan^+2)(2tan^4-l) = 5tan^+2sec2^; 

(2) 1 + r-- = cosec a. 

l+coseca 

57r 

8. One angle of a triangle is 45* and another is — radians; 

8 

express the third angle both in sexagesimal and radian measure. 

9. The number of degrees in an angle exceeds 14 times the 

22 
number of radians in it by 51. Taking 7r = -=- , find the sexa- 
gesimal measure of the angle. 

10. If 5=30°, (7=90% ft =6, find a, c, and the perpendicular 
from C on the hypotenuse. 

11. Shew that 

(1) cot ^+cot f ^ - ^ j =cosec 6 cosec I f - ^ ) ; 

(2) cosec* 6 + cosec^ ( - - ^ j = cosec^ 6 cosec^ f - - ^ j . 
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12. Tho angle of elevation of the top of a pillar is 30% and 
on approaching 20 feet nearer it is 60° : find the height of the 
pillar. 



13. Shew that tan^^i - sin^^i =sin*ii aec^A, 

14. In a triangle the angle A is So; degrees, the angle B is 
X grades, and the angle C is -^^^ radians: find the number of 
degrees in each of the angles. 

15. Find the numerical value of 

sm3 60° cot 30** - 2 sec* 46" + 3 cos 60' tan 45' - tan* 60^ 

16. Prove the identities : 

(1) (l+tanii)2+(H-cot^)2=(secii + cosec.4)2; 

(2) (sec a - 1)2 - (tan a - sin a)2= (1 - cos of, 

17. Which of the following statements is possible and which 
impossible ? 

^2 1.52 1 

(1) cosec^=-2-r- ; (2) 2sin^ = a + -. 

18. A balloon leaves the earth at the point A and riseB at a 
uniform pace. At the end of 1 *5 minutes an observer stationed at 
a distance of 660 feet from A finds the angular elevation of the 
balloon to be 60*" ; at what rate in miles per hour is the balloon 

rising? 



19. Find the number of radians in the angles of a triangle 
which are in arithmetical progression, the least angle being 36". 

20. Shew that 

sin2a sec2/3+tan2)3cos2a=sin2a+tan2/3. 

21. in the triangle ABC if ^4 = 42", ^=116° 33', find the 
perpendicular from C upon AB produced ; given 

c=55, tan 42° t= -9, tan 63° 27' =2. 
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2SL Pkove the identhw : 



"^ ' l-rOOB« 



«• ov .1. |1+coteOV 1+00*30* 

23. Shew that ( f^ — ; I = , — ^ ■ , . 

\1 - oat eo / 1 - C08 30 



24. A man waUdiig X. W. sees a windmill which bear^ N. 1 5" W. 
In half-an-honr he reaches a place which he kiiows to l^ \V, K%^S, 
of the windmill and a mile awav from it. Find his lati^ of walk- 
ing and his distance from the windmill at the tirst olxwrxativn). 



25. f^nd the nmnber of radians in the oimiplemoiit of *- . 

26. Solve the equations : 

(1) 3sin^+4co8^=4|; i±) taii^+80c30*BCOt(l 

27. If 5 tan a= 4, find the value of 

Ssina — 3co8a 
sina-)-2oosa 

28. Prove that 

1 - sin ii coB^ sinM - cosM _ . . 

COB A (aeo A — ooBieoA) sinQ+cos^ii 

29. Find the distance of an observer fh>m the toi) of a clitV 
which is 195*8 yards high, given that the anglo of olovation 
is 77' 26', and that sin 77^ 26*= 976. 

30. A horse is tethered to a stake by a roix) 27 d^i hiiig. 
If the horse moves along the circumference of a circle alwiWM 
keeping the rope tight, fiid how far it will have gone when the 

rope has traced out an angle of 70'. [.=9]. 



•v 



CHAPTER VIII. 

TRIGONOMETRICAL RATIOS OF ANGLES OF ANY 

MAGNITUDE. 

72. In the present chapter we shall find it necessary to take 
account not only of the magnitude of straight lines, but also of 
the direction in which they are measured. 

Let be a fixed point in a horizontal line XT', then the 
position of any other point P in the line, whose distance from O 
is a given length a, will not be determined unless we know on 
which side of the point P lies. 



X'^ O X 

But there will be no ambiguity if it is agreed that distances 
measured in one direction are positive and distances measured in 
the opposite direction are negative. 

Hence the following Convention of Signs is adopted : 
lines measured from to the right are positive^ 
lines measured from to the left are negoitive. 



X' Q O P X 

Thus in the above figure, if P and Q are two points on the 
line XX' at a distance a from 0, their positions are indicated 
by the statements 

(?P=+a, OQ^-a. 

73. A similar convention of signs is used in the case of a 
plane surface. 

Let be any point in the plane ; through draw two straight 
lines XX' and YY' in the horizontal and vertical direction re- 
spectively, thus dividing the plane into four quadrants. 



CONVENTION OF SIGNS. 



G5 



Then it is universally agreed to consider that 

(1) horizontal lines to the right of FT' are positive^ 
horizontal lines to the left of TT' are negative; 

(2) vertical lines above XX* are positive, 
vertical lines below XX* are negative, 

Y 



XT 



Ms 



Mg O 



Pa 



'^ 



M4 



M^ X 



Y' 



Thus Oifj, OM^ are positive, OM^, OM^ are negative; 
i/iPj, M^P^ are positive, M^P^^ ^\P\ are negative. 

74. Oonvention of Signs for Angles. In Art 2 an angle 
has heen defined as the amount of revolution which the radius 
vector makes in passing from its initial to its final position. 

In the adjoining figure the straight line OP may be supposed 
to have arrived at its present position 
from the position occupied by OA by 
revolution about the ]^int in either 
of the two directions mdicated by the 
arrows. The angle AOP may thus be 
r^arded in two senses according as we 
suppose the revolution to have been in 
the same direction as the hands of a 
clock or in the opposite direction. To 
distinguish between these cases we adopt 
the following convention : 

when the revolution of the radius vector is covnter-clockvnt 
angle is positive^ 

when the rewdution is clockwise the angle is negative. 



11 



^. K. B. T. 



5 
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Trigonometrical Batios of any Angle. 

75. Let XX' and TY' be two straight lines intersecting 
at right angles in 0, and let a radius vector starting from OX. 
revolve in either direction till it has traced out an angle A^ 
taking up the position OP, 





M 






X' 


/ 





X 




V 

P 1 


'' 





x^ 



M 



Y' 



From P draw PM perpendicular to XX* \ then in the right- 
angled triangle OPM^ due regard being paid to the signs of the 
lines, 

. . MP , OP 



cos^ = 



tan^ = 



OM 
OP' 

MP 

OM' 



860-4 = 



cot^ = 



OP 
OM' 

OM 
MP' 



The radius vector OP which only fixes the howndary of the cmg!^ 
is considered to be alivays positive. 



tidl] 

F] 



A3rr AXW^HJL 



<?: 



d effirBiiM'j s h viH K^ sem likiS joit u^yv^ 
wi± lie pos^Tv or iMC&siT^ *lWo£i!^ a^^ )S^ 
jEOBK i» T&I^at >bfc$ the nomen^Y Arid %ll^- 
naaoBmUr^yiaitsuatsipi cr oiT oc>cKis£«e stgn. 

76L Hie Ibor ds^nzis of ilie !dbst ardoie nu^ W con- 



W3 


Y 


\ 


V 


/ 


«2 




M,l 



Y' 



With centre and fixed radiiis lot a circle bo do«orilKHi; 
then the diameters XX' and YY* divide the circle into four 
qmidranU XOY, YOX, X'OP, Y'OX, named j«r«f, wooik/, thM, 
fourth respectively. 

Let the positions of the radius vector in the four quadranUi 
be denoted Tby O-Pj, OPo, OP^y OP^, and lot ])or|HMuUimliirH 
PiJl/i, PaJ^a* ^s^sj A^4 ^ drawn to XX' ; then it will ho 
seen that in the first quadrant all the lines are positive and there- 
fore all the functions of A are positive. 

In the second quadrant, OP2 and M^P^ are iwHitivo, ()^f^ 
is negative ; hence sin A is positive, cos A and tan A arc 
negative. 

In the third quadrant, OP^ is positive, OMn and M.J*^ are 
negative; hence tan -4 is positive, sin -4 and cos Jf arc noj<aiive. 

In the fourth quadrant, OP^ and OM^ are pOMitivn, M^P 
is negative; hence cos^ is positive, sin i4 and tan yl ar 
negativa 
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77. The following diagrams shew the sioTis of the trigono- 
metrical fimctions in the four quadrants. It will be sufficient 
to consider the three principal functions only. 



sine 



cosine 


tangent 
1 


— 


+ 




+ 


— 


+ 


+ 


— 



The diagram below exhibits the same results in another use- 
ful form. 



sine positive 
cosine negative 
tangent negative 



tangent positive 
sine negative 
cosine negative 



dll the 
ratios positive 



cosine positive 
sine negative 
tangent negative 



78. When an angle is increased or diminished by anv 
multiple of four right angles, the radius vector is brought back 
again into the same position after one or more revolutions. 
There are thus an infinite number of angles which have the 
same boundary line. Such dJigles are called coterminal jvngl^fl. 

If n is an^ integer, all the angles coterminal with A may be 
represented by n . 360**+^. Similarly, in radian measure all the 
angles coterminal with 6 may be represented by 2nw+^. 

From the definitions of Art. 75, we see that the position of 
the boundary line is alone sufi&cient to determine the trigono- 
metrical ratios of the angle; hence all coterminal cmgles have 
the same trigonom£trical ratios. 

For instance, sin {n . 360° + 45°) = sin 45° = -^ ; 
and cos ( 2ww+ ^ ] = cos ^ = ^ . 
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-400°, and 
arenegiitm. 



liiB bomiduy lines of the aag^ 780°, - 190°, 
sue stete wlueh of the tEigoDomeknoal Itoolioiis 



(1) ffinee 780=(8x360)+eO, the imdius 
vector has to make two complete rer^otions 
and then torn throng 60°. Thostiieboand- 
aiy line is in the fint quadrant, so that all 
the fnnetioiis are poeitiTe. 



(2) Here the radioB vector has to revolve 
through 130^ in the negative direction. The 
boundary line is thns in the third quadrant, 
and since OM and MF are negative, the sine, 
cosine, cosecant, and secant are negative. 



(3) Since -400= -(360+40), the radius 
vector has to make one complete revolution in 
the negative direction and then turn through 
40°. The boundary line is thus in the fourth 
quadrant, and since MP is negative, the sine, 
tangent, cosecant, and cotangent are negative. 




EXAMPLES. Vm.a. 

State the quadrant in which the radius veotor lios after 
describing the following angles : 

1. 135'. 2. 265^ 3. -315°. 4. -120'. 



5. 



Stt 



A 5fl- 

^- 6"- 



7. 



IOtt 



ft llTT 



3 • " 6 ■ ■• 3 

For each of the following angles state which of the three 
principal trigonometrical functions are positive. 

9. 470°. 10. 330^ 11. 576'. 

12. -230°. 13. -620°. 14. -1200°. 



15. -%. 



16. 



13n- 
6 



17. - 



13ir 
6 
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In each of the following cases write down the smallest 
positive coterminal angle, and the value of the expression. 



18. 
21. 



24. cot 



sin 420°. 
sec 406". 
I7ir 



19. cos 390". 20. 

22. cosec(-330°). 23. 

25. sec-^r-. 26. tan 



tan (- 315"). 
cosec 4380". 



. sin^ 

tan A = -. . 

coaA 



cot^ = 



79. Since the definitions of the functions given in Art. 75 
are applicable to angles of any magnitude, positive or negative, 
it follows that all relations derived from these definitions must 
be true universally. Thus we shall find that the fimdamental 
formulsB given in Art. 29 hold in all cases ; that is, 

sin ^ X cosec -4 = 1, cosJ xsec-4 = l, tan^xcot^ = l; 

cos -4 
sin^ * 

sin^ A + co»^A='ly 

1 + tan^ ^ = sec^ ^ , 

1 + cot^ A = cosec^ A. 

It will be useful practice for the student to test the truth of 
these formulae for different positions of the boundary line of the 
angle A. We shall give one illustration. 

80. Let the radius vector revolve 
from its initial position OX till it 
has traced out an angle A and come 
into the position OF indicated in the 
figure. Draw FM perpendicular to 
XJC'. 

In the right-angled triangle OMF, 
MF2-{-0M^=0F^ (1). 

Divide each term by OF^; thus 
that is, sin2 A + cos^ -4 = 1. 
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Divide each term of (1) by OM^; thus 

that is, tan«u4 + l=sec2A 

Divide each term of (1) by ITP* ; thus 

that is, l+cot«ii=cosec^^. 

It thus appears that the truth of these relations depends 
only on the statement OF^^MF^+OM^ in the right-angled 
triangle OMFy and this will be the case in whatever quadrant 
OF lies. 

Note. OM* is positive, although the line OM in the figure is 
negative. 

81. In the statement cos^ = VT^sinM, either the positive 
or the negative sign may be placed before the radical. The sign 
of the radical hitherto has always been taken positively, because 
we have restricted ourselves to the consideration of acute angles. 
It will sometimes be necessary to examine which sign must be 
taken before the radical in any particular case. 

Example 1. Given cos 126° 53' = - 1 , find sin 126° 63' and 
cot 126° 53'. 

Since sin^^ +oos^^ = 1 for angles of any magnitude, we have 

Denote 126° 53' by A ; then the boundary line of A lies in the 
second quadrant, and therefore sin ^ is positive. Henoe the sign + 
must be placed before the radical ; 



.,^..„, oosl26°53' / 3\ MX 3 

The same results may also be obtained by the method used 
in the following example. The appropriate signs of the lines are 
shewn in the figure. 
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15 
8 



Example 2. If tan-4 = - -5-, find sin A and C508-4. 

P 



The boundary line of A will lie either in 
the second or in the fourth quadrant, as OP 
or OP', In either position, 

the radius vector = V(16)'+(8)' 

= 7289=17. 
15 



Q 

Hence sin XOP-^ , cob XOP=z - — ; 



and 



BinZOP'= - — , 0082:02^=^^ . 



Thus corresponding to iAnA, there are 
two values of sin A and two values of oobA. 
If however it is known in which quadrant 
the boundary line of A lies, sin A and cos A have each a single value. 




EXAMPLES, vm. b. 

1. Given sin 120' =^ , find tan 120°. 

2. Given tan ISS** = - 1, find sin 135^ 

3. Find cos 240°, given that tan 240° =^3. 

4. If ^=202° 37' and sin^= - ;^, find cos^ and cot A. 

lo 

5. If -4 = 143° 8' and cosec A = 1§, find sec -4 and tan A, 

4 

6. If ^ =216° 52' and cos ^ = - - , find cot A and sin A. 

7. Given sec -— = - 2, find sin -^ and cot -^ . 

8. Give„sin^= 1, find ten ^ and aec^. 

4/^2 4 4 

12 

9. If cos A=~, find sin A and tan A, 

io 
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VARIATIONS OF THE TRIGONOMETRICAL FUNCTIONS. 



82. A CABEFUL perusal of the following remarks will render 
the explanations whidi follow more easily intelligible. 

Consider the fraction - in which the numerator a has a certain 

X 

fixed vahie and the denominator ^ is a quantity subject to change; 
then it is clear that the smaller x becomes the larger does mo 

value of the fraction - become. For instance 

X 

-l=10a, -l-=lOOOa, ^ = 10000000a. 

To 1000 10000000 

By making the denominator x sufficiently small the value of the 

fraction - can be made as large as we please; that is, as x 

X 

approaches to the value 0, the fraction - becomes infinitely groat. 

X 

The symbol oo is used to express a quantity infinitely great, 
or more shortly mfimty^ and the above statement is concisely 
written 

when x=^0, the limit o/- = oo . 

X 

Again, if ^ is a quantity which gradually increases and finally 
becomes infinitely large, the fraction - becomes infinitely small ; 

X 



that is, 



when a?=s 00 , the limit of -=0. 

X 
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83. Definition. If y is a function of ^, and if when 4? 
approaches nearer and nearer to the fixed quantity a, the value 
of y approaches nearer and nearer to the nxed quantity h and 
can be made to differ from it by as little as we please, then h is 
called the limiting value or the limit of y when ^=0. 

84. Trigonometrical Functions of 0% 

Let XOP be an angle traced out by a radius vector OF of 
fixed length. 




M X 



Draw Pif perpendicular to 0X\ then 

sinPOif=^. 

If we suppose the angle POM to be gradualljr decreasing, 
MP will also gradually decrease, and if OP ultimately come 
into coincidence with OM the angle POM vanishes and MP=0, 

Hence sin 0** = -^p = 0. 

Again, cos POM= yyp ; but when the angle POM vanishes 
OP becomes coincident with OM, 

XT rxo OM ^ 

Hence cosO —jyi? — ^' 

Also when the angle POM vanishes, 

tan 0**=7r^7=0. 
Om 

And cosec 0" == -: — —o =;q = 00 : 

sm ' 

sec 0** = ^ =7=1 ; 

cos 1 

cot =7 — ^^o =7: = 00. 

tanO 



n-] 
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75 



FuBctioiyi of SOT or 



2' 



Let XOP be an angjle tnMsed out bj a radius vector of fixed 



Y_P 




O M 



M X 



. Draw PM parpendicular to OXy aud OT ^)Qr|)oiidioulHr 
to OX 



B J definitioii, 

MP OM 



tail poir. 



MP 



If we sappose the angle POM to be gradually increasing, 
MP will gradually increase and OM decrease. When OP conuv» 
into coincidence with OT the angle POM becomes equal to 90**, 
and Oi/' vanishes, while MP becomes equal to OP, 



Hence 



sin 90-=^ =1; 



cos 90° =^=0; 
. ... MP OP 



00 . 



And 



cot 90^ « 



tan 90 00 



= ^=0; 



sec 90°= 



cosec90 =-. 



cos 90° 
1 



1 

- = 00 



sm 90' 



1. 
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86. To trace the changes in sign and magnitude of Ban A as A 
increases from 0° to 360*. 

Let XX' and FY' be two straight lines intersecting at right 
angles in 0. 

p 




With centre and any radius OP describe a circle, and 
suppose the angle ^ to be traced out by the revolution of OP 
through the four quadrants starting from OX, 

Draw Pif perpendicular to OX and let OP^r; then 

. . MP 

sm A = , 

r ' 

and since r does not alter in sign or magnitude, we have only to 
consider the changes of MP as P moves roimd the circle. 

When ^=0^ J/P=0, and sinO° = - = 0. 

r 

In thefrrst quadrantj MP is positive and increasing; 

.*. sin A is positive and increasing. 

When ^=90°, JfP=r, and sin 90" =-=1. 

r 

In the second quadrani^ MP is positive and decreasing ; 
.-. sin A is positive and decreasing. 

When ^ = 180% i/P=0, and sinl80"=-=a 

T 
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In the third quadrant^ MP is negative and increasing ; 
.'. sin ^ is n^;ative and increasing. 

When A =^l(fy MP is equal to r, but is n^ative ; hence 



sin 270^=--=-!. 

r 



In thefowrih quadrant, MP is negative and decreasing; 
.*. sin ^ is n^;ative and decreasing. 

When A=360\ MP=0, and sin360* = -=0. 



87. The results of the previous article are concisely shewn in 
the following diagram : 

sin go^szl 



sin £So=o 



sin A positive 
and decreasing 



sin A negative 
and increasing 



sin A positive 
and increasing 



sino=x> 



sin A negative 
■and decreeing 



sin ^o*=— 1 

88. We leave as an exercise to the student the investi- 
gation of the changes in sign and magnitude of cos ^ as ^ 
increases from 0° to 360". The following diagram exhibits these 
changes. 

cos go = o 



cos A negative 
and increasing 



cosx8iX=''-l 



cos A negative 
and decreasing 



cos A positive 
and decreasing 



coso-=X 



cos A positive 
and increasing 



cos 2 JO =o 
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89. To trace the changes in sign and magnitude of tan A as 
A increases from 0° to 360 . 

MP 

With the figure of Art. 86, tan -4 = ^^, and its changes will 

therefore depend on those of MP and OM, 

When^=0'', i/P=0, OM=r; .-. tanO°=-=0. 

In the first quadrant, 

MP is positive and increasing, 
OM is positive and decreasing ; 
.'. tan^ is positive and increasing. 

When ^=90% J/P=r, Oif^O; .'. tan90''=^=oo. 

In the second quadrani, 

MP is positive and decreasing, 

OM is negative and increasing ; 
.-. tan^ is negative and decreasing. 
When ^ = 180°, i/P=0; .'. tanl80**=0. 

In the third quadrant, 

MP is negative and increasing, 
OMm negative and decreasing; 
.*. tan^ is positive and increasing. 

When ^ = 270^ Oif=0; .'. tan270'' = QO. 

In the fowrih quad/rant, 

MP is negative and decreasing, 
OM is positive and increasing; 
.'. tan A is negative and decreasing. 
When ^=360°, MP=0\ .-. tan360''=0. 

Note. When the numerator of a fraction changes continually 
from a small positive to a small negative quantity the fraction 
changes sign by passing through the value 0. When the denomi- 
nator changes continually from a small positive to a small negative 
quantity the fraction changes sign by passing through the value ao . 
For instance, as A passes through the value 90°, OM ohanges from a 

small positive to a small negative quantity, hence pr^- , that is oosA, 

PM 

changes sign by passing through the value 0, while •TrJ^J1 that ii 

tsLYiAf changes sign by passing through the value oo . 
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90l The resolts of Art 89 are shewn iu the fi>llowiug 
diagram: 



inn 1 80=0 



tanAtu^aiive 
and decreasing 



fan A positive 
and increasing- 



tan A positive 
and increasing 



tan{^=o 



tan A negative 
and decreasing 



tan 2/0*=.co 

The student will now have no difficulty in tracing the 
variations in sign and magnitude of the other functions. 

91. In Arts. 86 and 89 we have seen that the variations 
of the trigonometrical functions of the angle JlOF de^^end on 
the position of P as P moves round the circumference of the 
circle. On this accoimt the trigonometrical functions of an angle 
are called drcnlar fanctions. This name is one that wo shall 
use frequently. 

• 

EXAMPLES. TX. 

Trace the changes in sign and magnitude of 

1. cot Ay hetween 0° and 360^ 

2. cosec 6, hetween and w. 

3. cos $y hetween n- and 2n-. 

4. tan Ay between - 90° and - 270°. 

5. sec $, between - and -^ , 

Find the value of 

6. cos 0° sin2 270° - 2 cos 180° tan 45°. 

7. 3 sm 0° sec 180° + 2 cosec 90° - cos 360°. 

8. 2 sec'n: cos 0+3 sin^ — - cosec - . 

It 2t 

9. tan w cos — +sec27r— cosec -^. 

it J* 
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Note on the old definitions of the Trigonometrical FunctUmt, 

Formerly, Mathematicians considered the trigonometrical funotions 
with reference to the arc of a given circle, and did not regard them 
as ratios but as the lengths of certain straight lines drawn in relation 
to this arc. 




Let OA and OB be two radii of a oirde at right angles, and let P 
be any point on the circamference. Draw PM and PN perpendicular 
to OA and OB respectively, and let the tangents at A and B meet OP 
produced in T and t respectively. 

The lines PM, AT, OT, AM were named respectively the sine, 
tangent, secant, versed-sine of the arc AP, and PN, Bt, Ot, BN, 
which are the sine, tangent, secant, versed-sine of the complementary 
arc BPt were named respiectively the cosine, cotangent, ooseean^ 
coversed-sine of the arc AP, 

As thus defjied each' trigonometrical function of the arc is equal 
to the corresponding function of the angle, which it subtends at the 
centre of the circle, multiplied by the radius. Thus 

AT 

-pr-r=taQPOA; that is, AT=OAxt&nPOA; 

OA 

and 7r4=seoJ50P=coseoPO^; that is, 0«= OB xcoseo POii. 

The values of the functions of the arc therefore depended on the 
length of the radius of the circle as well as on the angle subtended 
by the arc at the centre of the circle, so that in Tables of the funotions 
it was necessary to state the magnitude of the radius. 

The names of the trigonometrical functions and the abbreviations 
for them now in use were introduced by different Mathematicians 
chiefly towards the end of the sixteenth and during the seventeenth 
century, but were not generally employed until their re-introduction 
by Euier. The development of the science of Trigonometry may be 
considered to date from the publication in 1748 of Euler's IntroducHo 
in analysin Infinitorwm, 

The reader will find some interesting information regarding the 
progress of Trigonometry in Ball's Short History of Mathematics, 



^ 
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MISCELLANEOUS EXAMPLES. 0. 

1. Draw the boundary lines of the angles whose tangent is 
qual to - J , and find the cosine of these angles. 

2. Shew that 

cos A (2 sec A + tan A) (sec ^ - 2 tan A) = 2 cos A -3 tan A, 

3. Given (7=90°, 6=10*6, c=21, solve the triangle. 

25 

4. If sec^= - — -, and A lies between 180° and 270% find 

X>tui. 

5. The latitude of Bombay is 19* N. : find its distance from 
;he equator, taking the diameter of the earth to be 7920 miles. 

6. From the top of a cliff 200 ft. high, the angles of de- 
9resfiion of two boats due east of the observer are 34° SO' and 
18° 40' : find their distance apart, given 

cot 34° 30'=l-466, cot 18° 40'=2-96. 

7. If A lies between 180° and 270°, and 3 tan ^=4, find the 
7alue of 2 cot ^ - 5 cos A+smA, 

8. Find, correct to three decimal places, the radius of a 
circle in which an arc 15 inches long subtends at the centre an 
ingle of 71° 36' 3-6". 

9. Shew that 
tan'^ , cot'^ l-2sin2^cos2^ 



l+tan*^ 1+cot^^ sin^cos^ 

10. The angle of elevation of the top of a tower is 68° 11', 
uid a flagstaff 24 ft. high on the summit of the tower subtends 
m angle of 2° 10' at the observer's eye. Find the height of the 
bower, given 

tan 70° 21'=2-8, cot 68° 11'= '4. 



H. K. E. T. 




CHAPTER X. 

CIRCULAR FUNCTIONS OF CERTAIN ALLIED ANQLE& 

92. Circnlar Functions of 180"* - A. 

Take any straiebt line p, 
XOX\ and let a raoius vec- 
tor starting from OX revolve 

until it has traced the angle ^^^^^^^^^^^^^^^^^^^ 
A^ taking up the position x'M' O MX 

OP, 

Again, let the radius vector starting from OX revolve through 
ISO*" into the position OX' and then hack c^gain through an 
angle A taking up the final position OP, Thus XOP* is the 
angle 180'' -ul. 

From P and F draw PM and P'i/'' perpendicular to XX* \ 
then by Euc. i. 26 the triangles 0PM and OPW are geometrically 
equal. 

By definition, 

Tii'V 
sin(180°-^)=^; 

but M'P is equal to MP in magnitude and is of the same sign; 

MP 

,'. sin(180**-^)=yyp=sin J. 

OM' 

Again, cos (180**-^)= yy^; 

and 03r is equal to OM in magnitude, but is of opposite sign; 



MP MP MP 

OM" 



AlLso tan (180° -A)= -TyjOft = ZTnu^ " '^'^~ " *^*^ -^« 
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93. In the last article, for the sake of simplicity we have 
supposed the angle ii to be less than a right angle, but all the 
formolsB of this chapter may be shewn to be true for angles of 
any magnitude. A general proof of one case is given in Art. 102, 
ana the same methc^ may oe applied to all the other cases. 

94. If the angles are expressed in radian measure, the 
formulsd of Art 92 become 

sin(jr-^)==sin^, 

cos(7r— ^)= -cos^, 

tan(7r-^)= -tan^. 

Example 1. Find the sine and cosine of 120°. 

Binl20°=8m(180°-60°)=8in60*»=^. 

coBl20°=cos(180°-60°)= -cos 60°= -\, 
BxawpU 2. Find the cosine and cotangent of -^ . 

C0S-^ = C0s(^T-gj=-C08^=-=^. 

oot-|-=oot f T-|j= -cot^=-^/3. 

95. Definition. When the sum of two angles is equal to 
two right angles each is said to be the supplement of the other 
and the angles are said to be supplementary. Thus if A is any 
angle its supplement is 180** - ^. 

96. The results of Art. 92 are so important in a later part of 
the subject that it is desirable to emphasize them. We therefore 
repeat them in a verbal form : 

the sines of supplemevUary arigles ure equal in magnitvde ^'^'^ 
are of the same sign; 

the cosines of supplementary angles are equal in magnii\ 
are of opposite sign; 

the tangents of supplementari/ angles arfi pminl in ma^ 
but are of opposite sign. 
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97. Oircnlar Functions of 180*'+ A. 

Take any straight MneXOX' 
and let a raoius vector starting 
from OX revolve until it has 
traced the angle Ay taking up M^ 
the position OF. X' 

Again, let the radius vec- 
tor starting from OX revolve pt" 
through 180° into the position 
OX, and then further through an angle Ay taking up the final 
position or. Thus XOP is the angle 180° +i4. 

From P and P' draw FM and FM' perpendicular to XX* ; 
then OF and OF are in the same straight line, and by Euc. I. 26 
the triangles OFM and OFM' are geometrically equal 




By definition, 



sin (180°+^) = 



M'F 



OF 



and M'F is equal to MF in magnitude but is of opposite sign ; 



.'. sin (180°+.!) = 



-JfJP MF 



OF 



OF 



= -sin A 



Again, 



OM' 

cos (180°+^) = ^; 



and OM' is equal to OM in magnitude but is of opposite sign ; 

.\ COS(180 +^) = -7Trr= ~-(yp^ -COS -4. 

Also tan (180 ^-^) = -^jy^= -OM ^OM^ 

Expressed in radian measure, the above formulsB are written 

sin(7r+^)=-sin^, cos(ir+^)= -cos^, tan(ir+^)=tan A 

In these results we may draw especial attention to the fisuit 
that an angle may be increased or diminished by two right 
angles as often as we please without altering the value of the 
tangent. 

Example, Find the value of cot 210°. 

cot 210°=cot (180° +30°)= cot 30°=^/3. 



X.] 
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98. CSreolar Fonctioiis of 9(r+A. 

Take anyatrai^t line XOX\ 
and let a radios Tector starting 
from OX leyolve until it has 
traced the angle Ay taking up 
the position OF, 

Again, let the radius vec- 
tor starting from OX revolve 
through 90** into the position 
OTy and then ftuiJier through X' 
an angle A^ taking up the final 
position or. Thus XOF is the angle 90" + .1. 

From P and R draw PM and PIT perpendicular to XX ; 

then I JfPO== L FOY^A = i POM. 

By Euc. L 26, the triangles 0PM and OPM' are geometrically 
equal; hence 

M'F is equal to OM in magnitude and is of the same sign, 

and OM' is equal to MP in magnitude but is of opposite sign. 

By definition, 

sin(90 +il)=-g^ = ^=cos^; 



/ono. AS OM -MP 
cos(90°+^)= ^^ = -^^- = 



tan(90"+^)= 



MP 
OM' 



OM 
-MP 



MP 
OP' 

OM 

MP 



- sin ^ ; 



= - COtil, 



Expressed in radian measure the above formula) become 
inf|-|-^)=C08^, cosTl+^W -sin^, tan r|+^W-cot^. 



sin 



Example 1. Find the value of sin 120°. 

sin 120°=sin (90°+30°)=cos 30°=^^. 
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Example 2. Find the values of tan (270°+ -4) and cos ( ~ + ^ j . 



tan(270°+^)=tan(180°+90°+^)=tan{90°+ii)=-ootil; 



cos 



( ^+ ^) = cos(ir + 1+^) = -cosf 1+^ j = sin^. 




99. Oircnlar Functions of -A. 

Take any straight line OX and 
let a radius vector starting from OX 
revolve until it has traced the angle 
Ay taking up the position OF, 

Again, let the radius vector start- ^^^^'Kf^ 
ing from OX revolve in the opposite ^^ 
direction imtil it has traced the 
angle A^ taking up the position OP'. 
Join PP ; then MP is equal to MP 
in magnitude, and the angles at M 
are right angles. [Euc. i. 4.] 

By definition, 

. , ,. MP -MP . . 

^\n{-A)=^ypr = -Qp-=^ -smil ; 

, ,, OM OM 
cos(-^)= ^ = Qp-=oo^ A ; 

It is especially worthy of notice that we may chomge the sign 
of an angle without altering the value of its cosine. 

Example. Find the values of 

cosec ( - 210°) and cos {A - 270°). 
cosec ( - 210°) = - cosec 210°= - coseo (180°+ 30°) = cosec 30° =2. 



cos (4 - 270°) = cos (270° - ^) = cos (180° + 90° - il) 
= -cos (90°-^)= -sinil. 
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IOOL lff{A) denoteB a fiinctioa of A which is unidtered in 
magnitude aiid sign when — ^ is written for J, then/(.<) is said 
to be an evoi fimcftum of A, In this ca8e/( - A ) —f{A\ 

If when — ^ is written for J, the sign of f{A) is changed 
while the magnitode renuuns unaltered, f{A) is said to be an 
odd fonctioil of J, and in this caBe/( - J^)= -f{A\ 

From the last article it vrill be seen that 

co8^ and sec A are even Jufutians of A, 
sin Ay cosec J, tan J, cot A are odd fuHction.f of A . 



EXAMPLES. Z.a. 

Find the numerical value of 

1. cosl36^ 2. sin 150". 3, tan 240". 

4. cosec226". 5. sin (-120"). 6. cot (-135"). 

7. cot 315". 8. cos (-240"). 9. sec (-300"). 

10. tan ~ . 11. sin — . 12. sec ~ . 

4 «S tS 

13. cosec ( -^ j. 14. cos f --j) • 15. cot ( - - j . 

Express as functions of A : 
16. cos(270"+il). 17. cot (270"-^). 18. 8in(il-90"). 
19. sec (il - 180"). 20. sin (270" - ^4 ). 21. cot(i4-90"). 

KzpresB as functions of ^ : 
22. sin(^-|V 23. tan(^-tr). 24. boo^^^J^V 

Express in the simplest form : 

25. tan(180"+^)sin(90"+^)sec(90"-^). 

26. cos(90"+-4)+sin(180"-i4)-8in(180"+^)-8in(-^). 

27. sec(180"+^)8ec(180"-^)+cot(90" + i4)tan(180"-|-/l). 
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101. In Art. 38 we have established the relations which 
subsist between the trigonometrical ratios of 90**— A and those 
of A, when A is an acute angle. We shall now give a general 
proof which is applicable whatever be the magnitude of A. 

102. Oircular Functions of 90** - A for any value of A. 




X'M 



X X 





Let a radius vector starting from 0J[ revolve until it has 
traced the angle A, taking up the position OP in each of the two 

figures. 

Again, let the radius vector starting from OX revolve through 
90" into the position OF and then back again through an angled, 
taking up the final position OF* in each of the two figures. 

Draw PM and P'JT perpendicular to XX'; then whatever 
be the value of A, it will be found that i OFW^ L POM, 
so that the triangles OMP and OMP are asometrically equal, 
having MP equal to OM, and OM equal to MP*, in magnitvde. 

When P is above XX\ P' is to the right of YT, 
and when P is below XX\ P' is to the left of YT, 

When F is above XX\ P is to the right of FF', 
and when P' is below XX\ P is to the left of YT, 

Hence MP is equal to OM' in magnitude and is always of 
the same sign as OM ; 

and M'F is equal to OM in magnitude and is always of the 
same sign as OM. 
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B7 definition, 

sin (90 -il)=-g^=^=cos^; 

COS (90 -il)=-^^=-g^=sinil; 

tan(90'»-^) = g^ = -^=cotA 

A general method similar to the above may be applied to all 
the other cases of this chapter. 

103. Oircnlar Fnnctions of n . 360*" + A. 

If w is any integer, n . 360** represents n complete revolutions 
of the radius vector, and therefore the boundary line of the angle 
n , 360° + ^ is coincident with that of ^. The value of each func- 
tion of the angle n. 360°+^ is thus the same as the value of the 
corresponding function of A both in magnitude and in sign. 

104. Since the functions of all coterminal angles are equal, 
there is a recurrence of the values of the functions each time the 
boundary line completes its revolution and comes round into its 
original position. This is otherwise expressed by saying that the 
circtdarfunciioris a/re periodic^ and 360° is said to be the amplitude 
of the period. 

In radian measure, the amplitude of the period is %r. 

Note. In the case of the tangent and cotangent the amplitude of 
the period is half that of the other circular functions, being 180° or 
IT radians. [Art. 97.] 

105. Circnlar Fnnctions of n . 360° - A. 

If w is any integer, the boundary line of n . 360° — -4 is co- 
incident with that of —A, The value of each function of 
n.360° — ^ is thus the same as the value of the corresponding 
function of — ^ both in magnitude and in sign ; hence 

sin (n . 360° -.4)=sin ( - .4)= - sin .4 ; 
COB (n . 360° - -4) =cos ( - ^) =cos ^ ; 
tan (n. 360°- ^)=tan ( --4)= - tan ^. 
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106. We can always express the functions of any angle in 
terms of the functions of some positive acute angle. In the 
arrangement of the work it is advisable to follow a uniform 
plan. 

(1) If the angle is negative, use the relations connecting the 
functions of —-4 and A, [Art. 99.] 

Thus sin ( - 30°) = - sin 30° = - i ; 

cos (-845°)= COS 845°. 

(2) If the angle is greater than 360°, by taking off multiples 
of 360° the angle may be replaced by a coterminal angle less than 
360°. [Art. 103.] 

Thus tan 735° = tan (2 x 360° + 15°) = tan 15°. 

(3) If the angle is still greater than 180°, use the relations 
connecting the functions of 180°+ J. and A. [Art. 97.] 

Thus cot 585° = cot (360° + 225°) = cot 225° 

=:cot(180°+45°)=cot45°=l. 

(4) If the angle is still greater than 90°, use the relations 
connecting the functions of 180° — -4 and A. [Art. 92.] 

Thus cos 675° = cos (360° + 315°) = cos 315° 

= cos (180° + 135°) = - cos 135° 

= - cos (180° - 45°) = cos 45° = ~ • 

Example, Express sin ( - 1190^), tan 1000°, cos ( - 3860°) as func- 
tions of positive acute angles. 

sin ( - 1190°) = - sin 1190° = - sm (3 x 360° + 110°) = - sin 110° 
= - sin (180° - 70°) = - sin 70°. 

tan 1000° = tan (2 x 860° + 280°) = tan 280° 
= tan (180° + 100°) = tan 100° 
= tan (180° - 80°) = - tan 80°. 

cos ( - 3860°) = cos 3860° = cos (10 x 860° + 260°) = cos 260° 
3= cos (180° + 80°) = - cos 80°. 
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107. From the inTestigaticMis of this chapter ^re see that the 
number of an^es which have the same ciitrular function is 
nnliTnited. Thus if tan^^l, $ may be any one of the angles 
ooterminal witii 45' or 225'. 

■'3 
Exaw^le, Draw the boondaiy lines of A when sin -^ = \ > i^d 

write down all the angles numerically less than 360' which satisfy 
the equation. 

Since sm 60°=^ , if we draw OP making z XOP=60°, then OP 

is one position of the bomidary line. 

Again, sin 60° = sin (180° - 60=) = sin 120^, 
so that another position of the hoondary 
line will be fonnd by making XOP'=120P, 

There will be no position of the boundary _^ 
line in the third or fourth quadrant, since X 
in these quadrants the sine is negative. 

Thus in one complete revolution OP and 
OP* are the only two positions of the bound- 
ary line of the angle A, 

Hence the positive angles are 60° and 120°; 

and the negative angles are -(360° -120°) and -(360° -60°); that 
is, -240° and -300°. 




EXAMPLES. X.b. 



Find the numerical value of 



1. 


cos 480°. 


2. 


sin 960^ 


3. 


cos ( - 780°). 


4. 


sinC-STO"). 


5. 


sec 900^ 


6. 


tan ( - 865°). 


7. 


cosecC-eeC*). 


8. 


cot 840°. 


9. 


cosec ( - 765°). 


10. 


cos 4005^ 


11. 


cot 990°. 


12. 


sin 3015°. 


13. 


sec 2745^ 


14. 


cos 2400°. 


15. 


sec ( - 5895"). 


16. 


. 157r 
sm— 7-. 
4 


17. 


cot— 7-. 

4 


18. 


In 
sec 3-. 


19. 


/IOtt 
oot-r-. 


20. 


/Stt . rr 
sec „ + , 


V 
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Find all the angles numerically less than 360*" which satisfy 
the equations : 

21. cos^=^. 22. sin^=:--. 

23. tan^=-^/3. 24. cot^=-l. 

If A is less than 90**, prove geometrically 

25. sec {A - 180"')= - sec A. 

26. tan (270"'+^)= -cot^. 

27. cos (-4 -90°)= sin J. 

28. Prove that 
tan^+tan(180"-^)+cot(90**+^)=tan(360**-^). 

29. Shew that 

sin (180°-^) cot (90°-^ ) cos(3 60°->ii) _ . 
tan(180*' + ^)'tan(90°+i)* sin(-^) -®^^- 

Express in the simplest form 

sin(-^) tan (90'+^) , cos^ 



30. 



sin(180° + ^) cot^ "^ sin (90**+^)* 



co8ec(180°-^) cos(-^) 
sec(180**+^) •cos(90"+il)' 

cos(90°+^)sec(-^)tan(180°->^) 
• sec(360"+^)sin(180°+^)cot(90'-^)' 

33. Prove that sin ^|+^) cos(7r-^)cot /^^+^^ 

=sin(|-^)sin(^-^)cot(|+^). 

IItt 

34. When a =—i—, find the numerical value of 

4 

sin2 a — cos*a+2 tan a — sec* a. 
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108L Whet an an^ is luie sp bv ibe a^iii^bmxtdC $kw ^>f 
two or more an^es it » ciZJed a ^^t*"*^ aai^ : th\^ .t ^ ^ 
A -B^ and A-i-B—CmK ooBQjMmd ai^as. 



109. Hitiieno ve haTe oohr discussed ibe |«\>|^Nrtk«» ^^f iW 
fmictioiiB of ainig^ s^og^ sqc& as ^« Ji •, A In Ui<^ (vrvcw^l 
ch^ter we aball piare sonie faDdameotAl piv^i«rtMet N>bUtii^ h^ 
the foDctiooa of oompoimd anj^ea^ We shall bogin Ur Aimu^ 
ezpreBBkxis for the ame, oosiiies, and tangeDt i^ .m-l^ Mni A-n 
mtennaofifaefinictionaof ^MKJ K 

It maj be mefal to caatkm the student i^ain»l th«^ \vrt»v«U<^nl 
misfailre A sopposiDg that a function ofA + R is oouiU to th<^ mun 
of the oomraonding functicMis d A aiui A Aiul «i Au\oU\M\ ^\f 
^ - ^ to the diffivQDoe of the coiresponding ftuictivuis^ 

Thus sin {A-k-B) is not equal to sin ^ +sin By 
and 008 (^ -^ is not equal to oos .^1 - civa ii, 

A numerical instance will illustrate this. 

Thus if ^=60', B=90% then -i+iB-OO", 
so that co8(^+jB)=co8 90'«=0; 

but cos A +COS jB=cos eo'+oos SO'- ^ -f '^* . 

Hence cos (^ +jB) is not equal to cos A H-ooh JL 

In like manner, sin {A +A) is not equal to nin >d 4-HiM A \ 
that is, sin 2A is not equal to 2 Hiii A , 

Similarly tan ^A is not equal to 3 tan A . 
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110. To prove the formvloe 

sin {A + jB)=sin A cos -B+cos A sin 5, 
cos {A-\-S)= cos A cos ^ - sin .4 sin B, 

Let L LOM^ ^, and i MON^ B ; then L LON=^ A^-B, 




Q S L 



In ONy the howndary line of the compov/nd atigle A-k-B^ take any 
point P, and draw PQ and PR perpendicular to OL and OJii 
respectively ; ako draw RS and RT perpendicular to OL and PQ 
respectively. 

By definition, 

• fA^m ^6 RS±PT RSPT 

RS OR PT PR 



But 



Also 




OR' OP^ PR' OP 
=sin ^ . cos jB+cos TPR . sin B, 

L TPR^m""- L TRP^ L TRO^ L ROS^A ; 

.'. sin (^ + j|?)=sin A cos jB+cos A sin jB. 

/A . m ^Q OS^ TR OS TR 

OR 'OP PR' OP 
=cos -4 . cos jB- sin TPR . sin B 
— cos A cos jB — sin >4 sin B, 
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HI. To prove theformutce 

sm(.4 — ^=smJ cos i? - cos ^ sin i?, 
co8(^— ^=cos^co8iB+sin^4 siuj?. 

Let z ZOJr=^ and zi^O^'=iB; then lLON^A-B, 




In ON^ the boundary line of the compound angle A -By take any 
point P, and draw FQ and FR perpendicular to OL and Om 
respectively ; also draw BS and RT perpendicular to OL and QF 
respectively. 

By definition, 

• fA PN PQ_RS-PT_RS FT 

_BS OR FT FR 
''OR 'OF FR'OF 

=sin A . cos jB- cos TFR . sin B. 

But z rPjK=90°- z 272P= z MRT=- i MOL^A ; 
.*. sin(-4-jB)«sin^ cosjB-cos-4 sinjB. 



Also 



,. _. OQ OS+RT OS RT 

C0S(^-J5) = ;pr^= 7ri7- = 7=^ + 



OF 



OF 



OF ' OP 



_0S OR RT RF 
"OR' OF'^'RP' OF 

=cos -4 . cos jB+sin TFR . sin B 

=cos ^ cos J5+sin A sin B, 



96 BLBMENTARY TRIGONOMETRY. [CHAP. 

112. The expatmons of sin {A ±B) and cos (A ±B) are fre- 
quently called the "Addition FormulsD." We snail sometimes 
refer to them as the '^A+B" and "^ -^'' formulsa. 

113. In the foregoing geometrical proofs we have supposed 
that the angles A, B, A + B are all less than a right angle, and 
that A -Bin positive. If the angles are not so restricted some 
modification of the figures will be required. It is however 
unnecessary to consider these cases in detail, as in Chap. XXII. 
we shall shew by the Method of Projections that the Addition 
FormulsB hold universally. In the meantime the student may 
assume that they are always true. 

Example 1. Find the value of cos 75°. 

cos 76° = cos (46° + 30°) = oos 46° cos 80° - sin 45° sin 30° 

V2' 2 V2''2~ 2^2 ' 

4 6 

Example 2. U BmA=^ and sin .B = ^^ , find sin (^ - B). 

sin {A-B)=BmA cos B-qobA sin B. 
But 0OBA = fJl-siii^A=/^l -25 = 5» 

and oosB=/yi-Bin«S=>y/l-j^ = — ; 

. ,^ -, 4 12 3 6 33 
••'^<^"^)=5-13-5-13 = 65- 

3 12 

Note. Strictly speaking cos^==i=^ and oosB = =i=7^, so that 

o lo 

sin {A - B) has four values. We shall however suppose that in similar 

cases only the positive value of the square root is t^en. 

114. To prove that sin {A+B) sin {A-'B)=:ain^ A- sin* B. 
The first side 

= (sin J cosB+cos^ sinjB)(sin-4cosiB — cos^sinjB) 

= sin^ A cos^ B — cos^ A sin^ B 
-^ =sinM (1 - sin2 B)- (1 ^ sinM) sin^B 
^^^mn^ A - sin^ B. 



^ 
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L am 'J-r45r =-s sin J^Ais^ - 

%^ 

2. 006(^+45*::=-^ cos J -sin J. 

% - 

4. If oqsj1=-, ow^=-, find sin(.4 + A"^ Andc\>sv-^~~ '^^ 

3 12 

5. If am-l=-, oo6B=— , find cos (.1 + fi) luid sin^.l "/?\ 

d IS 

6. If aecA =-^, ooeec ^=7, find see {A + Ii\ 

o 4 

Traweihat 

^ sin (a+fi) . 
oosaooB^ 

10. '^<"7^i =eoti8-cot.. 
smasinp 

ooBasmp 

12. C0B(A+B)c0B(A-B)==:C08>A-8ixi>B. 

13. 8ln(A+B)8ln(A-B)=cos«B-coB«A 

14. co8(46'--4)-sin(46"+^)«0. 
16. co8(46'+Ji)+8in(^-46°)=.0. 

16. cos(^-5)-sm(^+^-=(co8i4-«ni4)(coHyi-Hin^. 

17. 008 (^+5)+sm (^ - jB)=(co8 A +Hin yl ) (coh li- mIii i^. 

H. K. E. T. 7 
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Prove the following identities : 

18. 2 sin {A + 45*') sin {A - 45°) = sin^ A - cos^ A, 

19. 2cosf^-f a) cosf^-ttj^cos^a-sin^a. 

20. 2 sin ( j+a) cos r^+/3J-cos(a+/3)+sin (a-^S). 

21 sinQS-y ) sin(y-a ) sin(a-^) ^^ 
cos^cosy cosy cos a cosacos^ 

115. To expand tan {A +B) in terms of tan A and tan B, . 

. , . . TIN sinM+^) sin^ cos^+coB^sini? 

tan (A+B)=^ — ; . . w = :i 5 — ; — j—. — « . 

^ ^ cob{A+B) co&AcoaB-auiAsmB 

To express this fraction in terms of tangents^ divide each tenn 
of numerator and denominator by cos A cos B ; 

sin^ sinjg 

i. / >! . i>\ cos -4 cosj5 
.'. tan (A+B)= 1 j 1 1 1 ; 

cos -4 ' cos 5 

Ai. A • + /J lo\ tan^ +tanJg 

that IS, ^^(^-^-g) = i,tan^tan^ ' 

A geometrical proof of this result is given in Chap. XXII. 

Similarly, we may prove that 

p. tan ^-tanJg 
^^(^-^) = l+tan^tanF 

Example. Find the value of tan 76°. 

tan75°=tan(45° + 30°) = ^^^^^,^3^, 

"^x/3 _ V3 + l 

n/3 
_ (x/3 + l)(s/3 + l )_ 4 + 2V3 

8-1 "" 2 

=2 + ^3. 



llfi. To eipamd ooc .1 tB^ in terwa o* cvi A «iw«i «x^ K. 

t( 4 ' R -_*** A^B^ _ COB A cos Jg~ sill ^ sin /> 
'*' ' ""sin J+iT; "" adn J «» ^+cos.l sin /> ' 

To CL^ e tai this fncdoa in terms of Aitfo^mjviiM, divi^io ivioh 
term of namentor and denominatcT bv sin A sin Bi 

cqbJcos^ 

^ sin A sin B cot J cot ^ ~ 1 

.'. cot J 4- .0= B , = — T-n r- 

co3^ cos J cot/>-rCi>t .4 
1 

sin B sin .4 

Similarly, we mav prove that 

... j^ cotJcotJ?+l 
' cotJ?-cot^ 

117. To/nd the expantion o/ sin ( J +^ + <^N 

mn(A+B-\'C)^an{(A'\-B)'^€) 

=sin (J + J?) COB C+ cos (-1 +^) sin ('' 

=(8in^co6iS+ooB.i sin ^ cos r 

+(co8 A cos B — sin -4 sin ii) »in (* 

=sin ^4 cos B cos C+cos ^4 sin B co« (^ 

+ cos ^4 cos J? sin C^- sin .4 sin li «iu C. 

lia Tojmd the exparmon of tan (.4 +B+C), 

tan^+tanJ? . ^ ,, 

+tan ( 



1 -- tan A tan i? 

~ tanil+tan^ . .^ 
• 1-;^ — _ — . .tan(/ 

1 - tan A tan B 

_ tan A +tan B+ tan C- tan A tan /^ t^in (^ 
~" 1 — tan^ tan^-tan/itan (/-t*in f' t»in A * 

Cob. If^+jB+C'=18O°,thentan(i4 + /i+(0^"^; l»o»«" 
numerator of the above expression must be zero. 

.*. tan A + tan B + tan C= tan A tan /i tan (K 

7—1 
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EXAMPLES. XI. b. 

[The examples printed in more prominent type are important^ and 
should be regarded as standaraformtdce,] 

1. Find tan (A+B) when tan -4 = ^ , tan ^= «/• 

2. If tan ^ =1 , and 5=45°, find tan(^ - B), 

5 7 

3. Ifcot^==, cot i5 = ^, find cot (^ + J5) and tan (^-J5). 

7 5 

4. If cot^=y , tani5=^, find cot (A-B) and tan(A+B). 

6. taa(45«-A)=J^^. 

- */«• ^\ cot^+1 o X /w , A cot^-1 

7. cot^--^j = ---^. 8. coti^-+0) = ^^^^. 

9. tanl5°=2-^/3. 10. cotl5'-2+V3. 

11. Find the expansions of 

cos {A+B+C) and sin {A-B+C). 

12. Express tan {A -B-C) in terms of tan A, tan jB, tan C. 

13. Express cot (A+B-i-C) in terms of cot -4, cot iB, cot C. 

119. Beginners not unfrequently find a difficulty in the con- 
verse use of the A+B and A-B formulae ; that is, they jkil to 
recognise when an expression is merely an expansion belonging to 
one of the standard forms. 

Example 1. Simplify cos (a - p) cos (a + /S) - sin (a - /3) sin (a + /3). 

This expression is the expansion of the cosine of the oompoimd 
angle (o+/3) + (o-/3), and is therefore eqnal to cos{{a+/3) + (a-/8)}; 
that is, to cos 2a. 

Example 2, Shew that = — r j^ — 27-7= tan 3^1. 

l-taniltan2^ 

By Art. 115, the first side is the expansion of tan (A +2il), and is 
therefore eqnal to tan 3^. 
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Example 3. Prove that cot 2A + tan A = ooseo 2A , 

mu is X 'J COB 2^1 sinil cos 2^ COS ^+ sin 2^ sin ^ 

The first side = . _. + = ,—^ 

sin 2^ oos^ 8m2Jcos^ 

_ cos {2A -A) __ COS A 
~ sin 2^ cos ^ ^ sin 2^ cos ^ 

1 
= -T— s-7 =co8ec 2A . 
sin 2^ 

Example 4. Prove that 

cos 4^ cos + sin 40 sin = cos 2^ cos - sin 2^ sin tf. 

The first side = cos (40-0)= cos 30= cos (20 + 0) 
=cos 20 cos - sin 20 sin 0. 

EXAMPLES. 21. c. 

Prove the following identities : 

1. cos(-4+J5)cosJ5+sin(^+/?)8ini?=cos-4. 

2. sin3^cos^ — cos3^sin^=sin2X 

3. cos 2a cos a + sin 2a sin a = cos a. 

4. 0O8(30"+^)cos(30''-J)-sin(30'*+.4)sin(30"-^)=^. 

5. sin(60"-^)cos(30"+^)+cos(60'*-J)sin(30"+^)=l. 

^ cos 2a sin 2a 

b* =cos tSa. 

seca coseca 

_ tan(a-/3)+tan/3 , 
7. :i — . / ^x. \> «tana. 
l-tan(a-/3)tan/5 

cota-cot(a+/3) 

Q tan4ii-tan3ii . 

^- i+tan4.1tan3^'"^^' 

10. oot^-oot2^aoosec2^. 

11. l+tan2^tan^=:sec2^. 

12. 1+cot 26 cot ^>:cosec 20 cot ^. 

13. sin 2^ cos ^+co6 26 sin ^=sin 4^ cos ^ - cos 4B sin ^. 

14. OOB 4a cos a -sin 4a sin ascos 3a cos 2a -sin 3a sin 2a. 
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Functions of Multiple Angles. 

120. To express sin 2A in terms of em A and cos ^. 

sill 2-4 = sin (^ +.4)= sin ^ cos ^4- cos -4 sin^; 

that is, sin2w4=2sin^cos^. 

Since A may have any value, this is a perfectly general formula 
for the sine of an angle in terms of the sme and cosine of the half 
angle. Thus if 2^ be replaced by By we have 

sm^=2sin-coSo. 

Similarly, sin 44 = 2 sin 2-4 cos 2-4 

=4 sin -4 cos A cos 2-4. 

121. To express cos 2-4 in terms of cos A and sin -4. 
cos 2-4 =cos (-4 +-4)=cos A cos -4 —sin -4 sin -4 ; 

that is, cos2-4=cos2-4-sin2-4 (1). 

There are two other useful forms in which cos 2-4 may be 
expressed, one involving cos A only, the other sin A only. 

Thus jfroin (1), 

cos 2-4 = cos^ -4 - (1 - cos* -4) ; 

that is, cos2^=2cos2^-l (2). 

Again, from (1), 

cos 2^ = (1 - sin* ^) —sin* A ; 

that is, cos2-4"=l-2sin*-4 (3). 

From formulsB (2) and (3), we obtain by transposition 

l+cos2J=2oofl*-4 (4), 

and 1- cos 2-4 =2 sin* -4 (6). 

By division, -Z?^_2=tan«-4 (6). 

Example, Express cos 4a in terms of sin a. 

From (3), oos4o = l-2sina2a=l-2(4sin*ooo8«o) 

= l-8sin2a(l-8in*a) 
= 1 - 8 sin*o + 8 Bin*o, 



■ » 
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122. The six formultB of the last article deserve special 
attention. They are universally true so lon^ as one of the 
ingles involved is double of the other. For instance, 

cosa=cos*5— sin^-, 
coso=2cos*^— 1, coso=l-28in^Q, 

l+cos^ = 2cos2 5, l-cos^=2sin2|. 

Example, If cob ^ = *28, find the value of tan - - . 

,g_l-co8^_ l-'28 _ '72 _ 72 _J9_ 
2"l + co8^""l+-28""l-28""i28"16' 

/. tan 27= ±-7. 

2 4 

123. To express tan ^A in terms of tan A. 
bhat is, tan2il=: 



l-tanM* 



124. To express sin 2A and cos 2 J in terms of tan A. 

sin 2^=2 sin ^ COS ^ = 2 jCos*^ = 2tan^oo82w4 ; 

oos^ 

. ._2tan-4_ 2tan^ 
~ sec* ^ ~" 1 +tan2 -4 * 
Again, 

cos 2i( =cos* A - sin* ^ =cos* A {I- tan* A) ; 

„. l-tan*^ l-tan*^ 

.'. C0S2il = s-j — = ,-rT — Q-J- 

sec*^ 1+tan*^ 

Example. Shew that ^^ — ol^ira" /^ =Bm2A. 
' — 1+ tan* (45° --4) 

Theflr8tBide=;0OB2(45°-4)=co8(90°-2il) = 8in2^. 
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EXAMPLES. XI. d. 



[The examples- printed m more prominent type are important^ 
and shotdd be regarded as standard f<yrmvl<zl\ 



1. If cos -4 = ^ , find cos 2^. 

«5 

2 

2. Find cos 2-4 when sin -4 = - . 

5 

3 

3. If sin -4 =- , find sin 2-4. 

5 

4. If tan ^=-, find tan 2^. 



5. If tan ^==^ , find sin 2^ and cos 2^. 

4 a 

6. If cos a=r, find tan ^. 

7. Find tan A when cos 2^ = •96. 



Prove the following identities : 
sin2A 



8. 



1+C082A 



=tanA. 



-^ l-cosA . A 



12. 2 cosec 2a= sec a cosec a. 

13. tan a+cota=2 cosec 2a. 
cos* a — sin* a = cos 2a. 

cot^A-l 



14. 
16. 



18. 
20. 
22. 



cot2A= 

1+C0t2^ 

2cot^ 
1+sec^ 



2cotA 

= cosec 2-4. 



6 



. =2 cos^ - . 
sec^ 2 



2-secg^ 
sec2^ 



= cos 2^. 



9. 
11. 



15. 

17. 

19. 
21. 
23. 



sm2A 



1-C0S2A 
l+cosA 



=cotA. 



sinA 



^A 
cotg. 



cot a - tan a=2 cot 2a. 

cot -4 — tan A 



cotul+tanui 
cotM+1 



= cos 2-4. 



coful-l 



secSil. 



sec^-1 _ . ^B 
sec^ 2 



cosec' ^ -• 2 
cosec' ^ 



BOOB 2^. 
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Prove the following identities : 

/ A A\* 

2L (sin 2-+C0B 2 ) ^l+sinA 

25. (sixi rt^-coB-s^j =l-smA 

28. sin &i = 8 sin ^ 008^008 2^1008 4^. 

29. cos44=8cos*^-8cos«J + l. 

30. 8in^=l-2sin2^46**-^y 

3L oos*(^-aj -sin^ ( j-o]=sin2a. 

32. tan (46"+^) -tan (46'* -J) = 2 tan 2X 
3a tan (45'+^)+ tan (45'*-^) = 2 sec 2^. 

125. Fnnctions of 3A. 

sin 3^ =ssin {2A + ^) =sin 2A cos ^ +co8 2^ sin A 
=2 sin j4 cos*^ + (1 - 2 sin*^) sin A 
=2 sin ^ (1 - sin* ^)+(l - 2 sin« A) sin A ; 
«3 sin ul - 4 sin^^. 

Similarly it may be proved that 

COB ^A =4 cos' ^ — 3 cos A. 

A • J. *ij J. /-i A , A\ tan2u4+tanJ 

Again, t«u3^=tan(2^+^)=j-^^j^2Zten^5 



1. 4.4.- ^ n .1 2 tan A 

by putting tan SA^^^-^^^j , 

we obtain on reduction 

3 tan A — tan^ A 



tan 3^ 



l-3tanM 
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These formulaa are perfectly general and ma^ be applied to 
cases of any two angles, one of which is three times the other; 
thus 

cos 6a = 4 cos^ 2a — 3 cos 2a ; 

sin 9^ =3 sin 3il - 4 sin» 3^4. 

126. To Jmd the value of sin 18°. 

Let ^ = 18°, then 5^=90% so that 2^ = 90"-3^. 
.-. sin 2-4= sin (90° -3^)= cos 3u4; 
.*. 2sin-4 cos-4=4cos5j4-3cos^. 
Divide by cos A (which is not equal to zero) ; 

.-. 2sin^ = 4cosM-3=4(l-sinM)-3; 
.*. 4sin*^+2sin^-l*=0; 

. «;« A -2±V4Tl6 -1±V5 

.*. sin^=: = z . 

8 4 

Since 18° is an acute angle, we take the positive sign ; 

... sin 18°=^^^. 
4 

Example. Find cos 18° and sin 64°. 

COB 18°= Vrri!En85=x/m^ = ^/lO+V5 

V Id • 4 

Since 54° and 36° are oomplementary, sin 54°= cos 86°. 

Now cos36°=l-2Bin«18°=l-^^^"^^^^ = ^^,'^^; 

16 4 

... 8^64°=!^!^. 
4 

EXAMPT.Efl. XLe. 

1 

1. If cos ^ = ^, find cos 3^. 

o 

2. Find sin 3A when sin ^ = - . 

5 

3. Given tan ^ = 3, find tan 3A, 
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Prove the following identities : 

- Hin3 J. cos3^ _ ^ ^ ^ cot^ ^ - 3 cot J 

mnA COB A 3cot2^-l 

^ 3co8a+cos3a ^, - sin3a+sin3o , 

6. ^— • r— ^esCOt^o. 7. a 5- = C0to. 

3sma — sm3a cos^a-cos3a 

Q cos' a — cos 3a , sin'a+sin3a _ 

O. -t- : ^3. 

COS a Bin a 

9. sinl8°+sin30"=sin54^ 10. cos 36* -sin IS** =i. 

11. cos2 36" + sin2l8"=?. 12. 4 sin 18" cos 36"= l. 

4 

127. The following examples further illustrate the formulae 
proved in this chapter. 

g 
Example 1 . Shew that cob* a + Bin" 0=1-7 ^^* ^ 

The first side = (oos'a + sin^a) (cos' a + sin^a - oos^ a sin^a) 

= (oos'o + sin'a)' - 3 cos'a sin'a 

g 
=1 - 2 (^ cos'a flin^o) 

= l-j8in22o. 

Example 2. Prove that j-^^— ; — 7 = sec 2-4 - tan 2 A . 

oos^ + sm^ 

n« . i.i. .J 1 sin 2-4 1- sin 24 

The right 8ide= — ^-j s-^ = ttt- i 

008 2-4 cos 2-4 008 24 

and since eoB2-4=coBM-8in'ils(oo8-4 + Binil)(co8-4-sin-4), this 
sQggests that we should multiply the numerator and denominator of 
the left side by 008 -4 -sin -4; thus 

the first 8ide=^°^°^""^^)(°^°^"^^^) 
(oos -4 + sin -4 ) (00s -4 - sin -4 ) 

_ C08'-4 + sin'-4 - 2 00s -4 ain -4 
"" co8*-4-sin*-4 

1- sin 2-4 ^. , ^. 

= jr-r— = sec 2A - tan 2-4. 

oos 2-4 
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Example 3. Shew that - — ^-. — r . r-^-r r—. =oot2il. 

tan 3^- tan ^ cot 3^- cot ^ 

The first 8ide= i _ . i ^ - i. . 

Ean3^ sin^ cob 3^ cos^ 

008 3^ cos^ sin 3^ sinil 
cos 3^ cos il sin 3^ sin ^ 



sin 3^ cos ^- cos 3^ sin ^ cos3^ sin^-8in3^oosil 
008 SA 008 ^ + sin 3^ sin il 



Bin3il cos^-cos3il sin^ 

cos (3^-^) cos2^ ^^, 

= -r-~oi — 7v" = . ft. = cot 2-4. 
sin (3^ -A) Bm2A 

Note. This example has been given to emphasize the fact that in 
identities involving the fonotions of 2A and SA it is sometimes best 
not to substitute their equivalents in terms of functions of A. 



EXAMPLES. XI. f. 

Prove the following identities : 

1. tan2j4-sec^sin J=tan^ sec2il. 

2. tan2j4+cos-4cosec^=cotu4 sec2^. 

„ l-cos2^+sin2^ ^ ^ 

3. , TTTi — -• — K7»= tan 6. 

l+cos2^+sm2^ 

l-Hcos^+cos^ . 

sin ^+ sin- 



5. C08^a-sin*o=cos2a( l-^^^'^^^a) . 

6. 4(cos«^+sin«^) = l+3cos2 2^. 

_ cos3a+sin3o , . „ . « 

7. X_ = l+2sin2a. 

cos a — Sin a 

^ cos 3o — sin 3a , « . ^ 

8. — ; =l-2sin2a. 

cos a+ sin a 

^ coso+sina ^ ^ 

9. . — = tan 2a + sec 2a. 

cos a — sin a 
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10. 



Prove the following identities : 

cot o - 1 _ 1 — sin 2o 
coto+l~ cos 2a 



6 6 

_ . . ^ l+tan^ - cot-+l 

- l-fsin^ ^ 2 cos^ 2^ 

^^- cos^ ""7""!^ T ^^ 1-sin^ 77T 

1 - tan 5 cot - - 1 

13. sec ^- tan -4 = tan (45**- —j. 



=cot(46"-4) 



14. tan^+sec^ 

1 — sm ^ \4 2/ 

16. (2co8^ + l)(2cos^-l) = 2cos2-4+l. 
.. sin 2^ cos^ ^ 

•^^* 1+C08 2^'H-C08.1~ "2* 

-^ sin 2^ 1— cos^ . A 

18. = 5-7. J— =tan-. 

1— cos2il cosul 2 

19. 4 sin' a COB 3a + 4 cos^ a sin 3a =3 sin 4a. 

[Put 4 8in'a=38ina-sin3a and 4co8^a=3cos a + cosSa.] 

20. cos' a cos 3a + sin' a sin 3a = cos' 2a. 

21. 4 (cob'20*+cos' 40*)=3 (cos 20*+cos 40**). 

22. 4 (cos' lO'+sin' 20')=3 (cos 10°+sin 20°). 

23. tan 3^ - tan 2J - tan ul^tan ZA tan 2A t&nA, 

[Vte tan 84 = tan (24 +4).] 

24. cot^ tan^ ^^ 
cot ^ - cot 3^ tan ^ - tan 3d 

25. -. — wa-ti — A . o^ . — 7— >; = cot 4t6. 

tanSd+tand cot3d+cotd 



CHAPTER XII. 

TRANSFORMATION OF PRODUCTS AND SUMS. 

Transformation of products into sums or differences. 

128. In the last chapter we have proved that 

sm A cos j5-f cos A sin 5= sin ( J. + j5), 
and sin^cosJS— co8^sinj5=sin(^ — 5). 

By addition, 

2sin^cos5=sin(^ + 5)+sin(^-^) (1); 

by subtraction 

2coSiisin5=sin(^+j5)-sin(ul-5) (2). 

These formulae enable us to express the product of a sine and 
cosine as the sum or difference of two sines. 

Again, cos A cos j5 — sin ^ sin j5=cos {A +B)y 
and cos ^ cos 5 + sin ^ sin 5= cos (il- 5). 

By addition, 

2 cos -4 cos j5=:cos {A + J5)+cos (A - B) (3) ; 

by subtraction, 

2 sin A sin B=coa {A-B)- cos {A +B) (4). 

These formulae enable us to express 

(i) the product of two cosines as the sum of two cosineB ; 

(ii) the product of two sines as the difference of two 
cosines. 

129. In each of the four formulae of the previous article it 
should be noticed that on the left side we have any two angles 
A and B, and on the right side the sum and difference of these 
angles. 
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For practical purposes the following verbal statements of the 
results are more usemL 

2 sin ^ cos B==sm («wm) +sin {difference) ; 
2 cos A sin ^=7 sin {sum) — sin (difference) ; 
2 coe A COS ^=cos {mm) +cos (difference) ; 
2 sin A, sin B=coa (difference) - cos (jmrn). 

K.B. In the liust of these formulae, the difference precedes 
the tum. 

Example 1 . 2 sin 7il oos 4il = sin (turn) + sin (difference) 

=8in llil + sinSil. 

Example 2. 2 oos 3^ sin 69 = sin (39 + 69) - sin (39 - 69) 

= sin 99 -Bin (-39) 
= sin 99+ sin 39. 

3^ 64 1 ( /8^ 5A\ fSA 5A\} 

Example 3. cos -^ cos-^- =^ |cos \^-^ + _ j + cos ^-^ - ^j^ 

= ^ {cos 4il + COB ( - 4) } 

= s (cos 44 + COB -4). 

Example 4. 2 sin 76° sin 16°= cos (76° -16°) -cos (76° +16°) 

= cos 60° -cos 90° 

4-« 



■"2' 

130. After a little practice the student will be able to omit 
some of the steps and fiind the equivalent very rapidly. 

Exan^le 1, 2oos f 2 + ^) o^s f ^-9 j = cos^+cos29=cos29. 
ExampU 2. sin (a - 2/3) oos (a + 2/3) = ^ {sin 2a + sin (-4)3)} 

=^ (sin 2a - sin 4/8). 
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Express in the form of a sum or 


difference 


1. 


2 sin 3^ cos 6, 




2. 


2 cos 6^ sin 3^. 


3. 


2 cos 7^ cos bA. 




4. 


2 sin 3il sin 2 A 


5. 


2 cos 5^ sin 4^. 




6. 


2 sin 4^ cos 8^. 


7. 


2 sin 9^ sin 3^. 




a 


2 cos 9^ sin 7^. 


9. 


2 cos 2a cos 11a. 




10. 


2 sin 5a sin 10a. 


11. 


sin 4a cos 7a. 




12. 


sin 3a sin a. 


13. 


A . ZA 

cos 2 sin 2 . 




14. 


. bA lA 
sm-g-cos^. 


15. 


2^ bS 
2 cos — cos — . 




16. 


sm - sm -J- . 
4 4 


17. 2( 


B08 2/3cos(o-/3). 




18. 


2 sin 3a sin (a -f/S). 


19. 2i 


3in(2d+^)co8(fl- 


-2# 






20. 2< 


cos(3tf+^)8m(tf- 


-2*)- 






21. cos (60" -fa) sin (60"- 


-a). 







Transformation of sums or differences into ixroduets. 

131. Since sin(j4+^)=sin^cos-5+cos^sinjB, 

and sin(-4 — j5)=sinu4cosjB — cos^ sin5; 

by addition, 

sin(J+J5)+sin(il"jB) = 2sin^cosJ5 (1); 

by subtraction, 

sin(^+i5)-sin(.l-jB) = 2cosulsin5 (2), • 

Again, cos (il -f jB) = cos A cos B — sin A sin jB, 
and cos(-4 — jB)=cos JcosJ5+sin-4sin5. 

By addition, 

cos(^ + jB)+cos(-4 -J5)=2cosj4 cos 5 (3); 

by subtraction, 

cos (-4 + jB) -cos (^ - J5)= - 2 sin ^ sin 5 

=2 8in^sin(-J5) (4). 
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Let A'\-JS^C, and ^-J5=2); 
, then A = — ^— , and J5= — 

By substituting for A and J5 in the formulie (1), (2), (3), (4), 
We obtain 

sm c7+sin Z> = 2 sm — ^— cos — - — , 

sm C- sin x>=2 cos — - — sm — ^ — , 

A A 

cos C7+C0S x> = 2 cos — — cos — ^ — , 

A A 

cos c7- COS jO = 2 sm — r — sm —z: — . 

2 2 

132. In practice, it is more convenient to quote the formu- 
laB we have just obtained verbally as follows : 

simi of two sines = 2 sin {half -sum) cos (haJf-difference) ; 

difference of two sines = 2 cos (half -sum) sin (half-difference) ; 
simi of two cosines = 2 cos {half -sum) cos {half-difference) ; 

difference of two cosines 

=2 sin {half-etmi) sin {half-difference reversed) 

Example 1. sm 14^ + sm 6^ = 2 sm ^ — cos ^ — 

A A 

=2 sin 10^ COS 4^. 

Example 2. sm 9-i - sm 7-4 = 2 cob ^ — ^^^ — o — 

=2 COB 8^ sin ^. 

Example 3. oos A + cos 8-4=2 cos — cos ( - -«- ) 

o 9il 7A 
= 2008-5-008-5-. 

Example 4. oos 70° - cos 10° = 2 sin 40° sin ( - 30"") 

= - 2 sin 40° sin 30° = - sin 40°. 
H. K. E. T. 8 
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EXAMPLES. Xn.b. 

Express in the form of a product 

1. sin 8^-1- sin 4^. 2. sin 5^- sin ^. 

3. cos 7^+ cos 3^. 4. cos 9^ -cos 11^. 

5. sin 7a — sin 5a. 6. cos 3a+cos 8a. 

7. sin3a+sinl3a. 8. cos 5a- cos a. 

9. cos 2-4+ cos 9-4. 10. sin 3J.- sin 11^. 

11. cos 10° -cos 50°. 12. sin 70°+ sin 50°. 

Prove that 

-„ co8a-cos3a , ^ ,. sin2a+sin3a .a 

13. -r-^ : — =tan2a. 14. ^ s-=cot-. 

sin3a-sma cos2a-cos3a 2 

,^ cos4^-cos^ ^ 5$ -^ cos2^-cosl2d . ^^ 
sin ^ - sm 4^ 2 sin 12^ + sm 26 

17. sin (60°+.!) -sin (60°-^)=sin A. 

18. cos (30°-^)+cos (30°+^) = V3 cos A. 



sin a. 



f 



19. cosQ+aj-cosf ^-aW -s/2si 

20. '^^!°-^^|t'^^ =cot„. 
Sin (2a - 3)3) + sin 3/3 

sin(3^+<^)+sin(^-3<^) "^ ^^ 

22. Bin(a+^)-rin4^^ g^ 
cos(a+i3)+cos4j3 2 

133. The eight formulsB proved in this chapter are of the 
utmost importance and very little further progress can be made 
until they have been thoroughly learnt. In the first group, the 
transformation is from products to sums and difierences ; in the 
second group, there is the converse transformation from sums 
and differences to products. 

Many examples admit of solution by applying either of these 
transformations, but it is absolutely necessary that the student 
should master all the formulae and apply them with equal 

readiness. 
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134. The following examples should be studied with great 
cara 

Example 1. Prove that 

81X1 5il +8in 2^ - sin ^ = sin 2^ (2 oos 3^ + 1). 
The first side = (sin 5^ - sin ^) + sin 2^1 

= 2 cos 8^ sin 2^ + sin 2^ 

= sin 2^ (2 cos 8^ + 1). 

Example 2. Prove that 

oos 2$ cos 9 - sin 4^ sin $ = oos 3^ oos 20, 

The first side = ^ (cos 3^ + cos ^) - ^ (cos 90 - oos 5^) 

= ^ (cos ^ + 008 5^) 

=008 8^ oos 2^. 

Example 3. Find the value of 

oos 20° + cos 100° + cos 140°. 
The expression = cos 20° + (oos 100° + cos 140°) 

= COB 20°+ 2 cos 120° oos 20° 

=00820° +2 ( -o) COB 20° 
= cos 20° -COS 20° =0. 

Example 4. Express as the product of three sines 

Bin {/3+7 - «) + 8in (7+a-/3) + sin (a + j8 - 7) - sin (0+/3+7). 
The expre86ion=2 sin 7COS (/3 - a) + 2 cos (a+/3) sin ( - 7) 

= 2 sin 7 {cos (/S - o) - cos (a + /3) } 

= 2 sin 7 (2 sin /3 sin a) 

= 4 sin a sin /3 sin 7. 

Example 5. Express 4 cos a cos j3 cos y as the sum of four cosines. 

The expression=2 cos a {cos (p+y) + ooa(p-y)} 

=2 cos a cos (/3+7) + 2 cos a cos (/5 - 7) 
=coB(o+/S+7) + 0OB(a-/S-7)+co8(a+/3-7) + co8(o-j8 + 7) 
=008 (tt+/9+7) +00S (/3+7 - a) + COS (7 + a - /3) + cos (a +/S - 7). 
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Example 6. Prove that sin^S^r - sin^d^r = sin 8x sin 2a;. 

First solution, 

8in^5a; - sin^Sa; = (sin 5x + sin 3a:) (sin bx - sin 3a?) 

= (2 sin 4a; cos x) (2 cos 4^ sin a;) 

= (2 sin 4a; cos 4a;) (2 sin x ooBx) 

= sin 8a; sin 2x. 
Second solution. 

sin 8a; sin 2x = ^ (cos 6a; - cos 10a;) 

=i {1 - 2 sin'Sa; - (1 - 2 sin^Sa;)} 

= sin^Sx-sin^Sa;. 
Third solution. 

By using the formula of Art. 114 we have at once 

sin^Sa; - sin^ 3a; = sin (5a; + 3a;) sin (5a; - 3a;) = sin 8a; sin 2a;. 

EXAMPLES. Xn. c. 

Prove the following identities : 

1. cos 3^ + sin ^A - sin 4^ = cos 3^ (1 - 2 sin -4). 

2. sin 3^-sin ^-sin 5^=sin 3^(1 -2 cos 2^. 

3. cos ^+cos 2^+cos 5^=cos 2^ (1 +2 cos Z6). 

4. sino-sin2o+sin3a=4sin~cosocos— . 

If •» 

5. sin 3a+sin 7a-|-sin 10a=4 sin 6a cos -^ cos-^. 

6. sin ^ + 2 sin 3-4 + sin 5^4 = 4 sin 3-4 cos* A, 

_ sin2a + sin5a — sina ^ _ 

7. ^ = — : =tan2a. 

cos 2a + cos 5a + cos o 

sin a 4- sin 2a 4- sin 4a+ sin 5a . 

8. ■ 7: -, =- «= tan 3a. 

cos a+ cos 2a+cos 4o+ cos oa 

^ cos 7^ + cos 3^ -cos 6^- cos ^ ,_. 
si n 7^ - sm 3^ - sin 5^ + sin ^ 

10. cos 3^ sin 2 A - cos 4^ sin ^ = cos 2A sin A. 



li 
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Prove the following identities : 

11. COS bA COS 2A — cos 4A cos 3^ = — sin 2A sin A. 

12. sin4^cos^— sin3^cos2^=:sin^cos2^. 

13. cos S** - sin 26*' = sin 35". 

[C7w sin 26°= COB 66°.] 

14. sin 65" + cos 66" =^2 cos 20". 

15. cos 80" + cos 40" - cos 20" = 0. 

16. sin78"-sinl8" + cosl32"=0. 

17. sin2 6 A - sin^ 2 A = sin 1A sin 3 A, 

18. cos 2A cos 5^ =cos* -^ — sin^ -^. 

19. sin(o+i3+y)+sin(a-j8-y)+sin(o+^-y) 

+sin (a— j8 + y) = 4 sin a cos /8 cos y. 

20. cos()3+y-a)-cos(7-fa-i8) + cos(o+^-y) 

-<;os (o4-j8+y)=4 sin a cos ^ sin y. 

21. sin 2o+sin 2j3+ sin 2y - sin 2 (a+ j8+y) 

=4 sin (fi+y) sin (y+a) sin (o+/3). 

22. coso+cosj8+cosy+cos(o+i8+y) 

= 4 cos '— ^* cos ^-^— cos — ^ . 

^ Z ib 

23. 4 sin ^ sin (60" + ^ ) sin (60" - ^) = sin 3-4. 

24. 4 cos ^ cos (■3-+^) cos (— -^ j=cos 3^. 

25. co8d4-cos(y-^j+cos(Y+^)=0- 

26. cosM+co82(60" + -4)+cos2(60"-^)==|. 

[Put 2 008^^ = 1 + 008 2 J.] 

27. sinM+sin2(120"+^)+sin2(120"-il) = |. 
2a cos 20" cos 40" cos 80" =3 . 

o 

29. sin 20" sin 40" sin 80"= i ^3. 

o 
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135. Many interesting identities can be established comiedr 
ing the functions of the three angles A, B, Cj which satisf j the 
relation A+B •^0=180°. In proving these it will be neoessary 
to keep clearly in view the properties of complementary and 
supplementary angles. [Arts. 39 and 96.] 

From the given relation, the simi of any two of the angles is 
the supplement of the third; thus 

8m{B'\-C)—BmA, cos (^ +-5)= —cos C, 

tan ((7+^)= -tan^, cos^= -cos(C+^), 

sinC=sin(^+5), cot^= -cot(J5+C7). 

ABC 

Again, o^ + -5^ + -^=90", so that each half angle is the comple- 

ment of the sum of the other two ; thus 

A+B . C . C+A B , B-^C ^A 

cos-y-=sm^, sm— ^=cos-, tan— g— = cot— , 

C . A+B . A B+C ^ B ^C+A 

cosg^sm— g— , sm— =cos— g— , tan- = cot--^. 

Example 1. IfA+B + G= 180°, prove that 

sin 2A + sin 2£ + sin 2(7=4 sin ^ sin B sin (7. 

The first 8ide=2sin(il+B)cos(il-B)+2sin acoaC 
=2 sin Coos (^ -B) + 2 sin (7 cos C 
=2 sin (7 {cos {A-B) + cos 0} 
=2 Bin G {co6(A - B) -coa{A+B)) 
= 2 sin C X 2 sin^ sinB 
=4 sin ^ sin B sin C. 

Example 2. If A+B + G=^ 180°, prove that 

tan ^ + tan B + tan C = tan ^ tan B tan (7. 

Since A-^B ib the supplement of (7, we have 

tan(ii+B)=-tana; 

tan^+tanB _ 

•• l-tan4tanB=~**^^' 

whence by multiplying up and rearranging, 

tan il + tan B +tan C=tan A tan B tan O, 
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Example 8. lIA-{-B + C= 180°, prove that 

ABC 

The first side = 2 cos — ^ — ^^ — h — I" cos C 

=2 Bin ^ cos — 2 — +1-2 Bin*— 

. ,^ . C f A-B . C\ 
=l + 2sm^(^cos-2--sm2J 

=l+2sin-^ (®^^""2 ®^*"T~/ 

n ^ • C f^ , A , B\ 
=l + 2sm-^2sm^8m2-) 

1. . ^ , B , C 
+ 4 sm •5- sin — Bin — . 

A a a 



EXAMPLES. Xn. d. 

If ^ + J5+ (7= 180", prove that 

1. sin ^A — sin 2B + sin 2(7= 4 cos A sin J5 cos C. 

2. sin 2il - sin 25- sin 2(7= - 4 sin -4 cos jB cos C. 

ABO 

3. smA+sinB+8inC=4cos-ACOS^cos^. 

4. sinJl+sin J5-sin (7=4sin^sin-5-cos — . 

2S i2 i2 

5. C08-4 — cos-5+cos(7=4cos — sin — cos — -1. 

22 ^ ^ 

^ sin5+sin(7-sin^ , J5. C 
smil+sini?+sm(7 2 2 

7. tan^tajig +tan2tall2" + *aJl^tan2=l• 
-„ . A+B .C ,^, . . A+B ^ C , -, 
[l/iw tan — 5— = cot-Q- , and therefore tan — r— tan 7^ = !.] 



1 
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If A +3-^0= 180°, prove that 

l+cosil-cosi?+cos(7 . B ,C 

8. :, T-. n >v= tan TT cot — . 

l + cos-4 + cos^-cos(/ 2 2 

9. cos 2-4 + COS 2J5+C08 2C+4 cosJ. cos B cos C+ 1=0. 

10. cot i? cot C+ cote cot -4+ cot -4 cot jB=1. 

11. (cotJ5+cot{7)(cot(7+cotul)(cot^+coti?) 

=cosec ^ cosec B cosec (7. 

12. cos^il +cos2i?+cos2 (7+2 COS ^ COS jB cos (7=1. 

[XJte 2cos2^ = l+oos2-4.] 

13. sin2 - + sin2— + sin*— = 1 - 2 sin o sin -^ sin ^. 

14. cos2 2il +cos2 2jB+cos2 2(7=1 + 2 cos 2u1 cos 2jScos 2(7. 

-_ cotjg+cotC cotCy+cotii cot^+cot^ 
tan 5+ tan C tan C4- tan -4 tanJl+tan^"" 



16. 



A , n . ^ tan -r tan -zr tan -rr 
tanii + tan.g+tan(7 2 2 2 

(sin -4 +sin i?+sin (7)* "" 2 cos ^ cos j5 cos C 



136. The following examples further illustrate the formulse 
proved in this and the preceding chapter. 

Example 1. Prove that cot (4 + 16°) - tan (4 - 15°)= ^ . q ? . . 

2 8111 28 jx + X 

The first side =??iJ4±lg-»«-jj-l J) 

Bin (A + 16°) cos (A - 16°) 

008(4 + 16°) COB (4 -16°) -Bin (4 + 16°) gin (^-15°) 
sin (4 + 15°) 008 (4 -16°) 

008 {(4 + 16°) + (4 -16°)} 
"sin (4 + 16°) 008 (4 -16°) 

2 008 24 2cob24 

- 2 sin (4 + 16°) 008 (it - 16°) "~ sin 24 + Bin 30° 

4 cos 24 



28m 24 + 1* 



Note. In dealing with expressions which involve nomerical angles 
it is usually advisable to effect some simplifioation before sabstitnting 
the known values of the functions of the angles, espeoially if these 

contain surds. 
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Example 2. Prove that 

A B G . v-A v-B v-C 

cos 7r- + cos 77 + 00877 = 4 cos — 7^ COS — -. COS — j — . 

2 2 29 4 4 4 

CPU ;i -^ o v-AF 2ir-{B + C) B-Cn 

The second side =2 cos —j— cos ^ i+ cos — j — 

- TT-A ir+^ - TT-A B-C 

= 2 cos — 7- cos — 2 \r 2 cos — 3 — COS — -, — 



JB + C B-C 

— -. — cos 7— 



= I cos ^+ cos-^ j + 2 cos 

ABC 

= COS — + cos ■^+ COS 5" . 

^ A A 



EXAMPLES. XII. e. 

Prove the following identities : 

1. C08(o+/3)sin(a-j8)+cos(j8+y)sin(j8-y) 

+COS (y+d)sin(y-d)+cos(d+o) sin (d~a)=0. 

sin(/3-y) , sin(y-a) , sin(a-i3) 
smjSsmy sinysma smasmjS 

^ sin o+sin i3+sin (o+jS) , o . /3 

3. -; . . a — . ) . ^x =cot 5 cot ^ . 

sino+sm/3-sm(o+/3) 2 2 

4. sin o cos (i3+y) - sin /3 cos (a+y)=cos y sin (o - j8). 

5. cos ocos O+y) - COS j8 COS (o+y)=sin y sin (o- j8). 

6. (cos -4 — sin A) (cos 2-4 — sin 2-4) = cos A — sin 3^4. 

7. If tan tf = - , prove that a cos 2^+6 sin 2^ = a. 

[See AH, 124.] 

Q T>«^ xux . o.. c,A (l+tan^)2-2tanM 

8. Prove that sm 2 A + cos 2-4 = ^ — - — - — ~ — ^i • 

o -D^^ 4.V. 4, ' A A 4tanii(l-tan2^) 

9. Prove that sm 4 A = — ,. . ] — =-7^0 — - - 

(l+taxi^Ay 

10. If A+B= 46°, prove that 

(l+tan-4)(l+tan5)=2. 
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Prove the following identities ; 

11. cot(15»-^)+tan(16-+^)=.^l^M_. 

12. cot(16°+^)+tan(16°+^)= ^^^/^3^^^ . 

13. tan(^+30«)taa(^-30')=i^|^. 

14. (2cosil + l)(2cosul-l)(2cos2ul-l)=2cos4ul + l. 

15. tan(j8-y)4-tan(y-a)+tan(o-i3) 

=tan 03-y) tan (y- a) tan (o-/3). 

16. sin()3-y) + sin(y-a)+sin(a-j8) 

. J ' i3 — y . y — a . a — 8 ^ 
+ 4 sm ^-—^ sm ^-^- wn —-^=0. 
22 ^ 2 

17. cos2(j8-y) + cos2(y-a)4-cos2(a-j8) 

= 1 + 2 COS 03- y) COS (y- a) COS (o-jS). 

18. cos2 a + cos2 j8 - 2 COS a cos j8 cos (o + j8) = sin^ (a+ /3). 

19. sin2o+sin«j8+2sinasin)3cos(a+i8)=sin2(aH-/3). 

20. cos 1 2" + cos 60** + cos 84* = cos 24' + cos 48'. 

If ^ + 5+C=180', shew that 

„, A^ B_^ C ^ B+C G+A A+B 

21. cos — +COS — +cos~=4cos — -. — cos — - — cos — - — . 

2 2 2 4 4 4 

^ A B C ^ v+A ir-B ir + C 

22. cos —-cos— + cos- =4 cos — - — cos — r— cos — ^ — . 

2 2 2 4 4 4 

23. sm — +sin — +sin —=1+4 sin — - — sm — - — sm — 7— . 

2 2 2 4 4 4 

If a+)3+y=— , shew that 

^. sin2o+sin2i8+sin2y 
sm 2a + sin 2)3 — sin 2y 

25. tan)3 tany+tany tan a-f-tan a tan/3=l. 



CHAPTER XIII. 



RELATIONS BETWEEN THE SIDES AND ANGLES OF 

A TRIANGLE. 

137. In arvy triangle the sides are proportional to the sines of 
the opposite angles; that is, 

sin A"^ sin B" sin C 
(1) Let the triangle ABC be acute-angled. 

From A draw AD perpendicular to 
the opposite side ; then 

AD=AB sin ABD:=e sin By 

and AD^AC sin ACD=:b sin C; 

.'. &sinC=csinjB, 

b c 



that is, 



sini? sin (7* 




(2) Let the triangle ABO have an obtuse angle B. 

Draw AD perpendicular to CB 
produced; then 

AD=^ AC sin ACD^b sin C, 

and AD^AB^^ABD 

==c sin (180" - J5) = c sin J5 ; 

.*. bvxn.C^cs\nB\ 

mat IS. -» ^ ^ "-7" 7^. 

' sin B sm C 

In like manner it may be proved that either of these ratios 

a 
ift equal to -, — 5 . 

Thus 




a 



fsaxA mnB sinC 
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138. To find an expression for one side of a irtanffle in terms 
of the other two sides arid the inxilvded angle, 

(1) Let ABC be an acute-angled 
triangle. 

Draw BD perpendicular U) AC\ 
then by Euc. ii. 13, 

AB^=BC^-\-CA^- 2AC, CD; 

.-, c2=a2+6*-26.acos(7 

=^a^ + b^^2abcoaC 

(2) Let the triangle ABC have an obtuse angle C 

Draw BD perpendicular to AC 
produced; then by Euc. ii. 12, 

AB^^^BC^+CA^+ZAC. CD; 
.'. c^==a^-{-l^ + 2b,aco&BCD 
=a2+62H-2a6 008(180'*- C') 
=a2+62_2a6cosC. ^ b 

Hence in each case, <^=a^^b^-2abcoBC. 
Similariy it may be shewn that 

a2 = 6^ 4- (^ - 26c cos -4 , 
and l^^(?-\-a^-2caGOBB. 




139. From the formulae of the last article, we obtain 

, 624-c2-a2 _ c2H-a2-62 a^j^j^^^A 

cos A — ^ : cos B= r^ ; cos (7 = 



26c 



2ca 



2ah 



These results enable us to find the cosines of the angles when 
the numerical values of the sides are given. 

140. To express one side of a triangle in terms of the adjacent 
angles and the other two sides, 

(1) Let ABC be an acute-angled 
triangle. 

Draw AD perpendicular to BC; then 

BC=BD+CD 

^AB cos ABD+ AC cos ACD; 

that is, a=c cos B'\-b cos C 
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(2) Let the triangle ABC have an obtuse angle C. 

Draw AD perpendicular to BC 
produced; then 

BC=BD-GD 

= AB coH ABD- AC cos AC J); ^ 

.-. a=ccosJ5-6cos(180''-C7) 

=accos J5+Z>cos(7. B 

Thus in each case a=b cos C+c cos B, 
Similarly it may be shewn that 

6=ccosil+acos C, and c=a cos B+b cos A. 

Note. The formulsB we have proved in this chapter are quite 
general and may be regarded as the fundamental relations subsisting 
between the sides and angles of a triangle. The modified forms 
which they assume in the case of right-angled triangles have already 
been considered in Chap. Y. ; it will therefore be unnecessary in the 
present chapter to make any direct reference to right-angled triangles. 

141. The sets of formulae in Arts. 137, 138, and 140 have 
been established independently of one another ; they are how- 
ever not independent, for from any one set the other two may 
be derived by the help of the relation A +B+C=^ ISO**. 

For instance, suppose we have proved as in Art. 137 that 

a b c 

sin A sin B sin (7 ' 

then since sin A = sin {B+C)= sin B cos C+ sin C cos B ; 

_ sin jB ^ * sin C j, 
.'. 1 = -^ — jCoaC+—. — tCOS-5; 
am A am A 

b c 

.'. l=-coaC+ — coaB: 

a a 

,\ a=bcoaC+ccoaB, 

Similarly, we may prove that 

b^ecosA+acoaCj and c=acosj5-i-6cos^. 

Multiplying these last three equations by a, b, -c resi)cc- 
tively and adding, we have 

a^+h^-c^=2ab COS C; 

.-. €^^a^+b^'-2ahcoaC, 
Similarly the other relations of Art. 138 may be deduced. 
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Solntion of Trian^es. 

142. When any three parts of a triangle are given, provided 
that one at least of these is a side, the relations we have "proved 
enable ns to find the numerical values of the unknown parts. 
For from any equation which connects four quantities three of 
which are known the fourth may be foimd. Thus if o, a, ^ are 
given, we can find b from the formula 

6*= c* + a^ - 2oa cos jB ; 
and if 5, (7, 6 are given, we find c from the formula 

h 

sin C sin J5 * 

We may remark that if the three angles alone are given, the 
formula 

a _^ 6 __ c 

sin -4 ~~ sin jB "" sin C 

enables us to find the ratios of the sides but not their actual 
lengths, and thus the triangle cannot be completelv solved. In 
such a case there may be an infinite number of equiangular 
triangles all satisfying the data of the question. [See Euc. vl 4.] 

143. Case I. To solve a triangle having given the three 

sides. 

The angles A and B may be found from the formulae 

cos-i = — ^Tf , and cosJi = ^ ; 

26c ' . 2ca * 

then the angle C is known from the equation 0= 180** — -^4 — B, 

Example 1. If 'a =7, 5=5, c= 8, find the angles A and B, having 
given that cos 38° 11'=^. 

, b^ + c^-a* 53 + 83-72 40 1 

008 4=- 



C08B=: 



26c 2x5x8 2x6x8'"2' 

.\ ^ = 60°. 

c3 + a2_52 ^ 83+73-5 3_ 88 ^11 
2ca "" 2x8x7 ~ 2x8x7" 14* 

/. JB = 38°11'. 
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Example 2. Find the greatest angle of the triangle whose side 
are 6, 13, 11, having given that cos 84° 47'=^^. 

Let a =6, &=:13, c=:ll. Since the greatest angle is opposite to 
the greatest side, the required angle is B. 

. . „ c3+oa-62 ll>+6a-13a -12 

And cosB = - 



2ca 2x11x6 ""2x11x6' 

/. cosJB=-j-=-cos84°47'; 

.-. B = 180° - 84° 47' = 96° 13'. 
Thus the required angle is 95° 13'. 

144. Case II. To solve a triangle having given two sides aiid 
the included angle. 

Let byCjAhe given ; then a can be found from the formula 

a^ = 62 + c* _ 26c cos -4. 

We may nov7 obtain B from either of the formulae 

„ c2+a*-62 . „ 6sin-4 

cos -D = , or sm B= ; 

2ca a 

then O is known from the equation (7= ISO* -A — B. 

Example. If a =3, 6 = 7, 0=98° 13', solve the triangle, having 
given cos 81° 47' = = . 

c3=a'+ 62 -2a6 cos C 
= 9 + 49 - 2 X 3 X 7 cos 98° 13'. 

But 98° 13' is the supplement of 81° 47' ; 

.-. c* = 68 + (2 X 3 X 7 cos 81° 47') 

= 58+ r2x3x7x^'\ =68 4-6 = 64; 

/. c=8. 
c2+a2-62 64+9-49 24 1 



cosB = 



2ca 2x8x3 "2x8x3-2' 

/. JB = 60°. 
C = 180° - 60° - 98° 13' = 21° 47'. 
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« 

145. Case III. To solve a triangle having given two angles 

and a side. 

Let Bj Ci ahe given. 

The angle A is found from A = 180''-B-C; and the sides b 
and c from 

y asinB , aBinO 
0= — ; — T~ ana c= — : — j- . 
sm A am A 

Example. If ^1 = 106°, (7=60°, 6=4, solve the triangle. 

B = 180° - 106° - 60° = 15°. 

dsinC 4Bin60° _4V3 2^2 _ 4^6 
" ^ sinJ5 ~ 8inl6° "" 2 V^-l^-v/S-l 

.-. 0=6^2+2^6. 

_ d sin ^ _ 4 sin 105° _ 4 sin 75° 
"~ sinJB "" sinl6° " sinl6° 

~ 2^2 x/S-l" V3-1 ' 
/. a=4(2+^3). 

EXAMPLES. Xm.a. 

1. If a=15, b=1, c=13, find C, 

2. If a=7, 6=3, c=6, find A 

3. If a = 5, 6 = 5 a/S, c = 5, find the angles. 

4. If a=25, 6=31, c=7 V2, find ^. 

5. The sides of a triangle are 2, 2|, 3J, find the greatest angle. 

6. Solve the triangle when a = a/S + 1, 6 = 2, c=^%. 

7. Solve the triangle when a—J% 6 = 2, c=/^3 - 1. 

8. Ifa=8,6 = 5,c=Vl9,findC'; given cos28**66'=5. 

o 

9. If the sides are as 4 : 7 : 5, find the greatest angle ; 

given cos 78° 27' = ^ . 

5 
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10. If a=2, 6=V3+1, 0^60% find c. 

11. Given a=3, c=5, j5= 120% find b. 

12. Given 6=7, c=6, il = 75° 31', find a; given cos 75' 3r = -25. 

13. If 6=8, c = ll, il=93'36', find a; given cos86' 26'=-0625. 

14. If a=7, c=3, ^=123" 12', find b ; given cos 66' 48'=^ . 

15. Solve the triangle when ^=2^6, c=6- 2 ^3, -5=75'. 

16. Solve the triangle when A = 72°, 6 = 2, c = V5 + 1. 

17. Given A = 75', J5=30', 6=^8, solve the triangle. 

18. If 5 = 60', C= 15', 6 = V6, solve the triangle. 

19. If Jl = 46', B = 105', c = V2, solve the triangle. 

20. Given ^1=45', ^=60°, shew that c : a=V34-l : 2. 

21. If (7=120', c=2V3, a=2, find b. 

22. If 5=60', a=3, 6=3^/3, find c. 

23. Given (a+64-c)(6+c-a)=36c, find -4. 

24. Find the angles of the triangle whose sides are 

3+V3, 2V3, V6. 

25. Find the angles of the triangle whose sides are 

V3+1 V3-1 ^ 
2V2 ' 2V2 ' 2 • 

26. Two sides of a triangle are -j^ — jz, and -777- — jz: , and the 
included angle is 60' : solve the triangle. 

146. When an angle of a triangle is obtained through the 
medium of the sine there may be ambiguity, for the sines of 
supplementary angles are equal in magnitude and are of the 
same sign, so that there are two angles less than 180' which 
have the same sine. When an angle is obtained through the 
medium of the cosine there is no ambiguity, for there is onl^ 
one angle less than 180' whose cosine is equal to a give 
quantity. 

Thus if sin A=i, then A = 30° or 150° ; 

if cos i4 = J, then A = 60'. 

H. K. B. T. 1 
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Example, If (7=60°, h=i^S, c=S^2, find -4. . 
From the equation sin £ = , 

we have 8mB=3^ . ^=:-^; 

.-. B=46° or 135°. 

The value B=135° is inadmissible, for in this case the sum of 
B and C would be greater than 180°. 

Thus il = 180° - 60° - 45° = 75°. 

147. Case IY. To solve a triangle having given two tides amd 
an angle opposite to one of them. 

Let a, 6, ii be given ; then J? is to be found &om the equation 

sinjB=-sin-4. 
a 

(i) If a < 6 sin -4, then > 1, so that sin 5 > 1, which 

is impossible. Thus there is no solution. 

(ii) If a= & sin A. then = 1, so that sin J5= 1, and B 

\ / ^ a 

has only the value 90**. 

(iii) If a > 6 sin ul, then < 1, and two values for B may 

... a 

ft fllT) A 

be found from sin B= . These values are supplementaiy, 

so that one angle is acute, the other obtuse. 

(1) If a<6, then A <B, and therefore B may either be acute 
or obtuse, so that both values are admissible. This is known as 
the ambiguous case. 

(2) If a = ft, then A=B; and if a>6, then i4>J5; in either 
case B cannot be obtuse, and therefore only the smaller value of 
B is admissible. 

When B is foimd, C is determined from (7=180*— *ul—j5. 

* /y 

Finally, c may be found from the equation c=— ; — j-. 

From the foregoing investigation it appears that the only ease 
in which an amhigVfOus solution can arise is when the smauer <f 
the two given sides is opposite to the given angle. 
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131 



148. To discuss the Amingttotts Case geometrically. 

Let a, 6, ^ be the giyen parts. Take a line AX unlimited 
towards X ; make / XAC eqxial to A^ and AC equal to K Draw 
CD perpendicular to AX^ then CD=^h sin A. 

With centre C and radius equal to a describe a circle. 



(i) If a<6sin-4, the circle will 
not meet AX\ thus no triangle 
can be constructed with the given 
parts. 



(ii) If a=&sinii, the circle will 
to%u:h AX at Z>; thus there is a 
right-angled triangle with the given 
parts. 



(iii) If a>h^nAy the circle 
will cut AX in two points i?i, B^, 

(1) These points will be both 
on the same side of A^ when a < 5, 
in which case there are two so- 
lutions, namely the triangles 

AB^C, AB^C 
This is ths Ambiguoibs Case. 

(2) The points B^^ B^ will be on opposite sides of A when 
a>h. 

In this case there is only one 
solution, for the angle CAB^ is 
the swpplemefnt of. the given angle^ 
and tnus the triangle AB^C does 
not satisfy the data. 

(3) If a = 5, the point B^ ^fZ~^ 5 7^? 
coincides with A^ so that there 
is only- one solution. 





«v <-^ 
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Example, Given B=45°, c=,^12, 6 =,^8, solve the triangle. 

Wehave sinC^'-^^-^-^ ^-^ 

we nave sine— ^— -^^2 * ^2" 2 * 

/. C=60° or 120°, 

and since 5<c, both these values are admissible. The two triangles 
which satisfy Uie data are shewn in the figure. 

Denote the sides BC^, BC^hy a^, a^, and the angles BACi, BAC^ 
by ^1, ^2 respectively. 

A 




B 
(i) In the a ABC^ , iA^=W\ 

n/2 
(ii) IntheA^BCj, iA^=W; 

n/2 

fC=60°, or 120°; 

Thus the complete J ^ _ 750 qj. 150 . 

solution is 1 * . * . 

(a=V6 + x/2, or ^^-J'l. 

EXAMPLES. Xm.b. 

1. Given a— 1, 6=^3, -4=30", solve the triangle. 

2. Given 6 = 3^2, c =2^3, C=45% solve the triangle, 

3. If C= 60", a = 2, c = ^6, solve the triangle. 
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4. If il=30*, a=2, e=5, solve the triangle. 

6. If 5=30', 6= V6> 0=2^3, solve the triangle. 

a If 5=60% 6=3^2, c=3+ V3, solve the triangle. 

7. If a =3 + ^/3, c= 3 - V3, .^= 15% solve the triangle. 
a If ^1 = 18% a=4, 6=4+^80, solve the triangle. 

9. If J5=135% a=3/s/2, 6=2^3, solve the triangle. 

149. Many relations connecting the sides and angles of a 
triangle may be proved by means of the formulae we have 
established. 

A B — C 

Example 1. Prove that (6 - c) cos — = a sin — ^ — . 



Let Aj = 



2 

a b c 



sin A BinB sin (7* 

then a=ikBin^, &=X;8inB, c=A;sin(7; 

^ A 

.-. (6 - c) cos rt" = * (si^i JB - sin C) cos — 

=2* cos — ^ — sm — ^ — cos — 

_, . ^ A . B-C 
= 2A; sm ^ cos — sm — ^ — 

= kBiaAsm 



■asm 



2 

B-C 
2 • 



Example 2. If acos^^ +0 008^— = - , shew that the sides of 

the triangle are in a. p. 

C A 

Since 2a cos' s" + 2c cos'^ = 36, 

.-. a(l + cosC)+c(l+coSi4)=36, 

.*. a+c + (acosC+ccoSi4) = 36, 

.'. a+c+6=36, 

.'. a+c=26. 

Thus the sides a, &, c are in a. p. 



• 
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Example 8. Prove that 

(62 - c») cot il + (c2 - a«) cot B + (a« - 62) cot C=0. 

Let k=s-. — - = -^— _ = -r— 77 : then 
the first side 

= *»{(sin2B.8m20^+ + [ 

= &»|flin(B + C)Bin(B-C)^i+ + I. [Art. 114]. 

But sin (B + C) = sin il, and COS -4 = - 008 (B + C) ; 
.*. the first side 



= -*2{8m(B-C)cos(B+C) + + } 

2 



= -^{(Bm2B-8m2(7) + (8m2C-sin2i4) + (sin 2il - sin 2B)} 



=0. 



EXAMPLES. XTTT. g 

Prove the following identities : 

1. a (sin 5 - sin (?) + 6 (sin 0- sin A)+c (sin A - sin B)==0, 

2. 2{bc cos A +cacoQB+ahcosC)=a^+h^+€^. 

3. a(6 cos C-c COB B)=h^-c\ 

4. (64-c) cos -4 + (c+a) cos 5+(a+ 6) cos C=a+6+c. 

5. 2(asin*-5+csin* — )=(; + a-6. 

- cos-B c-6cos-4 p, . A a&mC 

6. 7v = 5 7. 7. tanJ.= 



cos (7 6 — ccos-4* ' 6— acosC 

8. (b+c) sin ^ = a cos — — . 
^ a+b . „C cos-4+cosB 

^- T ^^^2 = 2 • 

10. a sin (B - (7) + 6 sin (C- ^) +c sin (^ - B) =0. 

sin (A -B)_a^-b^ cam(A-B) _ a^-b^ 

^^' sin(^+B)~ c2 • ^^' 6sin(C-^)"c*-a«' 
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[AU artteUs and examples marked with an asterisk may he 
omitted on the first reading of the subject,] , 

"^ISO. The arnJbiawms case may also be discussed by first 
finding the third siae. 

As before, let a^ by A he given, then 

, b^+i^-a^ 
oobA 25^—; 

.-. c*-26co8il.c+6«-a»=0. 
By solving this quadratic equation in c, we obtain 

c« 5 cos il + V^ 008* -4 + <** - ^ 
s=5 cos A ± V«*— 6* sin* A. 

(i) When a<bmnAj the quantity under the radical is 
n^ative, and the values of c are impossible ; so that there is 
no solution. 

(ii) When a=5sin il, the quantity under the radical is zero, 
and c=b cos A, Since sin il < 1, it foUows that a < &, and there- 
fore A<B, Hence the triangle is impossible unless the given 
angle A is acute, in which case c is positive and there is one 
solution. 

(iii) When a > bam Ay there are three cases to consider. 

(1) Suppose a<b, then A<Bf and as before the triangle is 
impossible imless A is acute. In this case b cos A is positive. 

Also *>/a*—lj^ein^A is real and < */W^Wmi^^ ; 

that is »Ja^—l^ sin' A<h cos A ; 

hence both values of c are real and positive, so that there are 
two solutiona 

(2) Suppose a>6, then V«* - ^ siii'^ -4 > V^~--~^'^m*7; 

that is Va*— ^ sin' A>h cos A ; 

hence one value of c is positive and one value is negative, 
whether A is acute or obtuse, and in each cose there is only 
one solution. 

(3) Suppose a =6, then Va' - 6* sin^ A=h cos A ; 

.*. c=26cosil or 0; 

hence there is only one solution when A is acute, and when .- 
obtuse the triangle is impossible. 
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Example. If 6, c, B are given, and if &<e, shew that 

(ai-aa)«+(ai + aa)»tan«B=46a, 
where aj, a, are the two values of the third side. 

From the formula cos .8= ^ t 

2ca 

we have a^ -2c cob B ,a+c^ -11^=0, 

But the roots of this equation are a^ and o^; henoe by the theory of 
quadratic equations 

01 + ^2=20 cosB and 0103=0^-6'. 
.-. (ai-aa)3=(ai+a3)3-4aia3 

= 4c2cos3B-4(ca-6a). 
••• (oi - «2)^+ (oi+oa)^ tanaB=4c» oosap - 4 (c» - 6«) +4c« C08«B tan^B 

=4c2 (oosaB + sm«B) - 4c«+46« 
=4c2-4c«+46a 

=462. 

^EXAMPLES. XnLcL 

1. In a triangle in which each base angle is double of the 
third angle the base is 2 : solve the triangla 

2. If -ff=45", (7=75', and the perpendicular from A on BG 
is 3, solve the triangle. 

3. If a=2, 6=4-2^3, 0=3^2-^6, solve the triangle. 

4. If ^ = 18°, 6 - a = 2, a6 = 4, find the other angles. 

5. Given 5=30°, c=150, 6=50^/3, shew that of the two 
triangles which satisfy the data one will be isosceles and the 
other right-angled. 

Find the third side in the greater of these triangles. Would 
the solution be ambiguous if the data had been 5=30°, c=150, 
6=75? 

6. If -4=36°, a =4, and the perpendicular from (7 upon AB 
is V5 - 1, find the other angles. 

7. If the angles adjacent to the base of a triangle are 22^° 
and 112^°, shew that the altitude is half the base. 

8. If a =26 and ^=35, find the angles and express c in 
^rms of a. 
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9. The sides of a triangle are 2a?+3, ar^+a^+a, a;l^+2j;: 
shew that the greatest angle is 120°. 

Shew that in any triangle 

10. (6 — a) cos C+c (cos B — coaA)=c sin — ^r — cosec — - — . 



11. asinf — +5j=:(64-c)sin — . 

12. sin(5 + J)co8^=^- 



+ 6 A B-C 

, -— cos -5- cos — . 

0+c 2 2 

-« l+cos(^-^)cos(7 g2+62 
l4-cos(.l-(7)cos5""a2 + c2- 

14. If c*-2(a2+6«)c*+a*+a262+6*=0, prove that C is 60° 
or 120^ 

15. li a^hy A are given, and if o^, Co are the values of the 
third side in the ambiguous case, prove tnat if Ci>C2j 

(1) Ci — C2 = 2a cos J?i. 

/n\ Oa-C^ 6sin^ 

(2) cos-Y^^ ^. 

(3) Ci«+<!,»-2ciCjCos2ji=4a2co8»^. 

/^\ • v/i + Go . 0-1 — C/o , ^ 

(4) sin ^ ^ sm — ^-^ — ? = cos ^ cos B^. 

16. If il = 45°, and c^, Cg be the two values of the ambiguous 
side, shew that 

17. If cos -4 + 2 cos C : cjos -4+2 cos -B=sin 5 : sin C, prove 
that the triangle is either isosceles or right-angled. 

18. If a, &, c are in a. p., shew that 

cot — , cot - , cot — are also in a. p. 

It 2k A 

19. Shew that 

a»sin(.g-C) 62sin((7-^) c ^sinC^- ^ 
sin 5+ sin C sin C+ sin A sin .4 + si' 



is ELEMENTARY TBIOONOMETBY. [CHAP. Zm. 

MISOELLANEOUS EXAMPLES. B. 

1. Prove that (1) tan2^cot^-l==sec2^; 

(2) sina-cot^cosa= -cosec^cos(a + ^). 

2. If a =48, 6=35, (7=60", find c. 

3. If cos a =Y= and cos ^=r^, find 

tan (a+ff) and cosec (a+)3). 

A rif T n J A 1 1 J. sin 23a — sin 7a 

4. If o=~ , find the value of . ^ . . -. . 

21 • sm2a+sml4a 

5. Prove that sin 3 (cos 23 + cos 4^ + cos 63) = sin Z3 cos 43. 

6. If6=V2, c=V3+l, ^=45°, solve the triangle. , 

7. Prove that 

(1) 2sin2 36'*=V5sinl8"; (2) 4 sin 36" cos 18'' =^6- 

o T> XT. X sin 3a . cos 3a , 

8. Prove that —. 1 = 4 cos 2a. 

sm a cos a 

9. If 6=c=2, a =^6-^2, solve the triangle. 

10. Shew that 

(1 ) cos 2a — cot 3o sin 2o = tan a (sin 2o + cot 3a cos 2o). 

(2) cos a +COS 2a +COS 3a = 4 cos a cos - cos -q — 1. 

11. In any triangle, prove that 

(1) 62 sin 2C+c^ sin 2B^2bc8m A ; 

... a ^ sin (B-C) . bHinjC-A) . c^BrnjA-B) . 
Sin A sm B sm C 

12. If ^, B, C, 1) are the angles of a quadrilateral, prove 

'hat 

tan ^ + tan 5 + tan (7+ tan i) ^ .^ „, ^. ^ 

^i-T-; — r-7>-i — rrr, — 7-7r=tanJ tan^tanCtanZ). 
cot A + cot B + cot C+ cot x> 

[ Use tan (.4 + J5) = tan (360° - C - D).] 



CHAPTER XIV. 

LOGARITHMS, 

151. Definition. The logaiithm of any number to a given 
base is the index of the power to which the oase must be raised 
in order to equal the given niunber. Thus if a*=^, or is oalled 
the logarithm of ^ to the base a. 

Example 1. Since 3^=81, the logarithm of 81 to base 8 is 4. 

Example 2. Since 10^=10, 10a=100, 10»=1000 

the natural numbers 1, 2, 3,... are respectively the logarithms of 10, 
100,1000, to base 10. 

Example 3. Find the logarithm of *008 to base 25. 
Let X be the required logarithm ; then by definition, 

that is, (62)«=6-», or 62*=6-»; 

whence, by equating indices, 2a;= - 3, and x:^ - 1*5. 

152. The logarithm of N to base a is usually written log^ N^ 
so that the same meaning is expressed by the two equations 

a^=N, ^=logair. 
From these equations it is evident that a}<^*^^N. 

Example, Find the value of log .qi '00001. 
Let log .01 -00001 = X ; then ( 01)* = -00001 ; 

. / 1\«_ 1^ 1__ JL_ 

•*• \W) "* 100000 ' ^' 102* - 108 • 

,*. 2a; =6, and a; =2*6. 

153, When it is understood that a particular Hystein of loj 
arithms is in use, the suffix denoting the base is omitted. 
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Thus in arithmetical calculations in which 10 is the base, we 
usually write log 2, log 3, instead of logio2, log^oS, 

Logarithms to the base 10 are known as Oonunon Log- 
arithms ; this system was first introduced in 1615 by Briggs, 
a contemporary of Napier the inventor of Logarithms. 

Before discussing the properties of common logarithms we 
shall prove some general propositions which are true for all 
logarithms independently of any particular base. 

154. The logarithm of 1 is 0. 

For a^= 1 for all values of a ; therefore log 1 ==0, whatever the 
base may be. 

155. The logarithm of the hose itself is 1. 
For a^ = a ; therefore loga a = 1. 

156. To fmd the logarithm, of a prodtict. 

Let MN be the product ; let a be the base of the system, 
and suppose 

a:=log«i/, y=logaiV; 

so that a^=M^ ay=^N. 

Thus the product MN^ a'y,a?i=:^a'+y', 

whence, by definition, log^ MN^x-\-y 

s^logaJf+logaiV; 

Similarly, log« MNP = log^ M+ log^ iV+log« P ; 
and so on for any number of factors. 

Example, log 42 = log (2 x 3 x 7) = log 2 + log 3 + log 7. 

157. To find the logarithm of a fraction. 

M 
Let -T= be the fraction, and suppose 

^=log«ir, y=\o%aN\ 

so that a^=M^ aV—N, 

M a* 
Thus the fraction _ = — = a^- » ; 

M 
whence, by definition, log^ -^= x-y 

= log„ M- log« N, 
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1/5 
Example. log (2|) = log -=- = log 15 - log 7 

=log (3 X 6) - log 7 =log 3 + log 5 - log 7. 

158. To Jmd the logarithm of a number raised to any power y 
integral or fractional. 

Let loga ( J/P) be required, and suppose 

^==loga Jf, so that a^=M\ 

then M^ = (a*) p = a^* ; 

whence, by definition, log^ {M^) =px ; 

that is, loga {M^) =p log,, M, 

I 1 
Similarly, log^ (Jf ) = - loga M. 

159. It follows from the results we have proved that 

(1) the logarithm of a product is equal to the sum of the 
logarithms of its factors ; 

(2) the logarithm of a fraction is equal to the logarithm 
of the numerator diminished by the logarithm of the de- 
nominator ; 

(3) the logarithm of the jt?th power of a number is p times 
the logarithm of the number; 

(4) the logarithm of the rth root of a number is - of the 

logarithm of the number. 

Thus by the use of logarithms the operations of multipli- 
cation and division may be replaced by those of addition and 
subtraction ; the operations of involution and evolution by those 
of multiplication and division. 



a\Jh , 



Example. Express log -^ in terms of loga, log &, logc. 



The expression = log {a^^b) - log^/c^ 

2 

=log af'+log A^ft - 1 log c 

1 2 

=5 loga + 2 log 6 - g logc. 
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160. From the equation 10*= iT, it is evident that common 
logarithms will not in general be integral, and that they will not 
always be positive. 

For instance 3154 > 10^ and < 10* ; 

. • . log 3154 = 3 + a fraction. 

Again, •06>10-2 and <10-i; 

. • . log -06 = - 2 + a fraction. 

161. Definition. The integral part of a logarithm is called 
the characteristic, and the decimal part is called the mantissa. 

The characteristic of the logarithm of any number to the 
base 10 can be found by inspection, as we shall now shew. 

162. To determine the characteristic of the logarithm of any 
number greater than unity. 

It is clear that a number with two digits in its integral part 
lies between 10^ and 10*; a niunber with three digits in its 
integral part lies between 10^ and 10^ ; and so on. Hence a 
number with n digits in its integral part lies between 10*" ^ 
and 10^ 

Let iV be a number whose integral part contains n digits ; 
then 

^Y"— 2Q(n-l>Hftmcti<Mi . 

. • . log N— (w - 1 ) + a fraction. 

Hence the characteristic is w — 1 ; that is, the characteristic of 
the logarithm of a number greater than unity is less by one than 
the number of aigits in its integral part , and is positive. 

163. To determine the characteristic of the logarithm of a 
decimal fraction, 

A decimal with one cipher immediately after the decimal 

Eoint, such as -0324, being greater than '01 and less than -1, lies 
etween 10 "^ and 10~^; a number with two ciphers after the 
decimal point lies between 10 "^ and 10 "^j and so on. Hence 
a decimal fraction with n ciphers immediately after the decimal 
point lies between 10"(**"^^) and 10 ~". 

Let i) be a decimal beginning with n ciphers ; then 
.• . log i)=-(ii + l) + a fraction. 
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Hence the characteristic is - (n+ 1) ; that is, the characterisiic 
of the logarithm of a decimal fraction is greater by unity than the 
number of ciphers immediateLy after the decimal point and is 
negative, 

164. The logarithms to base 10 of all integers from 1 to 
200000 have been foimd and tabulated; in most Tables they 
are given to seven places of decimals. 

The base 10 is chosen on accomit of two great advantages. 

(1) Prom the results already proved it is evident that the 
characteristics can be written down by inspection, so that only 
the mantisssB have to be registered in the Tables. 

(2) The mantisssB are the same for the logarithms of all 
numbers which have the same significant digits ; so that it is 
sufficient to tabulate the mantissse of the logarithms of integers. 

This proposition we proceed to prove. 

165. Let ^ be any number, then since multiplying or dividing 
by a power of 10 merely alters the position of the decimal point 
without changing the sequence of figures, it follows that iTx 10^, 
and ir-f-10«. where p and q are any integers, are numbers whose 
significant digits are the same as those of iT. 

Now lpg(iV'xlO*)=logir+^loglO 

=logiV+^ (1). 

Again, log (N-^ 10«) = log iT- g log 10 

=logiy^-^ (2). 

In (1) an integer is added to logiV^, and in (2) an integer is 
subtrad;ed firom log ^ ; that is, the mantissa or decimal portion 
of the logarithm remains imaltered. 

In this and the three preceding articles the mantissse have 
been supposed positive. In order to secure the advantages of 
Briggs* system, we arrange our work so as always to keep the 
mantissa positive, so that ^hen the mantissa of any logarithm 
has been taken from the Tables the characteristic is prefixed 
with its appropriate sign, according to the rules already given. 

166. In the case of a negative logarithm the minus sigr 
written over the characteristic, and not before it, to indicate t 
the characteristic alone is negative, and not the whole expressi 
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Thus 4-30103, the logarithm of '0002, is equivalent to - 4+ -30103, 
and must be distinguished from — 4*30103, an expression in which 
both the integer and the decimal are negative. In working with 
negative logarithms an arithmetical artifice will sometimes be 
necessary in order to make the mantissa positive. For instance, 
a result such as - 3*69897, in which the whole expression is 
negative, may be transformed by subtracting 1 from the integral 
part and adding 1 to the decimal part. Thus 

- 3*69897= - 4+(l - -69897) =4*30103. 

Example 1. Bequired the logarithms of -0002432. 

In the Tables we find that 3859636 is the mantissa of log 2432 
(the decimal point as well as the characteristio being omitted); and, 
by Art. 163, the oharacteristio of the logarithm of Uie given number 

is -4; 

/. log -0002432= 4*3869636. 

Example 2. Find the cube root of -0007, having given 

log 7 = -8460980, log 887904 = 6-9483660. 
Let X be the required cube root ; then 

log « = ! log (*0007)=| (4-8460980)=: I (6 +2*8460980) ; 

that is, log X = 2-9483660; 

but log 887904 = 6*9483660 ; 

.*. «= -0887904. 

167. The logarithm of 5 and its powers can easily be obtained 
from log 2 ; for 

Iog5=logy=logl0-log2 = l-log2. 

Example, Find the value of the logarithm of the reciprocal of 
324^/125, having given log 2 =-3010300, log 3 =-4771213. 

Since log-= -log a, the required value 



= - log (3244^126) = - log (22 x 8* x 6^) 
= - ^21og2 + 41og3 + |log5) 



= - 2-9299272 
= 30700728. 



2]og2= *6020d00 
4log3=:l'9064852 

^log5= *41tf38a0 



3-9299278 
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EXAMPLES. XIV. a. 

L Find the logarithms respectivelj 
>f the numbers 1024, 81, -125, -01, '&, 100, 
» the bases 2, V3, 4, -001, i, "01. 

2. Find the values of 

loggie, log8i243, log.oilO, log« 343^7. 

Z. Find the numbers whose logarithms respectively 
» the bases 49, -25, -03, 1, -64, 100, -1, 

ire 2, 1, -2, -1, -i, 1-6, -4. 

4. Find the respective characteristics 

>f the logarithms of 325, 1603, 2400, 10000, 19, 
bo the bases 3, 11, 7, 9, 21. 

5. Write down the characteristics of the common logarithms 
rf 3-26, 523-1, -03, 15, -0002, 3000*1, '1. 

6. The mantissa of log 64439 is -8091488, write down the 
logarithms of -64439, 6443900, -00064439. 

7. The logarithm of 32-5 is 1-5118834, write down the 
numbers whose logarithms are 

-5118834, 2-5118834, 4-5118834. 

[When required the following logarithms may be used 
log 2 =-3010300, log 3= -4771213, log 7 =-8450980.] 

Find the value of 
a log 768. . 9. log 2352. 10. log 35-28. 

11. log^/6804. 12. log 4^^00162. 13. log -021*7. 

14. logcos60^ 15. Iogsin3 60°. 16. log-^seci 

Find the numerical value of 

,_ ^, 15 , 26 , -, 4 
17. 21og-^-log— +3log5. 

£U SL. B. T. 
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18. Evaluate 16log^-4logg-71ogg. 

19. Find the seventh root of 7, 

given log 1-320469 = -1207283. 

20. Find the cube root of -00001764, 

given log 260316 = 5*4154995. 

21. Given log 3571 = 3*5527899, find the logarithm of 

3-571 X -03571 x 4^3571. 

22. Given log 11 = 1-0413927, find the logarithm of 

(-00011)* X (l-21)2x (13-31)^4-12100000. 

23. Find the number of digits in the integral parts of 



( 



?ir and (m 

20j \l26j 



1000 



24. How many positive integers have characteristic 3 when 
the base is 7 ? 

168. Suppose that we have a table of logarithms of numbers 
to base a and require to find the logarithms to base b. 

Let N' be one of the numbers, then log^ iV is required. 

Let hy^Ny so that y—\ogi,N, 

.-. loga(«'^) = logaiVr; 

that is, y loga h = log^ N\ 

«i* l<>g&^=l— jXloga-A^ (1). 

Now since N and h are given, log^iV and log^ft are known 
from the Tables, and thus log^ N may be found. 

Hence it appears that to transform logarithms from base a 
to base h we have only to multiply them all by = ^ ; this is a 

constant quantity and is given by the Tables ; it is known; as 

the modulus. 
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If in equation (1) we put a for X, we obtain 

.*. log(axlogs6:=l. 

169. The following examples further illustrate the great use 
of logarithms in arithmetical work. 

Example 1. Given log 2 = '3010300 and log 4844544 =6-6852530, 
find the value of (6-4)tV x (^^256)»-t-^/80. 

Let X be the value of the expression ; then 

1 , 64 3 , 256 1 , ^^ 
Iogx=^logj5 + jlogj^-2log80 

= j^(log2«-l)+?(log2«-8)-i(log2»+l) 

= (5 + l)log2-2it 

= 1-5051500 + 0801030 - 2-85. 

Thus logx=7-68525d0. 

But log 4844544 = 6-6852580, 

.'. a; =-04844544. 

Example 2. Find how maxnr ciphers there are between the decimal 
point and the first significant digit in (-0504)^<>; having given 

log 2 = -801, log 8 = -477, log 7 = -845. 
Denote the expression by E ; then 

lo«^=l^l^lSo 
» 10 (log 504 -4) 
=10 {log (23x33x7) -4} 
s=10{81og2 + 21og8+log7-4) 

= 10 (2 -702 - 4) = 10 (2-702) 

=20+7'02=18-02. 

Thus the number of ciphers is 12. [Art. 163.] 



2log3= '054 
10g7» '845 
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Exponential eauations. 

170. If in an equation the imknown quantity appears as an 
exponent, the solution may be effected by the help of logarithm& 

Example 1. Solve the equation 8'"'*=12*-^, having given 
log 2 =-30103, and log 8 = -47712. 

From the given equation, by taking logarithms, we have 

(5-3x)log8 = (4-2a;)logl2; 

/. 3 (6 -3x) log 2 

= (4 -2a;) (2 log 2 + log 3); 

.-. 151og2-81og2-41og3 

=a?(91og2-41og2-21og3); 



X=i 



_ 71og2~41og3 _ - 19873 
6 log 2 - 2 log 3 ~ -66091 " 



71og2»210721 
4 log 8= 1-90848 

-19873 

5log2=l-60S16 
21og3= -96424 

'66091 



55091)198780(86 
166278 

884570 



Thus x= -36 nearly. 

Example 2. Given log 2 =-30103, solve the simultaneous equations 

2*. 6^=1, 6«^i.2y=2. 

Take logarithms of the given equations ; 

.-. a; log 2 + y log 5=0, (a; + l)log6 + 2/ iog2=log2. 

For shortness, put log 2= a, log5=&. 
Thus ax + hy=.0, 

and 6 (a; + l) + ay = a, ox bx'\-ay = a-h. 

By eliminating y, x {a^-l^^ -b{a-~b)t 

,. ^= _ > logs -12« 5 log 6= -69897. 

a + b log2 + log5 loglO ^ 

And t/= - ^ = ? log6=a=log 2= -30103. 





i 
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EXAMPLES, xry.b. 

[ Whefn, required the values of log 2, log 3, log 7 git^en on p, 145 
may be uaed^ 

Find the value of 

1. (yg-g^^) , given log 9-076226 =-9579053. 

2. ^^STSxis/lOS^C^'lOOSxJ^ise), 

given log 301824=5-4797536. 

a (1080)i X (-24)* X 810, 

given log 2467266 =6-3922160. 

Calculate to two decimal places the values of 

4. logaoSOO. 5. log3 49. 6. Iogi26 4000. 

7. Find how many ciphers there are hefore the first signifi- 
cant digits in 

(-00378)^ and (-O^Sdyw. 

a To what base is 3 the logarithm of 11000 ? 

given log 11 = 1-0413927 and log 222398=5-3471309. 

Solve to two decimal places the equations : 

*9. 2»-i=5. 10. 3*-* =7. 11. 5i-«=6«-3. 

12. 5*=2-y and 52+y=22-«. 

13. 2*=3«' and 2«'+i=3*-i. 

14. Given log 28= a, log 21 = 6, log25=c, find log 27 and 
log 224 in terms of a, 5, c. 

15. Given log 242 = a, log 80 =6, log45=c, find log 36 and 
log 66 in terms of a, h, c. 
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MISCELLANEOUS EXAMPLES. E. 

1. Prove that 

cos (30" + ^ ) cos (30° - ^) - cos (60" + ul) cos (60" - il) = i. 

2. UA+B + C= 180", shew that 

sm2A+sm2B+sm^C ^ . A , B . C 
— ' ~A~\ • — 1>~; — • — ?Y~~ = osin— sin - sin — . 
sin-4-fsmjB+sin(7 2 2 2 

3. If a =2, c=y/2, -5=15", solve the triangle. 

4. Shew that cos a+tan — sin a=cot ^^ sin a — cos a. 

5. If b cos A=a cos By shew that the triangle is isosceles. 

6. Prove that 

(1) sin e (sin 3^+sin 5^+sin 7^+sin 9^)=sin 6^ sin4^ ; 

,^. sin a + sin 3a + sin 5a 4- sin 7a ^ 

(2) ; ^—, r—, ^ = ^» 4a. 

^ ^ cos a + cos 3a + COS 5a + cos 7a 

« «i ^1 . cos 3a . sin3ri ^ 

7. Shew that -; 1 = 2 cot 2a. 

sin a cos a 

8. If 6 = a ( V3 - 1), C= 30", find A and B, 

ft ai, iu ^ * A 4tana-4tan5a . 

9. Shew that tan 4a = = — ttz — o — n — j- • 

l-6tan2a+tan*a 

10. In a triangle, shew that 

(1) a2cos2i?+62cos2^=a2+62-4a6sin^sinJ5; 

(A B C\ 

be coa^ — +cacos2— +a6cos* - ) = (a4-6H-c)*. 

11. If a* + 64+c*=2c2 (a^ + b^), prove that C=45" or 135". 

[5o!ve 08 a quadratic in c^.] 

12. If in a triangle cos 3^4 +cos 35 -f-cos 3(7=1, shew that 
one angle must be 120°. 
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THE USE OF LOGARITHMIC TABLES. 

171. We shall now explain the use of logarithmic Tables to 
which reference has been made in the previous chapter. 

In a book of Tables there will usually be found the mantissce 
of the logarithms of all integers from 1 to 100000 ; the charac- 
teristics can lye written down hj inspection and are therefore 
omitted. [Art. 162.] 

The logarithm of any number consisting of not more than 
5 significant digita can be obtained directly from these Tables. 
For instance, suppose the logarithm of 336*34 is required. 
Opposite to 33634 we find the figures 5267785; this, with the 
decimal point prefixed, is the mantissa for .the logarithms of all 
numbers whose significant digits are the same as 33634. We 
have therefore only to prefix the characteristic 2, and we obtain 

log 336-34 =2-5267785. 

Similarly, log 33634 =4-5267785, 

and log -0033634=3-5267785. 

172. Suppose now that we required log 33634-392. 

Since this number contains more than 5 significant digits it 
cannot be obtained directly from the tables ; but it lies between 
the two consecutive numbers 33634 and 33635, and therefore its 
logarithm lies between the logarithms of these two niunbers. 
If we pass from 33634 to 33635, making an increase of 1 in the 
number, the corresponding increase in the logarithm as obtained 
from the tables is '0000129. If now we pass from 33634 ic 
33634-392, making an increase of -392 in the number, the ir 
crease in the loganthm will be -392 x -0000129, provided that tl 
increase in the logarithm is proportional to the increase in tl 
number. 
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Similarlj, 



and 



log 33651 = 4-526dd80, 
log 33652 =4*5270109, 



-0000129 
-892 



the transition in the mantiassa from 526... to 527... being shewn 
hj the bar drawn over 0109. This bar is repeated over each of 
the subsequent logarithms as far as the end of tiie line, and in 
the next Ime the mantisscB b^gin with 527. 

Exan^le. Fmd log 88634*892. 

From the TaUes, log 88685 =4 -5267914 

log 88684= 4-5267785 

diflerence for Is 0000129 

Now by the Bule of Proportional Parts, 
log 83684-892 will be greater than log 33634 
by -392 times the difFerence for 1 ; hence to 
7 places of decimals, we have 

log 88634 =4*5267785 
proportional difference for *892= -0000051 

.*. log 38684*392 = 4*5267836 

In practice, the difference for 1 is usnally quoted without the 
ciphers; if therefore we treat the difference 129 as a whole number, 
on multiplying by *392 we obtain the product 50*568, and we take 
the digits giyen by its integral part (51 approximately) as the propor- 
tional increase for -392. 



11 

38 



-0000050 



258 

61 

7__ 

668 



175. The method of calculating the proportional difference 
for *^2 which we have explained is that which must be adopted 
when we have nothing given but the logarithms of two con- 
secutive numbers between which lies the number whose logarithm 
we are seeking. 

But when the Tables are used the calculation is facilitated 
by means of the proportional differences standing in the column 
to the right. This gives the differences for tenths of luiity. 

The difference for *392 is obtained as follows. 



392 X 129 



-(^ 



4-L+ J. 
^ 100 "^ 1000 



) 



X 129=39 + 11*6+ •26 = 50*86. 



The difference for 9 quoted in the margin ^really 9 tenths) it 
116, and therefore the difference for 9 hundreaths is 11*6; am 
sinularly the difierence for 2 thousandths is *26, 
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lu practical work, the following arraDgement is adopted. 

log 33634 =4-5267785 
add for 3 39 

9 116. 

2 26 



. • . log 33634-392 = 4*5267836 

176. The following example is solved more concisely as a 
model for the student. In the column on the left we work from 
the data of the question ; in the column on the right we obtain 
the logarithm by the use of the Tables indepandentlj of the two 
given logarithms. 

Example, Find log 33*656208, having given 

log 33666 =4-6270625 and log 38657 =4 -5270764. 



log 33-657= 
log 33-656= 

diff. for-001 = 



1-6270764 
1-5270625 

129 

-208 



diff. for -000208= 



1 
26 

26 



log 33-656 =1-6270626 



032 
80 



832 



log 33-666208 = 1-6270662 



From the Tables, we have 

log 88-666 =1-5270625 
add for 2 26 



8 103 

log 33-656208 = 1-5270652 



I 



177., The Rule of Proportional Parts also enables us to find 
the number corresponding to a given logarithm. 

Example 1. Find the number whose logarithm is 2*6274028, having 
given log 3-3683 =-5274108 and log 3 -3682 =-5273979. 

Let X be the required number ; then 

log X = 2 •6274023 log -033683 = 2*5274108 

log -033682 = 2-5273979 log -033682 = 2'6273979 

diff. for -000001 = 



diff.= 



44 



129 



hence x lies between -033682 and -033683, 

44 
and is greater than -033682 by rsg x -000001, 

that is by -00000034. 

.-. x^ -03368234. 



129 ) 410 ( S4 
887 

530 
616 
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In working firom the Tables, we proceed as follows. 

logx =2*5274023 

k]g-0S3682 = 2*5273979 

44 

3 39 

60 
4 52 

/. a;=-03368234. 

We toe sayed the trouble of the division, as the multiples of 129 
which occur during the work are given in the approximate forms 39 
and 52 in the difference column opposite to the numbers 3 and 4. 

Example 2. Find the fifth root of *0025612, having given 
log 2-5612 =-4084435, log 3-0317 = 4816862, log 3-0318 =-4817005. 

Leta;=(-0025612)i; then 

log x= i log (-0025612) =i (3-4084435) = i (5 +2-4084435) ; 

=1-4816887. 

log a; = 1*4816887 log -30318 = 1 '4817005 

log -30317 = 1*4816862 log -30317 = 1*4816862 

diff.= .25 diff. for 00001= 143 



25 
.-. proportional increase= j^ x -00001 =00000176. 

Thus x= -30317175. 



14S ) 250 ( 176 
1«^ 

1070 
1001 



080 
716 



EXAMPLES. XV. a. 

1. Find the value of log 4951634, given that 

log 49516 = 4-6947456, log 49517 = 4-6947543. 

2. Find log 3-4713026, having given that 

log 347-13 =2-5404921, log 34714=4*5405047. 

3. Find log 2849614, having given that 

log 2-8496 = -4547839, log 2-8497 = '4547991. 
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4. Find log 57'63325, having given that 

log 576-33=: 2-7606712, log 5763*4 =3-7606788. 

5. Given log 60814 = 4*7840036, diE for 1 = 72, find 

log 6081465. 

6. Find the number whose logarithm is 4-7461735, given 

log 55740=4-7461670, log 55741=4*7461748. 

7. Find the number whose logarithm is 2*8283676, given 

log 6-7354 = -8283634, log 67355 = 4-8283698. 

8. Find the number whose logarithm is 2-0288436, given 

log 1068-6 = 3-0288152, log 1 -0687 = -0288558. 

9. Find the niunber whose logarithm is 3*9184377, given 

log 8-2877 = -9184340, log 8287-8 = 3-9184392. 

10. Given log 253-19 =2^4034465, diff. for 1 = 172, find the 
number whose logarithm is 1-4034508. 

11. Given log 2-0313 = -3077741, log 2-0314 = -3077954, 
and log 1-4271 = -1544544, 

find the seventh root of 142-71. 

12. Find the eighth root of 13-89492, given 

log 13894=4-1428273, log 138-95 = 2-1428586. 

13. Find the value of v/242447, given 

log 2-4244 = -3846043, dilK for 1 = 179. 

14. Find the twentieth root of 2069138, given 

log 20691 = 4-3157815, diff. for 1 =210. 

Tables of Natural and Logarithmic Functions. 

178. Tables have been constructed giving the values of the 
trigonometrical functions of all angles between 0* and 90**, at 
intervals of 10". These are called the Tables of natural sines, 
cosines, tangents,... In the smaller Tables, such as Chambers*, 
the interval is 1'. 

The logarithms of the functions have also been calculated. 
Since niany of the trigonometrical functions are leas than unity 



XV.] THE USE OF LOOABTTHMIC TABLES. 157 

their logarithms are n^ative, and as the characteristics are 
not always evident on inspection they cannot be omitted. To 
avoid the inconvenience of printing the bars over the character- 
istics, the logarithms are all increased by 10 and are then 
registered mider the name of tabular logarithmic sines, 
cosines,... 

The notation used is L cos A^ L tan B ; thus 

L sin A =log sin A + 10. 
For instance, 

Z sin 45"= 10+log sin 46" = lO+log-^ 
= 10 - 1 log 2 = 9-8494850. 

179. With certain exceptions that need not be here noticed, 
the rule of proportional parts holds for the natural sines, co- 
sines,... of all angles, and also for their logarithmic sines, 
cosines,.,,. In applying this rule it must be remembered that as 
the angle increases from 0** to 90** the functions sine, tangent, 
secant increase, while the co-functions cosine, cotangent, cosecant 
decreasa 

Example 1. Find the value of sin 29° 37' 42". 

From the Tables, sin 29"" 38' = -4944476 

sin 29° 37' =-4941948 

diff. for 60"= 2628 

42 
.-. prop» increase for 42"= ^^ x 2528 = 1770 

oO 

sin 29** 37' = -4941948 
.-. sin 29° 37' 42" =-4943718. 

Example 2. find the angle whose cosine is '7280848. 

Let A be the required angle; then from the Tables, 

cos 48° 16' = -7281716 cos 43° 16'= -7281716 

cos 43° 17' = -7279722 cos A = -7280843 

diff. for 60" 1994 prop» part 873 

But cos ^ is leas than cos 43° 16' ; ^^^^ -^-^^^ 

hence A must be greater than 43° 16' ' 393q ^ 

by ^. X 60", that is by 26" nearly. 12500 

1^^ 11964 

Thus the angle is 43° 16' 26". 
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180. In order to illustrate the use of the tabular logarithmic 
functions we give the following extract from the table of log- 
arithmic sines, cosines,... in Chambers' Mathematical Tables, 

27Deg. 




1 
2 
3 
4 



56 
57 
58 
59 
60 



Sine Diff. Gosec. 



Secant D. Cosine 



9-6570468 
9-6572946 
9-6676423 
9-6577898 
9-6680371 



9-6706576 
9-6708958 
9-6711338 
9-6713716 
9-6716093 



2478 
2477 
2475 
2473 



2382 
2380 
2378 
2377 



10*3429632 
10-3427054 
10-3424577 
10-3422102 
10-3419629 



10-3293424 
10-3291042 
10-3288662 
10-3286284 
10-3283907 



10-0601191 
10-0601835 
10-0502479 
10-0503124 
10-0503770 



10-0537968 
10*0538638 
10-0639308 
10-0539979 
10-0640661 



644 
644 
646 
646 



670 
670 
671 
672 



9*9498809 
9*9498165 
9-9497621 
9-9496876 
9-9496230 



9*9462032 
9-9461362 
9-9460692 
9-9460021 
9*9459349 



Cosine DifiF. Secant 



Cosec. D. 



Sine 



60 
59 
58 
67 
66 



4 
3 
2 
1 




02 Deg. 



181. We have quoted here the logarithmic sines, cosecants, 
secants, and cosines of the angles differing by 1' between 27" (X 
and 27* 4', and also between 27** 56' and 27** GC. The same 
extract gives the logarithmic functions of the complements of 
these angles, namely those between 62* C and 62° 4 , and those 
between 62** 56' and 62' 60'. 

The colmnn of minutes for 27° is given on the left and 
increases downwards, the column for 62° is on the right and 
increases upwards. 

The names of the functions printed at the top refer to the 
angle 27°, the names printed at the foot refer to the angle 62°. 
Thus 

Xcos27° 3'=9-9496876, Xcosec27° 58'= 10-3288662, 
L sin 62° 2' = 9*9460692, L cos 62° 59' «= 9-6572946. 

The first difference column gives the differences in the log- 
arithms of the sines and cosecants, the second difference column 
gives the differences in the logarithms of the cosines and secants, 
each difference corresponding to a difference of 1' in the angle.. 
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Example 1. Find L cos 62° 67' 12". 

From the Tables, L cos 62° BT = 9 -6677898 

L cos 62° 58' = 9-6676428 

di«f. for 60" 2476 

12 
.-. proportional decrease for 12"=^rr x 2476=496. 

oO 

L cos 62° 67' =9-6677898 
Subtract for 12" 496 

.-. L cos 62° 67' 12" = 9-6677403 

Example 2. Qiven L sec 27° 39' =10-0526648, diff. for 10" =110, 
find A when L sec ^1 = 10*0627263. 

Lf^A =10-0627263 

L sec 27° 89' = 10062664 8 

difl. 606 

.-. proportional increase = ^^ x 10"= 65", 

Thus i4=27°39'66". 



EXAMPLES. XV. b. 

1. Find sin 38" 3' 36", having given that 

sin 38M' = -6166780, sin 38** 3' = -6163489. 

2. Find tan 38" 24' 37-5", having given that 

tan 38" 26' = -7930640, tan 38" 24' = -7925902. 

3. Find oosec 65" 21' 28", having given that 
cosec55" 22'= 1-2163535, oosec 55" 21'= 1-2165978. 

4. Find the angle whose secant is 2*1809460, given 

sec62" 43'= 2-1815435, sec 62" 42' =2-1803139. 

6. Find the angle whose cosine is -8600931, given 
cos 30" 41'== -8600007, cos 30" 40'= -8601491. 

6. Find the angle whose cotangent is -8766003, given 

cot 48" 46' = -8764620, cot 48" 45' = -8769765. 

7. Find L sin 44^ 17' 33", given 

Zsin44" 18'=9-8441137, Xsin44** ir=9" 
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8. Find L cot 36° 26' 16", given 

L cot 36" 27' = 101315840, L cot 36° 26'= 101318483. 

9. Find L cos 56° 30' 24", given 

L cos 55° 31' =9-7529442, L cos 55° 30' = 9*7531280. 

10. Find the angle whose tabular logarithmic sine is 
9*8440018, using the data of example 7. 

11. Find the angle whose tabular logarithmic cosine is 
9*7630075, using the data of example 9. 

12. Given Z tan 24° 50' =9 -6663662, diff. for l'=3313, find 

Xtan24°50'52*5". 

13. Given L cosec 40° 5'= 10*1911808, diE for l'-1502, find 

Zcosec40°4'17*5". 

182. Considerable practice in the use of logarithmic Tables 
will be required before the quickness and acciu'acy necessary in 
all practical calculations can be attained. Experience shews 
that mistakes frequently arise from incorrect quotation from the 
Tables, and from cliuusy arrangement. The student is reminded 
that care in taking out the logarithms from the Tables is of the 
first importance, and that in the course of the work he should 
learn to leave out all needless steps, making his solutions as 
concise as possible consistent with accureu^y. 

Example 1. Divide 6*6426693 by -3878007. 
From the Tables, 



log 6*6425 = *8228316 

6 40 

9 5 
3 



9 
20 



log 6*6425698 =_*8223362 
log •8878007= 1'6880488 



log -88730 = 1-5880476 

7 7 





8 



log -3878007= 1*6880488 



By subtraction, we obtain 1-2842879 

From the Tables, log 17*160 = 1-2842641 

238 
9 229^ 

90 
8 76 

Thus the quotient is 17-16098. 
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SxaiDjple 2. The hypotenuse of a right-angled triangle is 8*141024 
and one Bide is 2-698167; find the other side. 

Let e be the hypotenuse, a the given side, and x the side required ; 
then 



a:»=c» - a*= (c+ a) {e-a); 
,\ a log xslog (e + a) + log (e - a). 

From the Tables, log 5-7841 = -7584653 

9 68 

1 

log -54785 =1*7886617 
7 55 

By addition, 



8 



•4971394 



Dividing by 2, we have 



logx =-2485697 

log 1-7724 = -2485617 

80 

3 74^ 

60 
2 49 



Thus the required side is 1-772432. 



o»S'141024 

a»2*698167 

«+a= 6784191 

e-a=» '547808 



— i 



[ 



EXAMPLES. XV. c 

r/n this exercue the logarithms are to be taken froni the 

1. Multiply 300-2618 by -0078915194. 

2. Find the product of 235-6783 and 3578438. 

3. Find the continued product of 

153-2419, 2-8632503, and -07583646. 

4. Divide 1-0304051 by 27-093524. 

5. Divide 367-8364 by -00318973. 

8. Find of from the equation 

-0178345^=21-85632. 

7. Find the value of 

3-78956 X -0536872 -r -0072916. 
H.K.S.X. W 
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8. Find the cube of -83410039. 

9. Find the fifth root of 15063-018. 

10. Evaluate \/384-731 and \^15-7324. 

11. Find the product of the square root of 1034-3963 . 
cube root of 353246. 

12. Subtract the square of -7503269 from the sq 
1-035627. 

13. Find the value of 

(34-7326)^ X \/2-53894 
\/4-39682 

Example 3. Find a third proportional to the cube of ' 
and the cube root of 28*32878. 

Let X be the required third proportional ; then 

(•3172664)» : (23-82873)^= (28-82873)^ :x; 
whence a; =(28-82878) ^-4- (-3172664)8; 

.-. log a; = I log 28-82873 - 8 log -8172664. 
o 



From the Tables, 

log -81726 = 1*6014016 

6 82 

4 6 



1-501410316 
8_ 

2-6042811 



log 28-828 =1-8678 
7 
8 

1-8678 



8 2-786'i 



•911^ 
2-604$ 



By subtraction, log a; =2-4076968 

log 265-67 = 2-4076798 

166 
9 158 



120 
119 



Thus the third proportional is 266*6797. 
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14. Find a mean proportional between 

•0037258169 and -56301078. 

15. Find a third proportional to the square of '43607528 and 
the square root of -03751786. 

16. Find a fourth proportional to 

56712-43, 29-302564, -33025107. 

17. Find the geometric mean between 

(-035689)* and (2-879432)*. 

18. Find a fourth proportional to 

V^32-7812, ^357-814, \/7836-43. 

19. Find the value of 

sin 27' 13' 12" x cos 46° 2' 15". 

20. Find the value of 

cot 97° 14' 16" X sec 112° 13' 5". 

21. Evaluate 

sin 20* 13' 20" x cot 47" 53' 15" x sec 42° 15' 30". 

22. Find the value of ab sin C, when 

a»324-1368, 6=417*2431, (7=113° 14' 16". 

I 23. If a : 5=sin A : sin B, find a, given 

6=378-25, ^=.35° 15' 33", ^5=119° 14' 18". 

24. Find the smallest values of 6 which satisfy the equations 
(1) tans^=4; (2) 3sin2^+2sin^=l. 

25. Find ^ from the equation 
^x sec 28° 17' 25" = sin 23° 18' 5" x cot 38° 15' 13". 

26. Find 6 from the equation 

sin^ 6 = cos^ a cot /3, 

where a«=32° 47' and i8=4r 19'. 
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SOLUTION OF TBIANGLES WITH LOGARITHMS. 

183. The examples on the solution of triangles in Chap. X] 
furnish a useful exercise on the formulae connecting the si 
and angle of a triangle; but in practical work much of 
labour of arithmetical calculation is avoided by the use 
logarithms. 

We shall now shew how the formulae of Chap. XIII. n 
be used or adapted for use in connection with logarith] 
Tables. 

184. To Jmd the functiona of the haZf-cmgles in terms of 
sides. 

We have 2 sin^ q- = 1 - cos A 

It 

""^ 26c 

2fcc-6g-cg4-a^ _ g^-(6g-26c-t-cg) 
"^ 26c "" 26c 

" 26c 26c 

Let a4-6+c=2«; 

then a-f 6-c»=2«-2c«2(«-c), 

and a-6-*-c=2jf-26=^(«-6). 

. A Ai s-c)(s-b) _ 2(s-b){s-c) ^ 
•• ^^'""I 26^ 53 ' 



. A /{8-b){s-c) 

••• ^^^2==V 6c ' 
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Again, 2ooB«^=l+ooB^=l+^^^^^ 



COB 



2" V 6c • 



Also tan-^ = 8m— ^ooB-^ 

_ / («-6)(/-c) "ftT" . 
~V 6c »(«-o)' 

... tan^ = y(^^lB. 
2 'V <(a-a) 

185. Similarly it may be proved that 
^B_ / {s-c){s-a) C_ /(s^a){s-b)_ 



B A(«-6) (7 /«(«-c) 

"^2 = V^^' ^2=V V^' 

^^ /(7£^)5;^ C^ / (.-a)(.-fe ) 

*^2"V s{s-b) ' *^2"-V «(*-c) '• 

In each of these formulae the positive value of the square 
root must be taken, for each half angle is less than 90% so that 
all its functions are positive. 

186. Tofimd sin A in terms of the sides, 

M e% * A A 

smui=:2sm-^ qoa-^ 

=2 /(*-^)(*-g) ^ *(^-"^)" . 
W be be * 



2 



.". sin -4=T- V« («-«)(«- ^)(*-^)- 

We may also obtain this formula in another w«^ «'hich is 
iDstmctive. 
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We have 

sin^ ^ = 1 - cos* -4 = (1 + cos -4) (1 - cos -4) 
_/ 62+c2-^2\ / _62+c2-a2\ 

26c ^ 26c 

_(6-t -c+a)(6-t-c-a)(a + 6-c)(a-6-t-c) 

462c2 

_ 16<(a-a)(a-6)(g-c) 
462c2 ' 

.'. amA = j-^/a{8-a)(s'-b){8-c), 

The positive value of the square root must be taker 
the sine of an angle of any triangle is always positive. 

EXAMPLES. XVI. a. 

Prove the following formulae in any triangle : 

1. ocos^ — +acos^ — =*. 2. »tan — tan— =«-a. 

Am a a 

« vers -4 a(a+c-6) . , . „^ , . ^B 

3. T> = rrr-, (• 4. 6sm2-+asm2~=j 

versjB 6(6 + c-a) 2 2 

5. («-a)tan ^=(»-6)tan — = («-c)tan -. 

AAA 

6. Find the value of tan — , when a = 10, 6 = 1 7, c = 21 

A 

Q 

7. Find cot -5, when a =13, 6=14, c= 15. 

8. Prove that 
1 ^A \ ^B \ .0 *2 

- COS^ 77 + T COS^ 17 + - COS^— = 



a 2 6 2 c 2 a6c* 

9. Prove that 

6-c ^A , c-a ^B , a-h ^C ^ 

cos* — -\ r— cos* — ^ cos* 15 = 0. 

a 2 6 2 c 2 
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187. To solve a triangle when the three sides are given. 
From the formula 

***^2-V s(s-a) ' 
logtan-=5{log(*-6)+log(«-c)-loga-log(a-a)}; 



lence — may be obtained by the help of the Tables. 
Similarly B can be found from the formula for tan-^, and 



en Cfrom the equation C^ISO^'-A-B, 

In the above solution, we shall require to look out from the 
bles fcmr logarithms only, namely those of «, «— a, a — 6, « — c ; 
lereas if we were to solve fix)m the sine or cosine formulee we 
ould require six logarithms ; for 



cos 



^yii^^co-f-y^ 



that we should have to look out the logarithms of the six 
lantities «, 5— a, 5 - 6, a, b, c. 

If therefore aU the angles have to be found by the use of the 
bles it is best to solve fr^m the tangent formulae ; but if one 
igle only is required it is immaterial whether the sine, cosine, 
tangent formiila is used. 

In cases where a solution has to be obtained fr^m certain 
7en logarithms, the choice of formulae must depend on the 
bta. 

NoTB. We shall always find the angles to the nearest second, so 
at, on account of the multiplication by 2, the half-angles should be 
imd to the nearest tenth of a second. 

188. In Art. 178 we have mentioned that 10 is added to each 
the logarithmic functions before they are registered as tahvlar 
^arithms ; but this device is introduced only as a convenience 
r the purposes of tabulation, and in practice it will be found 
at the work is more expeditious if the tabular logarithms are 
»t used. The 10 should be subtracted mentally in copying 
)wn the logarithms. Thus we should write 

log sin 64** 16'= T-9545793, log cot IS** 35'= -4733850, 

id in the arrangement of the work care must be taken to keep 
;e mantissae positive. 
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Example 1. The Bides of a triangle are 85, 49, 63; find the 
greatest angle ; given log 2 = -3010300, log 3 = '4771213, 

Loos 47° 63' =9-8264910, diff. for 60"= 1397. 

Since the anglet of a triangle depend only on the ratios of the 
sides and not on their actual magnitudes, we may substitute for the 
sides any lengths proportional to them. Thus in the present case 
we may take a=5, 5=7, c = 9; then C is the greatest angle, and 



cos 



C_ / »(»-c) _ /21 8 Ji__ A 
2'"V ab " V 2 ^2^6x7"V 20* 



Thus 



Iogoos^ = i(21og3-log2--l). 



log cos ^=1*8266063 

log cos 47° 63' =1-8264910 
diff. 



2 logs- -9540406 
1-801080Q 

2 )r653212e 

r-8266063 



1163 

/. proportional decrease =^^zrfjX 60" =49-6"; 

lo97 

.-.^=47° 62' 10-6". 
Thus the greatest angle is 96° 44' 21". 



1163 

eo 

1S97 ) 69180 ( 40-6 
5588 

ISSOO 
1267S 



7270 



Example 2. If a =283, 6=317, c=428, find all the angles. 



tan 



A^ / {s-b){s-c) _ / 
2 V s(8-a) ""Vi 



197 X 86 



A 1 



s{8-a) "" V 614 X 281 ' 
.-. log tan I = ^ (log 197 + log 86 - log 614 - log 231). 

From the Tables, 



288 
317 
428 



2) 1028 



614s« 
281-»-« 
197*=*-* 
W^s-e 



log 197=2-2944662 
log 86= 1-9344986 

4-2289647 
60745761 

2 ) 1-1643896 

logtan:|=I-6771948 

log tan 20° 41' =1-6769586 
diff. 2363 



log 614 =2 -7109631 
log 281 =2 -3636120 

6-0746761 
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But difE. for 6(r is 3822, 

OQ/*Q 

/. prop». increa8e=|^ x 60"=371"; 



• 2 



= 20° 41' 37-1". and il = 4^ 23' 14". 



2S63 
60 

3822)141780(371 
11466 

27120 
26764 



3660 



. . . B /{8-c){8-a) /86x 



231 



xl97' 



B 1 



*. log tan 5- = 2 (log 86+ log 231 -log 614 -log 197). 



log 86=1*9344985 
log 231 =2 8636120 

4*2981105 
5*0054293 

2 ) i'2926812 

log tan 1=1-6463406 

log tan 28° 53' =1*6461988 
diff. 1418 

But difE. for 60" is 3412 ; 

.*. prop^ inorease=Q-fYHx6^'=24*9". 



log 514 =2*7109631 
log 197 =2-2944662 

5*0054293 



3412 



B 



.*. ^ = 23° 53' 24*9" and B = 47° 46' 60". 
Thus ^=41° 23' 14", J5=47°46' 50", C=90°49'56". 



1418 
60 

3412)86080(24*0 
6824 

16840 
13648 



31920 



EXAMPLES. XVI. b. 

1. The sides of a triangle are 5, 8, 11 ; find the greatest 
angle; given log 7 ='8460980, 

L sin 56* 47' = 9-9226206, L sin 56° 48' = 9-9226032. 

■ 

2. If a=40, 6=51, c=43, find A ; given 

X tan 24° 44' 13" =9-6634464, 
log 128=2-1072100, log 603 = 2-7803173. 

3. The sides a, 6, c are as 4 : 5 : 6, find B ; given log 2, 

L cos 2T 53' = 9-9464040, difil for 1' = 669. 



S. 
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4. Find the greatest angle of the triangle in which the aides 
are 5, 6, 7; given log 6 ='7781513, 

L cos Z^" 14' = 9-8890644, diflf. for 1' = 1032. 

5. If a=3, 6=1-75, c=2-76, find (7; given log2, 

L tan 32° 18' = 9*8008365, diff. for 1' = 2796. 

6. If the sides are 24, 22, 14, find the least angle ; given 

Z tan 17" 33' = 9-600042, difi*. for 1' = 439. 

7. Find the greatest angle when the sides are 4, 10, 11; 
given log 2, log 3, 

L cos 46- 47' = 9-8355378, diflf. for 1' = 1345. 

8. If a : 6 : c=15 : 13 : 14, find the angles ; 
given log 2, log 3, log 7, 

L tan 26" 33' =9-6986847, diflf. for l'=3159, 
L tan 29** 44' =9*7567587, diflf. for l'=2933. 

9. If a : 5 : 0=3 : 4 : 2, find the angles ; given log 2, log 3, 

Ztanl4''28'= 9-4116146, diflf. for 10"= 870, 
L tan 52' 14'= 10*1108395, diflf. for 10"=435. 

189. To solve a triangle having given two sides and the in- 
clttded angle. 

Let the given parts be 6, c, ^, and let 

sin B sin C 



then 



c 

Bin B — sin C _^kb'-kc _b — c 
ainB+sinC^ kb-{-kc~ b+c * 

^ B+C . B-C 

2cos-^sin -^ 6-c 

• 7~TTd — -ff^^b+i' 

2 sin — ^ — cos — TT— 
M 2 

. B-C 

*^°-2- b-c 
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B^C b-c^ B+C h-c ^A 
.-. tan— ^— = -— -tan— ^r- =,— — cot-, 
2 64-c 2 o-\-c 2 

since — ^ = 90 - -g . 

.-. logtan— g— =log(6-c)-log(6+c)+logcot- , 



from which equation we can find 



B-C 
2 ' 



Also — - — =90° - -^ , and is therefore known. 

By addition and subtraction we obtain B and C. 

T? i.\. *• 6sin^ 

From the equation a = —. — =5- , 
^ sm5 

loga=log6+log sin il — log sin jB ; 

whence a may be found. 



Example 1. If the sides a and & are in the ratio of 7 to 3, and 
the included angle C is 60°, find A and £; given 

log 2 = -3010300, log 3 = -4771213, 

L tan 34° 42' =9-8403776, diflf. for l'=2699. 

, A-B a-h ^C 7-3 .„^o 4 ,. 
**° -2- = aT6^°*2- = 7T3^*^^ =10^^^' 



J _ n 1 

.-. logtan— g— =21og2-l+-log3; 

/. logtan— 2— = 1-8406207 

log tan 34° 4y= l'8403776 
diff. 2431 

2431 
/. prop*, inoreaae = ^557^ x 60" = 64" ; 



And 



A-B 
2 

A+B 



2699 
=34° 42' 64". 



2 =90°- 1=60°. 



By addition, 
and by subtraction. 



^=94° 42' 64", 
B=26°ir6". 



2 log 2=1 -6020000 
I log 3= -2888607 

-8406207' 



24S1 
60 

2699 ) 146860 ( 64 
18495 

10910 
10796 
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Example 2. If a=681, c=243, B=oOP42\ solve the triangle, by 
the use of Tables. 

. A-C a-c ,B 438 .„-ooi/ 
tan-^::— = — cot H-=no7 00*26^21'; 



2 



a + c 2 924 



.-. logtan—^— slog 438 -log 924 



2 



+ logcot25°2r 



/. log tan ^-^=-0002383 

log tan 45°= '0000000 
diff. 2383 

Anddifl. for6e"is2527; 

2383 



/. prop^. increases 
A-C 



x60"=6r; 



Also 



2 

A'\-C 



2627 
=46^0' 67". 



2 =90°-^=64°39'. 



log 438=2*6414741 
log cot 25° 21'= '3244362 

2-9659103 
log 924=2-9656720 

•0002383 



By addition, 
and by subtraction, 



^ = 109° 39' 57", 
C= 19° 38' 3". 



838S 

eo 

25S7 ) 142080 ( 66*6 
12636 

166S0 
16162 



14680 



Again, 



6= 



csinB 



sinC * 

.-. log&=logc+logsin£-logsinC 
= log 243 + log sin 50° 42' 

- log sin 19° 38' 3" 

.-. log 6 = 2-7479012 
log 669-63 = 2-7479010 

.-. 6=569-63. 



log sin 19° 38' = 1 '5263387 

log sin 19° 38' 3" = 1 -5263564 

log 243=2-3856063 

log sin 50° 42' = 1-8886513 

2-2742576 

log sin 19° 38' 3" = 1-6263564 

2-7479012 



Thus ^ = 109° 39' 67", C=19°38'3", 6=659-63. 



190. From the formula 

B-C 



tan 



2 



h-c ^A 

6qrc"^'2' 
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it will be seen that if (, e, and ^- Care known A can be found ; 
that is, the trian^e can be solved when the given parts are two 
sides and the difference of the angles opposite to them. 

EXAMPLES. XVLc. 

1. If a=9, 5=6, C=60", find A and B; given log2, log 3, 
Ztanl9" 6'=9-5394287, Xtan 19' 7'=9-6398371. 

2. If a=l, c=9, -8=65°, find A and C; given log2, 

Z cot 32" 30'= 10-1958127, 

Z tan 51° 28' = 10*0988763, diff. for 1' = 2592. 

3. If 17a = 76, C= 60% find ^ and 5 ; given log 2, log 3, 

Z tan 35° 49' = 9*8583357, diff. for 10" = 2662. 

4. If 6=27, c=23, ^ =44° 30', find 5 and C ; given log 2, 

Z cot 22° 15'= 10-3881591, 

Z tan 11° 3'= 9-2906713, diff. for 1'= 6711. 

5. If c=210, C3t= 110, 5=34° 42' 30", find C7 and ^ ; 
given log 2, 

Z cot 17° 21' 15"= 10-5051500. 

6. Two sides of a triangle are as 5 : 3 and include an angle 
of 60° 30' : find the other angles ; given log 2, 

Z cot 30° 15' =10-23420, 

Z tan 23° 13'= 9-63240, diff. for l'=35. 

7. If a =327, c=256, -B=56° 28', find ^ and C7; given 

log 7-1 = -8512583, log 5-83 = -7656686, 
Z tan 61° 46'= 10-2700705, 
Ztan 12° 46'= 9*3552267, diff. for l'=5859. 

8. If 6=4c, ^=65°, find 5 and (7; given log2, log3, 

Ztan 57° 30' = 10-1958127, 

Z tan 43° 18'= 9*9742133, diff. for l'=2531. 

9. K a =23031, 6=7677, C=30° 10' 5", find ^ and /? ; 
given log 2, 

Z tan 15° 5' = 9*4305727, diff. for 10" = 838, 

Z cot 61° 41' =9*7314436, diff. for 10" =504. 
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191. To solve a triangle having given two angles and a side. 

Let the given parts be denoted by B, C, a; then the third 
angle A is found from the equation ^ = 180" - jB - C, 

a^B 



and 



6=- 



sin^ ' 

.'. log6=loga4-logsin5-logsin^; 
whence 6 may be foimd. 

Similarly, c may be obtained from the equation 
log c=log a+log sin C— log sin A, 

ExampU. If &=1000, ^=46°, C=68° 17' 40", find the least side, 
having given 

log 2 = -3010300, log 7-6986= -8864118, diff. for 1 = 67, 
L sin 66° 42^= 9-9630538, diff. for r=544. 

B = 180° - 45° - 68° 17' 40" = 66° 42' 20". 

^ , . ., ftsin^ 1000 sin 45° 

The least side = a = — 7 



.-. log a= 3 + log -75 - log sin 66° 42' 20" 



= 3 - 5 log 2 - log sin 66° 42' 20" 
=3 --1135869 



sin B sin 66° 42' 20" ' 

log sin 66° 42'= 1-9630638 

181 



20 ... 
g^x544= 



-log 2= -1606160 
*1136869 



.-. log a =2-8864131 
log 769-86= 2-8864118 

diff. 13 

13 

.\ prop*, increase SB— = '22. 

&7 

Thus the least side is 769*8622. 



EXAMPLES. XVI d. 

1. If .5=60*' 15', C^W 30', a=100, find c ; given 

L sin 54" 30' =9-9106860, log 8-9646162 = '9525317, 
Z sin 65" 15' =9-9581543. 
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2. If ul=56% 5=66% c=270, find a ; given log2, log 3, 

log 26638=4-4071869, L sin 55' =9-9133645, 
log 26639 =4-4072039. 

3. If ul =46" 41', (7= 62° 6', 6 = 100, find c ; given 

log 9-2788= -96749, Zsin 62° 5'=9-94627, 
X sin 72° 14' =9-97878. 

4. If 5=70° 30', (7=78° 10', a =102, find 6 and c; given 

log 1 -02 = -009, log 1 -85 = -267, log 1 -92 = -283, 

Z sin 70° 30' = 9-974, L sin 78° 10' = 9-990, 
Zsin 31° 20' =9-716. 

5. If a= 123, 5=29° 17', C= 135°, find c ; given log 2, 

log 123=2-0899051, Zsin 15° 43' =9 4327777, 
log 32110=4-5066403, 2)= 135. 

6. If ul = 44°, (7= 70°, h = 1006-62, find a and c ; given 

Zsin44°=9-8417713, log 100662 =5*0028656, 
Zsin 66° = 9-9607302, log 103543 =5-0151212, 
Z sin 70° = 9-9729858, log 7654321 = 6*8839067. 

7. If a= 1652, 5= 26° 30', C7= 47° 15', find 6 and c ; 

Zsin 73° 46'= 9-9822938, log 1-652 =*2180100, 

Z sin 26° 30' =9*6495274, log 7*6780= -8852481, i>=57, 

Z sin 47° 15' = 9*8668868, log 1 -2636 = -1016096, I) = 344. 

192. To solve a triangle when two sides and the angle opposite 
to one of them are given. 

Let a,h, Ahe given. Then from sin 5=- sin A, we have 

log sin 5=log b — log a+log sin A ; 

whence B may be fomid ; 

then C is found from the equation C7= 180° - -4 - 5. 

. . a sin C 

Agam, c=— ^ — ^, 

sm^ ' 

.-. log c = log a + log sin C7- log sin ^. 

If et<6, and A is acute the solution is ambiguous and the* 
will be two values of B supplementary to each other, and » 
two values of C and c. [Art. 147.] 
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ExampU. If 6=63, c=36, C7=29° 23' 15"i find B; given 
log 2 = -3010300, log 7 = -8460980. 
L sin 29° 23' =9-6907721, diff. for 1'= 2243, 
L sin 59° 10'= 9-9338222, diff. for l'=765. 



• -n ^ • ^ 63 . ^ 

sin B = - sin C =^ sin C7 

c t>0 

=1 sin 29° 23' 16"; 

.-. logsinB=log7-21og2 

+ log sin 29° 23' 16"; 

.-. log sin 5 = 1*9338662 

log sin 69° 10' = 1*9338222 

diff. 440 

440 
. '. prop*, increase = =^ x 60" = 35" ; 

756 

.-. B=69°10'36". 

Also since e <b there is another value 
of B supplementary to the above, 
namely B= 120° 49' 26". 



Iogsin29°23'=l'6907 
gx2243 = 

log 7= -8450 

•6359 
2 log 2 = -6020 

1-9338 



440 
60^ 

766 ) 26400 ( 35 
2265 

3750 
3776 



EXAMPLES. XVI. e. 

1. If a=145, 6= 178, jB=41" 10', find A ; given 

log 178= 2-2504200, L sin 41° 10' =9-8183919, 

log 145=2-1613680, Xsin 32° 25' 35" =9-7293399. 

2. If ^ = 26° 26', 6 = 127, a = 85, find B ; given 

log 1 -27 = -1038037, L sin 26° 26' = 9-6485124, 

log 8-5 = -9294189, L sin 41° 41' 28" = 9-8228972. 

3. If c=5, 6=4, C7=45°, find ^ and 5; given 
log 2 = -30103, L sin 34° 26' = 9-7525750. 

4. If a= 1405, 6= 1706, ^ =40°, find B ; given 

log 1 -405 = -1476763, log 1 -706 = -2319790, 

L sin 40° =9-8080675, L sin 51° 18' =9-8923342, 

diff*. for 1'= 1012. 
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5. If B^lir 4', 5=573, c=394, find ^ and C ; given 
log 573 = 2-7581546, log 394 = 2*5954962, 

Z sin 39^ 35' = 9*8042757, diffl for 60" =1527, 
X 008 22" 4' =9*9669614. 

a If 6=8*4, c=12, jB=37° 36', find A ; given 

log 7 = *8450980, L sin 37' 36' = 9*7854332, 
Z sin 60- 39' =9*9403381, diff. for l' = 711. 

I 

7. Supposing the data for the solution of a triangle to be as 
in the three following cases, point out whether the solution will 
be ambiguous or not, and find the third side in the obtuse angled 
triangle in the ambiguous case : 

(i) ^=30", a= 125 feet, c=250feet, 

(ii) ^=30°, a=200feet, c=250feet, 

(iii) A ^20% a =200 feet, c= 125 feet. 

Given log 2, 

log6*0389= -7809578, L sin 38' 41' =9*7956800, 
log 6*0390 =-7809650, Zsin8- 41' =91789001. 

193. Some formulas which are not primarily suitable for 
working with logarithms may be adapted to such work by 
various artifices. 

191. To adapt the formnla <^=a^-\-b^ to logarithmic compu- 
taiioTL 



We have c^ 



~'('-i)- 



Since an angle can always be foimd whose tangent is equal 

to a given numerical quantity, we may put -=tan d, and thus 

a 

obtam 

c»=a2 (1 +tan2 ^)=a2sec2 ^ ; 

.-. c=a sec ^; 

.*. log c=log a+ log sec 6. 

The angle 6 is called a subsidiary angle and is found from 
the equation 

log tan ^=log 6 - log a. 

Thus any expreanon which can be ptU into the form of the sum 
<>ftw>9qua/re9 can be readily adapted to logarithmic work. 

B.K.B.T. 12 
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195. To adapt the formvla <^=:a^-{-b^'-2abcc^C to I 
arithmic computation. 

From the identities 

cos(7=cos2 — — sin^— , and l=cos2— + sin2-, 

we have 

c2 = (a2 + 62) (cos2 ^ + sin2 ^ - 2a6 Uo^^ | - sin2 

= (a2 + 62 _ 2a6) cos2 f + (a2 + 52 + 2a6) sin2 ^ 
= (a- 6)2 cos2 — + (a+ 6)2 sin2 - 

Take a subsidiary angle dy such that 

tan^= ytan-s, 

a-6 2' 

then c2 = (a - 6)2 cos2 ^ (1 + tan2 B) 

Q 

= (a — 6)2 cos2 — sec2 6 ; 

.'. c=(a- 6) cos -^ seed; 

,\ log c==log (a - 6) +log cos -^ +log sec ^, 

where ^ is determined from the equation 

log tan ^=log (a+6) -log (a- 6)+logtan — . 

196. When two sides and the included angle are given, 
may solve the triangle by finding the value of the third side £ 
instead of determining the angles first as in Art. 189. 

Example. If a = 3, c = 1, B = 63^ 7' 48" find 6 ; given 

log 2 =-3010300, log 2-6298 = -4080862, diff. for 1=172, 
Z, cos 26° 33' 64" = 9-9616452, L tan 26° 33' 64" :^ 9*6989700, 



XVI.] SOLUTION OF TRIANGLES WITH LOaABITHH& 179 

We have &>=:e>+a>-2caoo8B 

= (a'+c") ( oos"-^ +8in* o^ ) - 2ac ( ©os*^ - sin^ -^ ) 

B S 

= (a - <?)• cos* -^ + (a + c)» Bin" -g- 

= (a-.)wf{l+(«-±£)'tari»|| 

= (a-c)«oo8«|(l+tan»^) (1), 

where tan^=^i^tan:|=2 tan 26° 33' 64"; 

a-c 2 

/. log tan ^= log 2+ log tan 26° 33' 64" 

= •3010300+1-6989700 
=0; 
whence tan ^=1, and ^=46°. 

JO 

From (1), b=i{a-c) cob -^ sec ^ 

JO 

=2 sec 46° COB -^ 
=2^2 COB 26° 83' 64"; 



log 2= -3010300 
5 log 2= -1606160 

log COB 26° 33' 64" = 1-9615462 

•4030902 



/. log6=log2 + ^log2 

+ log COB 26° 83' 64" 

/. log 5 =-4030902 
log 2-6298= - 4030862 

difl. 40 

But difP. for lis 172; 

«*• T 40 10 ^_ 

/. proportional mcrease = j=^ == la = **^- 

Thus the third side is 2-629823. 

197. The formula c^^a^+i^— 2ab cos may also be adaptc 

to logarithmic computation in two other ways by making use 

O C 

the identities cos C=2 cos^ ^-1 and cos (7=1 - 2 sin' -^ . 

-2 
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We shall take the first of these cases, leaving the other as an 
exercise. 

c2=a2+62-2a6cosC 

= a2 + 62 - 2ab (2 cos2 ^- 1 j 
=.{a + bf-4abGoa^^ 

then c2 = (a + 6)2 (1 - cos2 (9) = (a + 6)2 sin2 ^ ; 

.-. c=(a+6)sin^; 
.'. log c = log (a + 6) + log sin ^. 

To determine 6 we have the equation 

. 2\Jah C 

cos 6 = ,- cos - ; 

a-\-o 2 

1 C 

.\ logcos^=:log2 + -(loga+log6) -log(a+6)+logcos — . 

Since 2sjah is never greater than a+6 and cos ^ is positive 

and less than unity^ cosd is positive and less than unity, and 
thus 6 is an acute angle. 



EXAMPLES. XVI f. 

1. If a = 8, 6 = 7, c = 9, find the angles ; given log 2, log 3, 

Z tan 24° 5'=9-6502809, diff". for 60"=3390, 
L tan 36" 41' = 9-8721123, dift'. for 60'' = 2637. 

2. The difference between the angles at the base of a tri- 
angle is 24", and the sides opposite these angles are 175 and 337: 
find all the angles ; given log 2, log 3, 

L tan 12" = 9*3274745, L cot 56" 6' 27" = 9-8272293. 



i 
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3^ One of the sides of a right-angled triangle is two-sevenths 
of the hypotenuse : find the greater of the two acute angles ; given 

log 2, log 7, Xsin 14" ll'=9-455921, Zsin 14** 12'=9-456031. 

4. Find the greatest side when two of the angles are TS** 14' 
and 71** 24' and the side joining them is 2183 ; given 

log 2-183 =-3390537, log 4*2274= -6260733, 2)=103, 
L sin 78' 14' = 9*9907766, L sin 30" 22' = 9*7037486. 

5. If 6 = 2 ft. 6 in., c= 2 ft., ^ = 22" 20', find the other angles ; 
and then shew that tibe side a is very approximately 1 foot. 
Given log 2, log 3, 

Z cot 1 1" 10' = 10*70465, L sin 49" 27' 34" = 9*88079, 
Zsin22"20'= 9*57977, Z tan 29" 22' 26" =9*75041. 

6. If a= 1*56234, 6 =43766, C=58" 42' 6", find ^ and 5 ; 
given log 56234=4*75, 

log cot 29" 21' = -250015, log cot 29" 22' = -249715. 

7. If a =9, 6=12, ^=30", find the values of c, having 
given 

log 12=1-07918, Zsin 30" =9*69897, 

log 9= -95424, Zsin 11" 48' 39" =9*31 108, 

log 171 =2*23301, Z sin 41" 48' 39"=9*82391, 

log 368 = 2*66636, Z sin 108" 1 1' 21" = 9*97774. 

8. The sides of a triangle are 9 and 3, and the difference of 
the angles opposite to them is 90" : find the angles ; having given 
log 2, 

Z tan 26** 33' = 9*6986847, Z tan 26" 34' = 9*6990006. 

9. Two sides of a triangle are 1404 and 960 respectively, 
and an angle opposite to one of them is 32" 15' : find the angle 
contained by the two sides; having given log 2, log 3, 

log 13=1-1139434, Zcosec 32" 15'= 10-2727724, 
Z sin 21" 23'=9*5621316, Z sin 61" 18'= 9*8923236. 

10. If 6 : c=ll : 10 and ^ =35" 25', use the formula 
tani(5-(7)=tan2|cot^ to find ^ and C; 

given log 1-1= -041393, Ztanl2" 18' 36"= 9*338891, 

Z cos 24" 37' 12" = 9*958607, Z cot 17" 42' 30" = 10-495800. 

Ztan8" 28' 56*5" =9-1 73582. 
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11. If ^ =50^ 6=1071, a=873, find B; given 

log 1-071 = -029789, log 8-73 = '941014, 

L sin 60° = 9-884254, L sin 70° = 9-972986, 

Z sin 70' 1'= 9-973032. 

12. If a=6, 6=3, (7=36° 52' 12", find c without determining 
AaxidB; given log 2 =-30103, log 3= -47712, 

log 40249 = 4-60476, L sin 18° 26' 6" = 9-5, 

L cot 18° 26' 6" = 10-47712. 

(In the foUomn^ Examples the necessary Logarithms must be 
taken from the Tables.) 

13. Given a=1000, 6=840, c=1258, find B. 

14. Solve the triangle in which a = 525, 6 = 650, c = 777. 

15. Find the least angle when the sides are proportional to 
4, 5, and 6. 

16. If 5=90°, ^a=67-321, ^J5=28-58, find A and O. 

17. Find the hTpotennse of a right-angled triangle in which 
the smallest angle is 18° 37' 29" and the side opposite to it is 

284 feet. 

18. The sides of a triangle are 9 and 7 and the angle between 
them is 60° : find the other angles. 

19. How long must a ladder be so that when inclined to the 
ground at an angle of 72° 15' it may just reach a window 42*37 
feet from the ground ? 

20. If a = 31 -95, 6=21 -96, (7= 35°, find A and B. 

21. Find B, (7, a when 6=25-12, c= 13-83, ^ = 47° 15'. 

22. Find the greatest angle of the triangle whose sides are 
1837-2, 2385-6, 2173-84. 

23. When a=21-352, 6=45*6843, 0=37*2134, find A, B, 
and C. 

24. If 6=647*324, c=850-273, ^ = 103° 12' 54", find the re- 
maining parts. 

25. If 6=23*2783, ^=37° 57', 5=43° 13', find the remaining 
sides. 

26. Find a and 6 when 5=72° 43' 25", 6'=47° 12' 17", 

c= 2484*3. 
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27. If AB^46l7y -4(7=150, ^=31*' 30', find the remaining 
parts. 

28. Find A, By and b when 

a=:324'68, c=421-73, (7=36° 17' 12". 

29. Given a=321-7, c=436-6, -4 =36*' 18' 27", find C, 

30. If 5= 1325, c=1665, ^=52'' 19', solve the obtuse-angled 
triangle to which the data belong. 

3L If a=3795, J5=73** 15' 15", (7=42" 18' 30", find the other 
sides. 

32. Find the angles of the two triangles which have 5=17, 
c=12, and (7=43** 12' 12". 

33. Two sides of a triangle are 2*7402 ft and *7401 ft. 
respectively, and contain an angle 59** 27' 5" : find the base and 
altitude of the triangle. 

34. The difference between the angles at the base of a 
triangle is IT 48' and the sides subtending these angles are 
105-25 ft. and 76*75 ft. : find the angle included by the given 
eddea 

35. From the following data : 

(1) il=43*15', ^5=36-5, 5(7=20, 

(2) ^ = 43M5', ^5=36-5, 5(7=30, 

(3) ^=43M5', -45=36-5, 5(7=45, 

point out which solution is impossible and which ambiguous. 
Find the third side for the triangle the solution of which is 
neither impossible nor ambiguous. 

36. In any triangle prove that c= (a - 6) sec 6, where 

^ . 2\/ab . C 
tan^= — ^-T-sm — . 
a — b 2 

If a= 17-32, 6=13-47, C=4T 13', find c without finding A 
and 5. 

_ I r /y /y 

37. If tan <^=— -7 tan - , prove that c= (a - 6) cos - sec </>. 
If a=27-3, 6=16-8, (r=45* 12', find </),and thence find c. 
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HEIGHTS AND DISTANCES. 

198. Some easy cases of heights and distances depending 
only on the solution of right-angled triangles have been already 
dealt with in Chap. VI. The problems m the present chaptcor 
are of a more general character, and require for their solution 
some geometrical skill as well as a ready use of trigonometrical 
formmsD. 

Measurements in one plane. 

199. To find the height and distance of an inaccessible object 
on a horizontal plane. 

Let A be the position of the 
observer, CP the object; from Pdraw 
PC perpendicular to the horizontal 
plane; then it is required to find 
PC and AC. 

At A observe the angle of eleva- ^.^to^ /^p 

tion PAC, Measure a base line AB ^^ 
in a direct line from A towards the 
object, and at B observe the angle of elevation PBC. 

Let LPAC^a, LPBC^fi, AB^a, 

From lPBC, PC ==PB sin p. 

From aPAB, 

pjf_ AB sin PAB _ asina 

sin^P^ "sin(/3-a)' 
.*. PC= a sin a sin /3 cosec (/3 — a). 

Also A C= PC cot a=:a cos a sin /3 cosec (/3 — a). 

Each of the above expressions is adapted to logarithmic work; 
thus if PC=:v, we have 

log 07 = log a + log sin a + log sin /3 + log cosec ($ - o). 
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Nozi. Unless the wmtxBij is stated, it will be supposed that the 
obserrer's height is disregarded, and that the angles of elevation are 
measured from Hbe groni^ 

Example I. A person walking along a straight road observes 
that at two consecutive milestones the angles of elevation of a hill 
in front of him are dOP and 75°: find the height of the hill. 

In the adjoining figure, 

Z P.4C= 30°, Z PBC= 75°, JB = 1 mile ; 

Z^PB=75°-30°=45°. 

Let X be the height in yards; then 

a:=P5sin75°; 

u»* nn ^BsinP^B 1760 sin 30° 
but PB= 



X=: 



lanAPB sin 46° ' 

1760 sin 30° sin 75° A / mile 




sin 45° 
= 1760x|xV2x>g^ 

=440(V3+1). 

If we take jJ3= 1*732 and reduce to feet, we find that the height 
is 8606*24 ft. 



EXAMPLES. ZVn.a. 

1. From the top of a cliff 200 ft. above the sea-level the 
angles of depression of two boats in the same vertical plane as 
the observer are 45'' and 30** : find their distance apart. 

2. A person observes the elevation of a mountain top to 
be 15*. and after walking a mile directly towards it on level 
ground the elevation is 75° : find the height of the mountain in 
feet. 

3. From a ship at sea the angle subtended by two forts 
A and B is 30^ The ship sails 4 m&es towards A and the anglo 
is then 48* : prove that the distance of B at the second observa- 
tion is 6*472 miles. 

4. From the top of a tower h ft. high the angles of depression 
of two obiects on the horizontal plane and in a line passing 
throuflih tne foot of the tower are 45**-^ and 45*4- -4. Shew 
that uie distanoe between them is 2Atan 2 A, 



r . 
I. 
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5. An observer finds that the angular elevation of a tower 
is^. On advancing a feet towards the tower the elevation is 
45° and on advancing b feet nearer the elevation is 90'— -4 : find 
the height of the tower. 

6. A person observes that two objects A and B bear due N. 
and N. 30" W. respectively. On walking a mile in the direction 
N.W. he finds that the bearings of A and B are N.E. and due E. 
respectively : find the distance between A and B, 

7. A tower stands at the foot of a hill whose inclination to 
the horizon is 9° ; from a point 40 ft. up the hill the tower sub- 
tends an angle of 54° : find its height. 

8. At a point on a level plane a tower subtends an angle a 
and a flagstaff c ft. in length at the top of the tower subtend an 
angle fi : shew that the height of the tower is 

c sin a cosec /3 cos (a + /3). 

Example II. The upper three-fourths of a ship's mast subtends 
at a point on the deck an angle whose tangent is *6 ; find the tangent 
of the angle subtended by the whole mast at the same point. 

Let C be the point of observation, and let APB 
be the mast, AP being the lower fourth of it. 

Let ^B=4a, so that AP=a; 
also let ^(7=6, lACB=e, lBCP=p, 
so that tan^=*6. 

From aPCA, tm{e-fi)=^; 

4a 
from aBCA^ tan^=-Y-; 



« . X /^ «x 4(tan^-tan)8) 

4(tang-|) 4 (5 1^„^_3) 

•■• '^ . K . 5+8tan/ - 

l+-tan^ 

5 

On reduction, tan* 0-5 tan ^+4=0; 

whence tan^ = l or 4. 

Note. The student should observe that in examples of this class 
we make use of right-angled triangles in which the horizontal base 
line forms one side. 







xvil] mkascbsmksts in oxb pulxs. 1S7 

" B g inp Li TTT- A ftower BCD sonnonnted br a nvure DE stands 
on a liorimontal plane. From the extremity J of a horiiontal lin« 
£J, it is foond that BC and Df sabtend equal angles. IfB0=9ft.. 
CD^TSfL, aiidD£=36ft., find B^. 

Let lBAC= lDAE=0, 

iDAB^a^ JB=xft. 

NowBC=9a, BD=81ft.,B£:=117ft. 
^ . ^v B£ 117 

BD 81 

tana=: = — : 

JB x' 



tantf= — =r- . 
^B X 

Bnt tan(a + ^) = 



tan a + tan ^ 
1-tanatan^* 




81 9 

. in x"^ X 90 x« 

•'• X "" 81 9" x' x>^lx9' 

X "■ - • 

X X 

117x2 - 81 X 9 X 117 = 90x» ; 

.-. 27x2=81x9x117; 

/. x2=8lx39; 

But «y39= 6-246 nearly; .*. x= 66-206 nearly. 
Thus ^B=56'2ffe. nearly. 

9. A flagstaff 20 ft. long standing on a wall 10 ft high 
subtends an angle whose tangent is '5 at a point on the ground : 
find the tangent of the angle subtended by the wall at this 
point. 

10. A statue standing on the top of a pillar 25 feet high 
subtends an angle whose tangent is *125 at a point 60 feet from 
the foot of the pillar ; find the height of the statue. 

IL A tower BCD surmounted by a spire D/iJ Htands on a 
horizontal plana From the extremity ^ of a horizontal lino 
BA it is found that BC and DE subtend equal angles. 

If Ba=9ft., aZ>=280fb., and />ii = 35ft., 

|MK>ve that BA = 180 ft. nearly. 
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12. On the bank of a river there is a column 192 ft. high 
supporting a statue 24 ft. high. At a point on the opposite 
bank directly facing the column the statue subtends the same 
angle as a man 6 ft. high standing at the base of the column : 
find the breadth of the river. 

13. A monument ABODE stands on level ground. At a 
point P on the ground the portions AB^ ACy AD subtend angles 
a, /3, y respectively. Supposing that AB^a^ AC^h^ AD=^c, 
AP=x, and a+/3+y=180'', shew that (a+6+c) jc^=ahc. 

Example IV. The altitude of a rock is observed to be 47°; 
after walkmg 1000 ft. towards it up a slope inclined at 32° to the 
horizon the altitude is 77°. Find the vertical height of the rock 
above the first point of observation, given sin 47°= •731. 

Let P be the top of the rock, A and B 
the points of observation; then in the 
figure lPAC=ir, lBAC=S2?, 

IPDG= lPBE=77°, AB = 1000 ft. 

Let X ft. be the height ; then 

x=PA BmPAG=PA sin 47°. 

We have therefore to find PA in terms 
of AB. 

In aPAB, zP.1B = 47°-32°=15°; 

Z.iPB = 77°-47°=30°; 

.-. Z .IBP =135°; 

AB sin ABP 




PA = 



sin APB 
1000 sin 136° 



■" sin 30° 
= 1000^^2; 
.*. x=PA sin 47°= 1000 J2 x -731 
= 731^^2. 
If we take ,^2=1-414, we find that the height is 1034 ft. nearly. 

14. From Ja point on the horizontal plane, the elevation of 
the top of a hill is 45°. After walking 500 yards towards its 
summit up a slope inclined at an angle of 15"* to the horizon the 
elevation is 75° : find the height of the hiU in feet. 
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15. From a station B at the base of a mountain its summit 
A is aeeo at an elevation of 60' ; after walking one mile towards 
the sommit up a plane making an angle of 30' with the horizon 
to another station C, the angle BCA is observed to be 135*" : find 
the height of the mountain in feet. 

16. The elevation of the summit of a hill from a station A 
is a. After walking c feet towards the summit up a slope inclined 
at an angle ^ to the horizon the elevation is y : shew that the 
height of the hill is c sin a sin (y - /3) cosec (y — a) feet 

17. From a point A an observer finds that the elevation 
of Ben Nevis is 60**; he then walks 800 ft. on a level ]>lane 
towards the foot, and then 800 ftu further up a slope of 30** 
and finds the elevation to be 75** : shew that tne height of Ben 
Nevis above A is 4478 ft. approximately. 



2C0. In many of the problems which follow, the solution 
depends upon the knowledge of some geometrical proposition. 

Example L A tower stands on a horizontal plane. From a 
monnd 14 ft above the plane and at a horizontal distance of 48 ft. 
from the tower an observe notices a loophole, and finds that the 
portions of the tower above and below the loophole subtend equal 
angles. If the height of the loophole is 30 ft., find the height of the 
tower. 

Let AB be the tower, C the point of 
observation, L the loophole. Draw CD 
vertical and CE horizontal. Let AB=x. 
We have 

C2)=14, AD=:EC=:^8, BE = x-U. 

From aADC, ^C« = (14)« +(48)3=2600; 

From A CEB, CB^=(x - 14)2+ (43)8 

=a?a- 28a; + 2600. 
Now lBCL=z lACL; 

hence by Euo. vi. 8, j^ = 77 » 

Jx^ - 28a; + 260 J _ x-'60 
60 •" 80 • 

By squaring, 9 («* - 28a? + 2600) =26 (a;« - 60a; + 900). 
On reduction, we obtain IGa;^ - 1248x =0 ; whence a; = 78. 
Thus the tower is 78 ft. high. 
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EXAMPLES. XVn.b. 

1. At one side of a road is a flagstaff 25 ft. high fixed on 
the top of a wall 15 ft. high. On the other side of the road at a 
point on the ground directly opposite the flagstaff and wall sub- 
tend equal angles : find the width of the roaa, 

2. A statue a feet high stands on a column 3a feet high. 
To an observer on a level with the top of the statue, the column 
and statue subtend equal angles : And the distance of the observer 
from the top of the statue. 

3. A flagstaff a feet high placed on the top of a tower b feet 
high subtends the same angle as the tower to an observer h feet 
high standing on the horizontal plane at a distance d feet from 
the foot of the tower : shew that 

Example II. A flagstaff is fixed on the top of a wall standing 
upon a horizontal plane. An observer finds that the angles sub- 
tended at a point on this plane by the wall and the flagstaff are a 
and p. He then walks a distance c directly towards the wall and 
finds that the flagstaff again subtends an angle j9. Find the heights 
of the wall and flagstaff. 

Let ED be the wall, DC the flagstaff, 
A and B the points of observation. 

Then z CAD=p= i GBD, so that the 
four points C^ A^ B, D are concycUo. 

.-. Z ABD = supp*. of I ACE 

=90°+(a+/3), from aCAE. 

Hence in a ADB, 
lADB = 18O°-a'-{90° + {a + p)} 
= 90°-(2a+j8). 

AB^LaABD_ccoa{a-^P) 
sin ADB ~" coTpo+jS) ' 

Hence in a ADE, 

T^j? AT^ ' csinacos(a + /8) 

DE=AD sm a= ,^ ^ ^, ^ - . 

cos(2a+/3) 

And in A CAD, 

^jy _ AD sin CAD ADainfi __ csinjS 
"" ^mACD " cos(a+j8) ~ cos(2a+/3) * 




xtil] 



PROBLEMS DEPENDENT ON GEOMETRY. 



191 



Example ITT. A man walking towards a tower AB on which a 
flagstaff JaC is fixed obseires that when he is at a point E, distant 
eft. from the tower, the flagstaff subtends its greatest angle. If 
lBEC=a, prove that the heights of the tower and flagstaff are 

e tan ( j - h ) '^^ ^ ^'^ ^ ^* respectively. 

Since E is the point in the horizontal 
line AE at which BC subtends a maximom 
ang^ it can easily be proved that AE 
touiohes the circle passing round the tri- 
angle CBE. 

[See Hall and Stevens' Euclid, p. 242.] 

The centre D of this circle lies in the 
vertical line through E. Draw DF per- 
pendicular to BC, &en DF bisects BC and 
also iCDB, 

By Euc. m. 20, 

I CDB =2 1 CEB = 2a; 
.'. lCDF= lBDF=a. 
.-. CB = 2CF=2i)i''tana=2ctana. 

Z AEB= I ECB in alternate segment 




ikgain. 



=^ Z EDjB at centre 



=15-")- 



AB=ciB,nAEB=iC\An 



(M)- 



4. A tower standing on a cliff subtends an angle /3 at each 
of two stations in the same horizontal line passing through the 
base of the cliff and at distances of a feet and h feet from the 
cliff. Prove that the height of the tower is {a-\-h) tan ^ feet. 

5. A column placed on a pedestal 20 feet high subtends an 
angle of 45° at a point on the ground, and it also subtends an 
angle of 45° at a point which is 20 feet nearer the pedestal : find 
the height of the colimm. 

6. A flagstaff on a tower subtends the same angle at each 
of two places A and B on the ground. The elevations of the top 
of the flagstaff as seen from A and B are a and /3 respectivel; 
If AB=a, shew that the length of the flagstaff is 

a sin (a -f /3 - 90**) cosec (a - /3). 
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7. A pillar stands on a pedestal. At a distance of 60 feet 
from the oase of the pedestal the pillar subtends its greatest 
angle 30° : shew that the length of the pillar is 40^/3 feet, and 
that the pedestal also subtends 30° at the point of observation. 

8. A person walking along a canal observes that two objects 
are in the same line which is inclined at an angle a to the canaL 
He walks a distance c further and observes that the object^ 
subtend their greatest angle /3 : shew that their distance apart is 

2c sin a sin ^ / (cos a + cos /3). 

9. A tower with a flagstaff stands on a horizontal plane. 
Shew that the distances from the base at which the flagstaff 
subtends the same angle and that at which it subtends the 
greatest possible angle are in geometrical progression. 

10. The line joining two stations A and B subtends equal 
angles at two other stations C and £> : prove that 

AB sin CBB^ CD sin ADB. 

11. Two straight lines ABC, DEC meet at C If 

L DAE=- L DBE=a, and z EAB=p, i EBC=y, 

shew that ^^^ /i?sin^sin(a+ff) 

sm (y- j8) sm (a+/3+y) 

12. Two objects P and Q subtend an angle of 30° at A, 
Lengths of 20 feet and 10 feet are measured from A at right 
angles to -4P and AQ respectively to points R and 8 at each 
of which PQ subtends angles of 30° : find the length of PQ, 

13. A ship sailing N.E. is in a line with two beacons which 
are 5 miles apart, ana of which one is due N. of the other. In 
3 minutes and also in 21 minutes the beacons are foimd to 
subtend a right angle at the ship. Prove that the ship is sailing 
at the rate of 10 miles an hour, and that the beacons subtend 
their greatest angle at the ship at the end of Z,J1 minutes. 

14. A flagstaff stands on the top of a tower. A man 
walking along a straight road towards the tower observes that 
the angle of elevation of the top of the flagstaff is /3 ; after 
walking a distance a further along the road he notices that the 
flagstaff subtends its maximum angle a ; shew that the height of 
the flagstaff is 

2a sin a sin /S 

cosj3+sin(a-i3)' 



i 
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MeasnrttmflsitB in more than one plane. 

SOI. In Art. 199 the base line AB was measured directly 
tawcardt the object. If this is not possible we may proceed as 
follows. 

From A measure a base line AB 
In any convenient direction in the 
lorizontal plane. At A observe the 
bwo angles FAB and PAC ; and at B 
observe the angle PBA. 

Let LPAB^tL, UPAC^^ 

LPBA=y, 

AB^a^ PC^x, 

Prom A Pile; 

j7=P^sinj3. 

Prom A PAB, 

AB sin PBA 




PA^ 



__ asmy 



sin^P-ff sin (a +7)' 
.'. .a?=asin/3sinycosec(a+y). 

202. To shew how to find the distance between two inaccejisihie 
objects. 

Let P and Q be the objects. 

Take an^ two convenient stations 
A and B m the same horizontal 
plane, and measure the distance 
oetween them. 

At A observe the angles PAQ 
and QAB. Also if AP, AQ, AB are 
not in the same plane, measure the 
angle PAB. 

At B observe the angles ABP 
and ABQ. 

In APAB^ we know lPAB, lPBA, and AB; 

so that AP may be found. 

In A QAB^ we know L QAB, L QBA, and AB ; 

so that A Q may be found. 

In APAQ^ we know AP, AQ, and L PAQ; 

so that PQ may be found. 

H* mL» JE. T. 
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Example 1. The angular elevation of a tower CD at a place A 
due South of it is 80°, and at a place B due West of A the elevatioii 

a 
is 18°. If AB=:a, shew that the height of the tower is /o . o /g * 



W> 




Let CD=x. 

From the right-angled triangle DCA, AG=x cot 30°. 

From the right-angled triangle DOB, BC=x cot 18°. 

But iBAC\^9k right angle, 

/. BG^-AC^=a\ 

:. a?2(cot218°-cot»30°)=a-; 
/. a:2(cosec218°-co8ec-30°) = rt2. 



■■■''h^^^ -¥"'■' 



/. xa(2 + 2V5) = a«, 
which gives the height required. 

Example 2. A hill of inclination 1 in 5 faces South. Shew that 
a road on it which takes a N.E. direction has an inclination 1 in 7. 

Let AB running East and West be the ridge of the hill, and let 
ABFD be a vertical plane through AD. Let C be a point at the foot 
of the hill, and ABC a section made by a vertical plane ronning 
North and South. Draw GG in a N.E. direction in the horizontal 
plane and let it meet BF in G ; draw GH parallel to BA ; then if 
GH is joined it will represent the direction of the road. 



Xyn.] JflABUBBMSNTS IN MORE THAN ONB PLANE. 
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Sinee fha inelinstion of C A in 1 in 5, we may take AB^a, and 
iC=5a, ao that BOS=24a>. 



A H [ 


Z 




a 






Since CBO is a right-angled isosceles triangle, 

CCfl=z2CB*=AQa*. 
Henoe in the right-angled triangle CGH, 

/ .-. CH=7a=7GH. 

Thns the slope of the road is 1 in 7. 



EXAMPLES. XVn.c. 

1. The elevation of a hill at a place P due East of it is 46% 
and at a place Q due South of P the elevation is 30°. If the 
distance from P to Q is 500 yards, find the height of the hill in 
feet. 

2. The elevation of a spire at a point A due West of it 
is 60% and at point B due South of A the elevation is 30**. 
If the spire is 250 feet high, find the distance between A 
and B. 

3. A river flows due North, and a tower stands on its left 
bank. From a point A up-stream and on the same bank as the 
tower the elevation of the tower is 60% and from a point B just 
opposite on the other bank the elevation is 45°. If the tower 
18 360 faet high, find the breadth of the river. 

4L The elevation of a steeple at a place A due S. of it is 45% 
and at a place B due W. of A the elevation is 15°. If AB=2aj 

shew that the height of the steeple is a (3* - 3~«). 

13—2 
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5. A person due S. of a lighthouse observes that his shadow 
cast by the light at the top is 24 feet long. On walking 100 
yards due E. he finds his shadow to be 30 feet long. Supposing 
him to be 6 feet high, find the height of the light £rom the 
ground. 

6. The angles of elevation of a balloon from two stations 
a mile apart and from a point halfway between them are 
observed to be 60", 30**, ana 45** respectively. Prove that the 
height of the balloon is 440 aJ6 yards. 

[If AD is a median of the triangle ABGy 

then 2iiDa+ 251)3= iiB«+iiC».] 

7. At each end of a base of length 2a, the apgular elevation 
of a mountain is ^, and at the middle point of the base the 
elevation is <f>. Prove that the height of the mountain is 

a sin ^ sin ^ Vcosec (^ + S) cosec (^ — S). 

8. Two Vertical poles, whose heights are a and 5, subtend 
the same angle a at a point in the line joining their feet. If 
they subtend angles /3 and y at any point in the horizontal plane 
at which the line joining their feet subtends a right angle, prove 
that 

(a+6)2 cot2 a=a2 cot2 /3 + 62 cot2 y. 

9. From the top of a hill a person finds that the angles 
of depression of three consecutive milestones on a straight level 
road are a, /3, y. Shew that the height of the hill is 

5280^2 / \/cot2"^2 cot2 /3 + cot^^ feet. 

10. Two chimneys AB and CD are of equal height. A person 
standing between them in the line AG joining their bases ob- 
serves Sie elevation of the one nearer to him to be 60**. After 
walking 80 feet in a direction at right angles to -4 C he observes 
their elevations to be 45** and 30** : find their height and distance 
apart. 

11. Two persons who are 500 yards apart observe the bear- 
ing and angular elevation of a balloon at the same instant. One 
finds the elevation 60** and the bearing S.W., the other finds 
the elevation 45** and the bearing W. Find the height of the 

balloon. 

12. The side of a hill faces due S. and is inclined to the 
horizon at an angle a. A straight railway upon it is inclined at 
an angle j3 to the horizon : if the bearing of the railway be x 
degrees E. of N., shew that cos a* = cot o tan /3. 
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EXAMPLES. XVn. cL 

[/m thefoUowing examples tJie logarithms are to he taken from 
tksTables!] 

1. A man in a balloon observes that two churches which he 
blows to be one mile apart subtend an angle of IT 25' 20" when 
he is exactly over the middle point between them : find the 
height of the balloon in miles. 

2. There are three points A, B^ C in & straight line on 
a level piece of ground. A vertical pole erected at C has an 
elevation of S'SC from A and 10** 45' from B. If AB is 
100 yards, find the height of the pole and the distance BC, 

3. The angular altitude of a lighthouse seen frx)m a point on 
the shore is 12° 31' 46", and from a point 500 feet nearer the 
altitude is 26° 33' 55" : find its height above the sea-leveL 

4. From a boat the angles of elevation of the highest and 
lowest points of a flagstaff 30 ft. high on the edge of a cliff arc 
46° 12' and 44° 13': find the height and distance of the cliff. 

6. From the top of a hill the angles of depression of two 
successive milestones on level s;round, and in the same vertical 
plane as the observer, are 5° and 10°. Find the height of the hill 
in feet and the distance of the nearer milestone in miles. 

6. An observer whose eye is 15 feet above the roadway finds 
that the angle of elevation of the top of a telegraph post is 
17° 18* 35", and that the angle of depression of the foot of the 
post is 8° 32' 16": find the height of the post and its distance 
m>m the observer. 

7* Two straight railroads are inclined at an angle of 20° 16'. 
At the same instant two engines start from the point of inter- 
section, one along each line ; one travels at the rate of 20 miles 
an hotir : at what rate must the other travel so that after 3 hours 
the distance between them shall be 30 miles ? 

8. An observer finds that fi^m the doorstep of his house the 
elevation of the top of a spire is 5a, and that from the roof above 
the doorstep it is 4a. If A be the height of the roof above the 
doorstep, prove that the height of the spire above the doorstop 
and the horizontal distance of the spire from the house are 
respectively 

h coseo a cos 4a sin 5a and h cosec a cos 4a cos 5a. 

If A =39 feet^ and 0=7^* 17' 39", calculate the height and ti 
distanca 
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203. To find the area of a triangle. 

Let A denote the area of the triangle 
ABC, Draw AD perpendicular to BC, 

By Euc. I. 41, the area of a triangle 
is half the area of a rectangle on tne 
same base and of the same altitude. 



. • . A = 5 (base x altitude) 

=^BC.AD=^^BC.AB&mB 




^■xca&ixLB, 
Similarly, it may be proved that 

A=-a6sin(7, and A^^^sin^. 

These three expressions for the area are comprised in the 
single statement 



A = - (product of two sides) x {sine of included angle). 
Again, 

-ho / (*-^)(*-c) / sjs-a) 



A=^ he sin ^ =6c sin — cos ~ 
2 2 2^ 



be 

='>/s{s-a)(s-b){s-c), 
which gives the area in terms of the sides. 
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. . ^ 1 , . , 1 . , aeiuB aaiuC 
Again. A=sOcsm J =-8iii J. — ; — r '—• — 7 
^ ' 2 2 sin xl sin a 

o^sin^sinC? 



2sin^ 
__ a^amBsanO 

which gives the area in terms of one side and the functions of 
the adjacent angles. 

NoTK. Many writers nse the symbol S for the area of a triangle, 
bnt to avoid oonfnsion between 8 and s in manuscript work the 
symbol A is prefmble. 

Ejcample 1. The sides of a triangle are 17, 25, 28: find the 
lengths of the perpendicolars from the angles upon the opposite 
aides. 

From the formula A = ^ (base x altitude) , 

it is evident that the three perpendiculars are found by dividing 2A 
by the three sides in turn. 

Now A=J${8-a){8-b)(8-c) = Jd5xl^xl0xl 
=6x7x6=210. 

rnu«-*i. ^ A- 1 420 420 420 420 84 _ 

Thus the perpendiculars are ^, "gs" » 28 ' ^' 17 ' T * 

Example 2. Two angles of a triangular field are 22-5° and 45°, 
and the length of the side opposite to the latter is one furlong: find 
the area. 

Let ^=22i^ B=46^ then 6=220 yds., and C=112i^ 

h^ sin ii sin (7 



From the formula A = 



2sin£ 



2 Sin 46° 

_ 220 X 220 X sin 22^ x cos 22^ 
"" 2x2sin22J°cos22J° 

= 110x110. 

-Bi -^ • xu 110x110 ^, 

E>pre«»d m acres, the area= -^^=^2i. 
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204. To find the radius of the circle circumscribing a tri 
angle. 

Let S be the centre of the circle 
circumscribing the triangle ABG^ 
and B its raoius. 

Bisect L BSC by SD, which will 
also bisect BC at right angles. 

Now by Euc. iii. 20, 

L BSC at centre 

=twice lBAG 
= 2^; 

a 




and 



=^BD^BS^mBSD=R^iaA', 



Thus 



or 



i2= 



a 



a 



2 sin ^ ' 
h c 



=2i2, 



sin A sin B sin C 
a=2i2sin^, 5=2i2smjB, c=2i2siii{7. 



Example. Shew that 2R^ sin ii sin B sin C=: A. 
The first Bide=^ . 2i2 sin ii . 2jR sin B . sin O 

= n^ sin C 
=A. 



205. From the result of the last article we deduce the 
following important theorem : 

If a chord of length 1 snhteifid an angle B at the cvrcumtferena 
of a circle whose radius is R, then 1 = 2R sin 0, 

206. For shortness, the circle circumscribing a triangle maj 
be called the Circum-circle, its centre the Circum-cevUre^ and it 
radius the Circum-radius, 

The circum-radius may be expressed in a form not involvinj 
the angles, for 

„ a ^ abc __ahc 

2 sin -4 ~ 26csin A^ 4a' 
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207. To find tke radius of the circle inscribed in a triangle^ 

Let / be the centre of the circle inscribed in the triangle 
ABC, wad Dj£,F the points of contact; then ID, IE, IF are 
perpendicular to the sides. 

A 




Now A=sum of the areas of the triangles BIG, CIA, AIB 



=«r; 



whence 



A 
r=-. 

8 



208. To express the radius of the inscrihed circle in tenns of 
one side and the functions of the halfaTigles. 

In the figure of the previous article, we know from Euc. iv. 4 
that / is the point of intersection of the lines bisecting the 
angles, so that d ri 

LlBD^^, LlCD^^, 

B C 

,', BD=r cot— , GD=rGoi-. 

2s ju 



.-. rfcot-+cot-j=a; 

. B^-C , B . C 
. rsin — ~ — =asin — sin — ; 

Ji 2t It 



, B . C 

a sin — sin -^ 



cos 



T 

2 
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209» Definition. A cilrcle which touches one side of a 
triangle and the other two sides produced is said to be an 
escribed circle of the triangle. 

Thus the triangle ABC has three escribed circles, one touching 
BCj and AB^ -4 (/produced; a second touching GAy and BC^ BA 
produced ; a third touching AB^ and (74, CB produced. 

We shall assume that the student is familiar with the con- 
struction of the escribed circles. 

[See Hall and Stevens' Euclid^ p. 255.] 

For shortness, we shall call the circle inscribed in a triangle 
the In-circley its centre the In-centre^ and its radius the In- 
radius ; and similarly the escribed circles may be called the 
Ex'circleSy their centres the Ex-cerUreSy and their radii the 
Ex-radii. 

210. To find the radiv^s of an escribed cirde of a triangle. 

Let /i be the centre of the circle 
touching the side BC and the two sides 
AB and AC produced. Let B^, E.y F^ 
be the points of contact ; then the lines 
joining I^ to these points are perpen- 
dicular to the sides. 

Let r^ be the radius ; then 
A=area ABC 
=area ABIyC—oxoa, BI^C 
=area BI^A -I- area CI^A 
- area BI^C 

= 2^i+2^i"2'^^i 
= (5-a)ri; 




ri= 



8-a 



Similarly, if rg, rg be the radii of the escribed circles opposite 
to the angles B and G respectively, 



7*9 = 



8-h' 



^3 = 



s — c 
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211. To Jind the radii of the escribed circles in terms of one 
side and tke functions of the half-angles. 

In the figure of the laat article, /| is the point of intersection 
of the lines bisecting the angles B and C extemallj ; so that 

.-. 5/)i=riCot(90"--)=ritan-, 
CA='-i«>t (90** -|^ = ri tan |; 

.-. ri^tan- + tan-j = a; 

. B+C B C 

.', r, sm — - — =a cos — cos — ; 
'■2 2 2 

B C 
acos ^cos^ 



ri=. 



T 



cos- 



Similarly^ 



, G A A B 

cos — COS — C COS — COS — 

^2= 2 1 ''3= fj . 

COS- cos- 

212. By substituting 

a=2i2sin^, b=2R8isiB, c=2RsiuCy 

in the formulas of Art. 208 and Art. 211, we have 

,j^ . A . B . C 
r=4«sin— sin ^ sin-, 
^ ^ ^ 

ri=4/c sm -^ cos — cos - , 

^^^ A . B C 
r«=s4j« Cos — sm — cos - , 
a 2 2 2 

ro*=4i?cos— cos — sm TT . 
^ 2 2 2 
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Example 1. Shew that — — + -^ — = — . 

a b r^ 



The first side =i f-^ - ^) + ^ f A - -"l 

a\8-a 8 J \8-0 8 J 



A A _ A(2<-a-6 ) 

8(8 -a) «(«-6)'~«(«-a)(«-6) 

Ac Ac{8-c) 



8{8-a){8-b) » (» - a) (« - b) (« - c) 

_ Ac (g - c) __c{8-c) 
~ ^ " A 



^8 

Example 2. If r^^rj + rg + r, prove that the triangle is right- 
angled. 

By transposition, ^i - r = r, + rj ; 

.-. IBsin g-cos-g-oos^-lBsin jsin^sm-^ 

=:4jRoos^ sin^ooB-^ +422 cos ^r cos -5^ si^^; 

A ^ Ji a a o 

, A( B C , B , C\ 
.-.sm 2(^008 2 cos--8in-sm2J 

A( : B C , B , C\ 
=cos- ^^sin- cos-+cos^ sin^j ; 

. A B+C A . B+C 

.'. sin — 008 — ^r— = cos 75- sin — ^ — ; 



A ,A 



.'. sin* -=-=008^ 



whence ^=45°, and A =90°. 



213. Many important relatione connecting a triangle and 
its circles may be established by elementary geometry. 

With the notation of previous articles, since tangents to a 
circle from the same point are equal, 
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weh»Te AF=AE^ BD^BF, CD=GE; 

.-. J^+(JJi)+CD)=halfthe8umofthe8ides; 
.-. AF+a^». 

.: AF^»-a=AE. 
Similarly, BD^BF=»-b, CD=CE=t'a 




AJbo 



=AFimt 



= (.-«) tan ^. 



Similarly, r>"(«-6)taii-^ , r=(i—c)taa~. 

Again, AFi=.AEi, BF^=BDi, GEi=CDi; 

.: SAF^-AF^+AE^=(AB-i-BDi)+{AC+CD{j 
=sum<rf the sides; 

.-. AF^=»=AEi. 
.-. BDi-=BF^=»-c, CDi=CE^=i-b. 

Also fi— jl/'itaDTj— »tan^. 



Similarly, 



^,-.tan^ 



^*tan^. 
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EXAMPLES. XVm.a. 

1. Two sides of a triangle are 300 ft. and 120 ft., and the 
included angle is 150** ; find the area. 

2. Find the area of the triangle whose sides are 171, 204, 
195. 

3. Find the sine of the greatest angle of a triangle whose 
sides are 70, 147, and 119. 

4. If the sides of a triangle are 39, 40, 25, find the lengths 
of the three perpendiculars from the angular points on the 
opposite sides. 

5. One side of a triangle is 30 ft. and the adjacent angles 
are 22^° and 112^**, find the area. 

6. Find the area of a parallelogram two of whose adjacent 
sides are 42 and 32 ft., and include an angle of 30°. 

7. The area of a rhombus is 648 sq. yds. and one of the 
angles is 150° : find the length of each side. 

8. In a triangle if a= 13, 6= 14, c= 15, find r and R, 

9. Find r^, rj, r^ in the case of a triangle whose sides are 
17, 10, 21. 

10. If the area of a triangle is 96, and the radii of the 
escribed circles are 8, 12, 24, find the sides. 

Prove the following formulae : 

11. \/r^i^2^s=A. 12. *(«-a)tan~=A. 

13. rr^ cot •^ = A. 14. ARrs=ahc. 

15. r^r^r^ = rs\ 16. r cot — cot - = r^ . 

17. 7er(sin^+sinjB+sin(7) = A. 

18. r^r.^ + rrg = ah. 19. cos — ^/bc (« - 6) (* — c) = A. 

n 

20. ri-f-r2=ccot rt. 21. {r^~r)(r^-{-r^=^a^. 
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22. Tj oot— sr^cot - =rjCOt — =root -^ cot — cot ~ . 

23. -+-+-=-. 24. rjj+rjTi+rirj^s-. 
*i *i *s * 

25. ri+r,+r3-r=4R. 26. r+rj + rs-r5=4ftcoeC 

27. 6*8m2C+c«8m25=4A. 

2 ^ ' 2 

29. a«-6«=2/2c8in(J-i?). 

^ a*-y BinAsinB ^ 
'*'• 2 BinCA-B)"^ 

31. If the perpendiculars from A, B, Cio the opix«ite aides 
Brepup^y ft respectively, prove that 

(1) — + — + -=-; (2) -4- =- 

Pi Pi Pz r' pi p^ ^3 r^ 

Prove the following identities ; 

32. (ri-r)(r,-r)(r3-r) = 4/?r8. 

34. 4A(cot^+cot5+cotC)=a2+ft2^c2. 

35. ^%^-Z5 + ^— =0. 

n ♦•a ^3 

36. a»62ca (sin 2^ + sin 2i? + sin 2C) = 32 A'. 

37. aco8A+bcosB+cco3C=4RsinA8inB8inO. 

38. acotA+bcotB+ccotC:==2(R+r). 

ABC 

39. (5+c)tan— +(c+a)tan-4■(a+6)tan~ 

= 4R (cos A + cos B-^ 

40. r (sin ^ + sin jB + sin C) = 2i2 sin A sin 7/ hui 6'. 

A B C r 

41. cos* — +cos2-+cos2-==2 + 2^^. 
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Inscribed and circumscribed Polygons. 

214. To ivnd the perimeter and area of a regular 'polygom, of 
II sides iTiscrioed in a circle. 

Let r be the radius of the circle, and 
AB a side of the polygon. 

Join OAy OBy and draw OD bisecting 
lAOB; then AB is bisected at right 
angles in /). 

And L A OB = - (four right angles) 

n ' 
Perimeter of polygon —nAB== 2nAD = 2nOA sin A OD 

= 2nrsin-. 
n 

Area of polygon = n (area of triangle A OB) 

1 « . 27r 
= zrn7^sm — . 

2 n 

215. To find the perimeter and area of a regvlar polygon of 
n sides circumscribed about a given circle. 

Let r be the radius of the circle, and 
ABdi, side of the polygon. Let AB touch 
the circle at 2). Joip OA^ OB, OD ; then 
OD bisects AB at right angles, and also 
bisects lAOB, 

Perimeter of polygon 

=w^5=2w^2>=2wOi)tan^07) 

==2wrtan-. 
n 

Area of polygon = n (area of triangle A OB) 

==nOD.AD 




■nr^tan-. 
n 
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216. There is no need to burden the memory with the 
formulsB of the last two articles, as in any particular instance 
they are very readily obtained. 

Example 1. The side of a regular dodecagon is 2 ft., find the 
radius of the oiroumBoribed circle. 

Let r be the required radius. In the 
adjoining figure we have 

AB=2, iAOB=:^. 

AB=2AD=^ Bin ^; 

.-. 2r8inl6°=2; 
1 _ V2 _ 



r=- 



=s/2(^3 + l). 







Binl5° ;^8-l 
Thus the radius is >/6 4-^/2 feet. 

Example 2. A regular pentagon and a regular decagon have the 
same perimeter, prove that their areas are as 2 to i^/5. 

Let AB be one of the n sides of a regular 
polygon, O the centre of the circumscribed 
drole, OD perpendicular to AB, 

Thenif iljB=a, 

area of polygon ^nAD . OD 

=fiilJD.^JDcot^ 
n 

= -2- cot — . 
4 n 

Denote the perimeter of the pentagon and 
deoagon by lOe. Then each side of the pen- 

tagon is 2c, and its area is 5e' cot p- . 

5 T 

Eaoh side of the deoagon is e, and its area is ^ c^cot j^ . 

, Area of pentagon _ 2 cot 36° 2 cos 36° sin 18° _ 2 cos 36° 
•'• Area of decagon " cot 18° "" sin 36° cos 18° 2co8218° 




2 cos 36° 



1 + cos 36 



^_ 2(V5 + 1) . A ,x/5 + l\ 



_ 2(^5 + 1) _ 2 



k 



H.K.B.3!. 



S 
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217. To jmd tJie area of a circle. 

Let r be the radius of the circle, 
and let a regular polygon of n sides be 
described about it. Then from the ad- 
joining figure, we have 

area of polygon =7i (area of triangle AOB) 

^\0D.nAB 
J* 

= - X perimeter of polygon. 

By increasing the number of sides without limit, tl 
and the perimeter of the polygon may be made to diflFer i 
as we please from the area and the circumference of th< 
Hence 

area of a circle =- x circumference 

=1 X 27rr [Art. 59.] 

218. To find the area of the sector cf a circle. 

Let B be the circular measure of the angle of the 
then by Euc. vi. 33, 

area of sector B 

area of circle 27r ' 

B 1 

.'. area of sector=s- x trr* = ^ ^^' 

2nt 2 



EXAMPLES. XVm.b. 

1% this Exercise take if—-ff-'\ 

1, Find the area of a regular decagon inscribed in 
whose radius is 3 feet ; given sin 36"= '588. 
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2. Tind the perimeter and area of a regular quindecagon 
iescribed about a circle whose diameter is 3 yards ; given 

tan 12" =-213. 

3. Shew that the areas of the inscribed and circumscribed 
nrcles of a regular hexagon are in the ratio of 3 to 4. 

4. Find the area of a circle inscribed in a regular pentagon 
B^hoee area is 250 sq. ft.; given cot 36" = 1*376. 

5. Find the perimeter of a r^ular octagon inscribed in a 
circle whose area is 1386 sq. inches ; given sin 22" 30*= '382. 

6. Find the perimeter of a regular pentagon described about 
% circle whose area is 616 sq. ft.; given tan 36" = *727. 

7. Find the diameter of the circle circumscribing a regular 
quindecagon, whose inscribed circle has an area of 2464 sq. ft. ; 
given sec 12" =1-022. 

8. Find the area of a regular dodecagon in a circle about a 
regular pentagon 50 sq. ft. in area ; given cosec 72"= 1*0515. 

9. A regular pentagon and a regular decagon have the same 
area, prove that the ratio of their perimeters is 4^5 : ^2. 

10. Two r^ular polygons of n sides and 2n sides have tho 
same perimeter ; shew that the ratio of their areas is 

cos - : 1 + cos - . 
n n 

11. If 2a be the side of a regular polygon of n widos, II 
and r the radii of the circumscribed and inscribed circles, prove 
that 

12. Prove that the square of the side of a regular pentagon 
inscribed in a circle is equal to the sum of the squares of the 
sides of a r^ular hexagon and decagon inscribed in 'the same 
circle. 

13. With reference to a given circle, A^^ and B^ are the aieas 
of the inscribed and circumscribed regular polygons of n sidoH, 
-4 3 and B^ are corresponding quantities for regular polygons of 
2n sides : prove that 

(1) A^ is a geometric mean between A^ and B^ ; 

(2) jBj is a harmonic mean between ^2 *"<^ -'^i' 

14 
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The Ex-central Triangle. 

*219, Let ABC be a triangle, /i, /g, I^ its ex-centre< 
IJJz is called the Ex-central triangle of ABC. 




Let I be the in-centre; then from the construction for 
the positions of the in-centre and ex-centres, it follows tl: 

(i) The points /, 7^ lie on the line bisecting the angl 
the points /, I^ lie on the line bisecting the angle AL 
points 7, 73 lie on the line bisecting the angle ACB. 

(ii) The points I^^ I^ lie on the line bisecting th 
BA C externally ; the points 73, 7^ lie on the line bisect 
angle ABC externally ; the points 7|, 72 lie on the line b 
the angle A CB externally. 

(iii^ The line ^7, is perpendicular to 727. ; the lin< 
perpendicular to IJ^ \ the Ime CI^ is perpendicmar to 7i72. 
the triangle ABC is the Pedal triangle of its ex-central 1 
^1 Vs- [See Art. 223.] 

(iv) The angles IBI^ and ICI^ are right angles ; he 
points J5, 7, (7, 7, are concyclic. Similarly, the points (7, . 
and the points -4, 7, J5, 73 are concyclic. 

(v) The lines AI^^ BI^, CI^ meet at the in-centre 2 
is therefore the Ortkocentre of the ex-central triangle 7^72^ 

(vi) Each of the four points 7, 7,, 72, 73 is the ortii 
of the triangle formed by joining the otner three points. 
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*220. To find the ndes and angles of the ex-central triangle. 
With the figure of the last artdcle, 

I BIfi= I BlJ-k- L CI^I 

= / BCI^ I CBI^ [Eua ni. 21] 

""2 + 2"^ 2" 
Thus the angles are 

90'-i, 90»-|, 90°-^. 

Again, the points By I^y I^, C are concyclic; 

.•. Z /i/j/j—supplement of Z 1^0=^ i I^BC ; 
.'. the triangles IilJ^zi ^iBCsae similar ; 

A 



"■•i(?"7;e'""^(^°"2)" 



cosoc , 

2S 



A A 

.'. /2/3=acosec-^ = 4^cos-5-. 

Thus the sides are 

4i2cos— , 4/2cos — , 4i?cos — . 

^ JU M 

*7!Xl, To fimd the area and circum-radms of the ex-central 
triangle. 

The area =5 ({aroduot of two sides) x (sine of included angle) 
=5 X 4^ cos — X 4/2 cos — X sin f 90° - »-j 



QW 4 ^ C 

= 8^0019 — COB -^ COS — . 
S 2 Z 



AJ? ^ 

4/CCOSrr 



Tfaeciroam-radius« . . Vr r = > j. =2/?. 

^<^Vi!^ 2 sin (go- -:J.) 
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*222, To fi/ivd the distances between the in-centre atid ex-centres. 
With the figure of Art. 219, 

the z s IBl^j ICIi are right angles ; 
.•,7/1 is the diameter of the circum-circle of the triangle BCIi; 

BC a 

•'• ^"fAnBLC A 

cos- 

=4^sin-^. 



Thus the distances are 



A B 

4R sin — , 4/2 sin — , 



4i2sin 



6' 
2* 



The Pedal Triangle. 



*223. Let (y,^, A" be the feet of 
the perpendiculars from the an- 
gular points on the opposite sides 
of the triangle ABC ; then QHK 
is called the Pedal triangle of 
ABC. 

The three perpendiculars AGy 
BHy CK meet in a point which 
is called the Orthocentre of the 
triangle ABC, 




tricMj^B, 



In the figure of the last article, the points JT, 0,Q,Bbx9 
concyclic ; 

.-. LOQK=i.OBK^%(f-A. 

Also the points JST, 0, (7, C are concyclic ; 

.-. lOGH=lOCH=90''''A; 

.-. lKGE==180''-2A. 

Thus the angles of the pedal triangle are 

180' -2^ 180° -2j5, 180" -2a . j 
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Again, the trian^es AKH^ ABC are similar ; 

HK_AK_ 
''' BCAC"^^ * 
.'. HK—aco&A. 

Thus the sides of the pedal triangle are 

acos^, &OOSJ?, ccosC 
In terms of B^ the equivalent forms become 
^sin2^, ^siu2^, ^sm2a 

If the angle ACB of the given triangle is obtuse, the ex- 
pressions 180''-2C7 and {;cos C/ are both negative, and the values 
we have obtained require some modification. We leave the 
student to shew that in this case the angles are 2J, 2jS, 26'- 180**, 
and the sides a cos^, h coaB, — c cos C. 

*225, To fimd ihs area and cirisurnrradvua of tlie pedal tri- 
angle. 

The area=^ (product of two sides) x (sine of included angle) 
=i^sin2i?.iJsin2C.sin(180 -2^) 
-i -«« sin 2il sin 2B sin 2(7. 



-« . ,. HK ^sin2^ R 

The drcum-radms = , 



\ - ^^ .-w , 2 ^^ ^^^ 2 gin (180° - 2^) 2 " 

^ ; Kon. The eiroam-oircle of the pedal triangle is the nine points 

oirole of the triangle ABC. Thus the radius of the nine points circle 

, f of the triangle ABC is - . [See Hall and Stevens* Euclid, p. 281.1 
? aiffl is 

*238. In Art. 224, we have proved that OOy OH^ OK bisect 
the angles MQKy KHO, 6'/rZc respectively, so that is the 
in-centre of the triangle OHK, Thus the orthocentre of a tri- 
angle is the in-oentre of the pedal triangle. 

Again, the line COB which is at right angles to OG bisocts 
i^HOK externally. Similarlv the lines A IW H,nd BKA bisect 
UKHO and lOKH externally, so that ABC is tlie ex-central 
truuBgle of its pedal triangle OHK. 
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*227. la Art. 319, we have 
aiute of its ez-central triaagle 
IiiiTi- CerttuD theorems depend- 
ing on thiH connection are more 
evident from the adjoining figure, 
in which the ftict that ABC is the 
pedal trifuigle of /^/g/j is brought 
more prominently into view. For 
instance, the circum-circle of the 
triangle ABC is the nine points 
circle of the triangle /n/j^, and 
parses through the middle points 
of //„ //„ i/, and of //j, /j/,, 




and / the in-centre. Produce AI 
to meet the circum-circle in ff; 
join CH And CI. 


AC. Produce ffS to meet 
circumferenoe in Z, and join 
Then 

i.iriO= LIAC+ Lie A 

= 2 + 2 = 


to 
the 
CL. 




i.nCI=LlCB+i.BCH 




=^+lBAII 






lhci= i.mC] 



AI''I£!(xmc- = 
.-. AI.IH= 
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Produoe SI to meet the circumfereuce in Jf aiid X 

£7 Eua in. 35^ 

AI. IH^Jfl. Ly={R+SI) (K - SI) ; 

.-. 2Rr^B^-SP; 
that is, SP^B^-^Rr, 

'*229. To find the distance of an ex-centre from the circttm- 
centre. 

Let S be the circum-ceutre, and 
/ the in-centre ; then AI produced 
passes through the ez-centre 7^. 

Let AL meet the circum-circle in 
H; join Cly BI, CH, BH, CI^ BI^. 
Draw I^Ei perpendicular to Atf, 

Produce MS to meet the circum- 
ference in Ly and join CL. 

The angles IBI^ and ICIi are 
right angles ; hence the circle on IL 
as diameter passes through B and (f. 

The chords BE and CH of the 
circimi-circle subtend equal angles 
at Aj and are therefore equal. 

But from the last article, HO— HI; 
.-. HB=:HC=m; 

hence JST is the centre of the circle round IBI^C. 

.-. ffIi=^HC=2Rain4. 




Now 



iS/i*-i2*= square of tangent from ij 
-^I^E.I^A 

=2i2 sin — . fj cosec — 

=2Rr^, 
.-. SIj^=R^+2Rri, 
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*230. To find the distance of the orthocentre from the circum- 
centre. 

With the usual notation, we have 
SO^==SA^+A0^- 2SA ,A0 cos SAO. 

Now AS==R ; 

^O=il-£rcosec C 
=ccosAcoseGC 
=^2R sin C coa A ooaec C 
=:2ItcoaA; 
lSAO=lSAC-lOAC 

=(90'-jB)-(90°-C7) 
= C-B. 
.-. ^6>2=i22+4ff2cosM-4ft2cosilcos(a-J5) 

=i22 _ 4/22 cos ^ {cos (jB4- C) +COS ((7- B)} 
^^B^-SB^cosAcosBgo&C, 

The student may apply a similar method to establish the 
results of the last two abides. 




""EXAMPLES. ZVm.c. 

1. Shew that the distance of the in-centre from A is 

4Jc sm -^ sm -^ . 

2. Shew that the distances of the ex-centre I^ from the 
angular points A^ B, C are 

^- B C ^j, . A .J, . A B 
4ftcos — cos-^, 4/csm — cos— , 4jSsm^cos-^. 

3. Prove that the area of the ex-central triangle is equal to 

, V 1 A B C 

(1) 2R8\ (2) - Acosec-^coseo — coseCg. 

4. Shew that 

r . //j . II^,II^=4R.IA . IB.ia 

5. Shew that the perimeter and in-radius of the pedal 
triangle are respectively 

4It sin A sin B sin C and 2R cos A cos B cos C, 
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6. If g^ hy k denote the sides of the pedal triangle, prove 
that 

?• Prove that the ex-radii of the pedal triangle are 
2^ COB ^ sin ^ sin (7, 272 sin ^ cos j5 sin C, 272 sin ^ sin ^ cos C'. 

8. Prove that any formula which connects the sides and 
angles of a triangle holds if we replace 

(1) a, 6, <j by a cos Ay h cos J5, c cos (7, 
BXidiAyByC by 180' -2il, 180* -2J5, 180° -26^ 

(2) a, OyC by a cosec -- , o cosec — , c cosec -a , 

and ^ AC' by 90'-|, 90'*-|, 90-- J. 

9. Prove that the radius of the circum-circle is never less 
than the diameter of the in-circle. 

10. If jS=27', shew that the triangle is equilateral. 

11. Prove that 

12. Prove that 

(1) a.AP+h.BP+c,CP=ahc', 

(2) a.AI^'-h.BI^^-c.CI^^ahc, 

13. If OHK be the pedal triangle, and the orthocentre, 
prove that 

^^^ AQ^BH^CK ^' 

C2) OG . OH OK 

^ ^ OG+a cotA^ OH+b cot B ^ OK+c cot C 

14. If GHK be the pedal triangle, shew that the sum of 
the circum-radii of the triangles AHKy BKGy CGH is equal t- 
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15. If AtBiCi is the ex-central triangle of ABC, and A^^C^ 
the ex-central triangle of AiBJO^, and A^BJJp the*Gx-centraL tri- 
angle of A^BmC^, and so on : find the angles of the triangle AJB^C^, 
and prove that when n is indefinitely increased the triangle 
becomes equilateral. 

16. Prove that 

(1) 0>Sf2=9i22-a8-fta-c2; 

(2) 0P=2r^ -AB^ COB A coaB COS C; 

(3) OIi^ = 2ri2 - 4ff2 cos ^ cos B cos C. 

17. If/, ffy h denote the distances of the circum-oentre of 
the pedal triangle from the angular points of the original triangle, 
shew that 

4 (/2-f-^2+ A2)= llJfP-^8iB» cos il cos J5oos (7. 



Quadrilaterals. 

^^231. To prove that the area of a qv^adrilateral is equal to 
- {product of the diagonals) x {sine of inclvded angle). 



Let the diagonals ^(7, BD inter- 
sect at P, and let lDPA^o, and 
let S denote the area of the quadri- 
lateral. 

AI)AC=AAPB+ACPD 

=lDP.APaina 
J* 

-*.ii)P.PCsin(ir-a) 
=\DP(AP^PC)^ma 




=^i)P.il(7sina. 
J* 



Similarly 



LABC^^BP . AC^Wia. 



.-. 8^^{J)P-\'BP)ACmsLa 



=^^DB.AG»ma, 



XVm.] QUADRHiATKRALBL SSI 

*232L To fiitd tke area of a quadrilai^ral in terms of the Mt* 
and the mm of two opponte angles. 

Let ABCD be the quadrilateral, and let a, 6, r, c^ be the 
lengths of its sides, S its area. 

By equating the two values of BD^ found from the triangles 
BAD^ BCDy we have 

a*+cP-2arfooe^=6*+c^-26coo8C; 

.-. a*+cP-6*-c*=2arfoo8^-26ccos<7 (1). 

Also iS=sum of areas of triangles BADy BCD 

*=^ CK^ sin ^ +- ^ sin (7 ; 
2 z 

.-. 45'=2a<isin^+26c8in(7 (2). 

Square (2) and add to the square of (1) ; 
.-. 16/S*+(a«+cP-62-c»)«=4aW+46«c»-8a«Kjrfco8(^ + C). 

Let ^ + 0^=20; then 

cos(i4 + (7)=cos2a=2 cos*o- 1 ; 
/. 16^=4(arf+6c)«-(a«+d«-6*-c*)*-16a6crfoos«a. 

But the first two terms on the right 
«(2arf+26c+a«+cP-6»-c*)(2arf+26c-a«-cP+6»+c«) 
-{(a+rf)«-(6-c)«}{(6+c)«-(a-<W 

=(a+c£+6-c)(a+c?-6+c)(6+c+a-c?)(6+c-a+fl0 
« (2cr - 2<j) (2«r - 26) (2<r - 2cO (2«r - 2a), 

where a+6+c+c?=»2<r, 

« 16 (cr- a) (o— 6) (o- - c) (o- - rf). 

Thus /S*aB(flr-a)(o'-6)(<r-c)(o'-fl?)"'^^^cos*o, 
where 2<r denotes the simi of the sides, 2a the sum of either pair 
of opposite angles. 

''^233. In the case of a cyclic quadrilateral^ il + C=180% so 
that a^iOO*" ; hence 

8= \/{<r-a) {fr-h) {<r-c) {<r-d). 
This formula may be obtained directly as in the la»t artio 



t. . 
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by making use of the condition A 4- C— 180** during the course of 
the work. In this case cos C= - cos A, and sin C=sin -4, so that 
the expressions (1) and (2) become 

a^+(P-'h^-'(^=2{ad+bc)coaA, 

and 4S=2{ad+bc)smA; 

whence by eliminating A we obtain 

*234. To Jind the duzgonaU and the circum-radiiis of a cyclic 
qttadrUatercd, 

If ABGD is a cyclic quadrilateral, we have just proved that 

2 (ac?+6c)cos ul=a2+cP- 62-c2. 

Now BI)^=a^+d^-2adGosA 

_ hc{a^^6^)+adQ^+<^) 
*~ ad+hc 

_{ab'\-cd ) {ac+hd) 
"" ad-\-bc 

Similarly, we may prove that 

jiC^= {ad+bc)^acj^ ^ 
ab + cd 



and 



Thus AC , BD^ac-^-hd, [Compare Eua vi. D.] 

AC ad+bc 



BD ab+cd' 



The circle passing round the quadrilateral circumscribes the 
triangle ABD ; hence 

the circum-radius=^r— . — r 

2sm^ 

__ (a d+bc) BD _ (ad+bc) BD 
" 2 (ad+bc) sin ^ "" 4^ 

=-rai^ (ab+cd) (ac+bd) (ad+bc). 
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Example, A quadrilateral ABCD is such that one oirole can be 
inaoribed in it and another circle circumscribed about it ; shew that 
. ,-4 be 

If a circle can be inscribed in a quadrilateral, the sum of one 
pair of the opposite sides is equal to that of the other pair; 

.'. a+c=b + d. 

Since the quadrilateral is cyclic, 

COS^= — jr-T— ; — r-T— ' [Art. 233.] 

But a - d=6 - c, SO that a'- 2ad+<P=62 - 26c+c2 ; 

.-. a3 + <r»-6*-c2=2(od~6c); 
ad^be 



.*. C08^ = 



ad-\-bc ' 



^ „A 1-C08-4 6c 

.*. tan^ -- = :j 7= —5 . 

2 1+cos^ ad 



♦EXAMPLES. XVm.d. 

1. If a circle can be inscribed in a quadrilateral, shew that 
its radius is S/<r where S is the area and 2(r the sum of the sides 
of the quadrilateral 

2. If the sides of a cyclic quadrilateral be 3, 3, 4, 4, shew 
that a circle can be inscribed in it, and find the radii of the 
inscribed and circumscribed circles. 

3. If the sides of a cyclic quadrilateral be 1, 2, 4, 3, shew 
that the cosine of the angle between the two greatest sides is = , 
and that the radius of the inscribed circle is "OS nearly. 

4. The sides of a cyclic quadrilateral are 60, 25, 52, 39 : 
shew that two of the angles are right angles^ and find the 
diagonals and the area. 

5. The sides of a quadrilateral are 4, 5, 8, 9, and one diagonal 
10 9 : find the area. 

6. If a circle can be inscribed in a cyclic quadrilateral, whew 

that the area of the quadrilateral is sfabcdy and that the radius 
of the circle is 

2 ts/ahcdjia^-h-k-c+d). 
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7. If the sides of a quadrilateral are given, shew that the 
area is a maximum when the quadrilateral can he inscribed in a 
circle. 

8. If the sides of a quadrilateral are 23, 29, 37, 41 inches, 
prove that the maximum area is 7 sq. ft. 

9. If A BCD is a cyclic quadrilateral, prove that 

^^^ 2~(cr-c)(o-eQ- 

10. If /, ff denote the diagonals of a quadrilateral and jS the 
angle between them, prove that 

2/5rcos/3=(a2 + c2) ^ (62+c?2). 

11. If fi is the angle between the diagonals of any quadri- 
lateral, prove that the area is 

\ {(aHc2) - (b^+d^)} tan /3. 

12. Prove that the area of a quadrilateral in which a circle 
can be inscribed is 

slahcd sin — 5— . 

13. If a circle can be inscribed in a quadrilateral whose 
diagonals are /and ^, prove that 

4^=/2^2-(ac-5c02. 

14. If /3 is the angle between the diagonals of a cyclic 
quadrilateral, prove that 

(1) (oc + 6c£) sin /3=(ac?+ 60) sin ii; 

(2) cos/3=(^t^(^; 

CW fAn2 ^ - ( q--&)(a'-<^ (cr--a)(o-c) 
(^) ^ 2-(cr-a)(cr-c) ^' (,r - 6) (cr - c^) * 

15. If/, g are the diagonals of a quadrilateral, shew that 

S^^ V4/V^-(a2+c2-62.^)2. 

16. In a cyclic quadrilateral, prove that the product of the 
s^ments of a aiagonal is 

abed {ac + hd)l{ah -f- cd) {ad + 6c). 
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235. The following exercise consists of miscellaneous ques- 
tions involving the properties of triangles. 



EXAM?T,T«. ZVnLe. 

L If the sides of a triangle are 242, 1212, 1450 yards, shew 
that the area is 6 acres. 

2. One of the sides of a triangle is 200 yards and the ad- 
jacent angles are 22-5*" and 67*5'" : Sad the area. 

3. If ri=Sr2=Sr3, shew that 3a=:46. 

4. If a, 6, c are in a. p., shew that r^, r^y r, are in H. p. 

5. Find the area of a triangle whose sides are 

a If sin^ : sinC=sin(^-J?) : sin(J5-C), 
shew that a\ 6*, c^ are in a. p. 

Prove that 

_ asinil+&sin J?+C8in C a^-{-h^+<? 

^' "- — 3 — 3 — z? 2r— 

4 cos — cos — cos - 

^ i2 i2 

^ V50 + iSj? + S^j«"^2^^^2«"^2=^ 

10. tan-+tan^+tan^ = - ^ ' ^ . . 

11. 6ccot — +ca cot — + a6 cot- =4i2»*(- + TH ). 

2 2 2 \aoc8j 



\»* *•! ^2 V »• Vl ''2 W 



13. The perimeter of a right-angled triangle is 70, and the 
in-radius is 6 : find the sides. 

14. If /, g, A are the perpendiculars from the circvim-centre 
on the sides, prove that 

a b c aba 



f g h ^fgh' 
H.K.B.T. 15 
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15. An equilateral triangle and a regular hexagon have the 
same perimeter : shew that the areas of their inscribed ciidea 
are as 4 to 9. 

"^IG. Shew that the perimeter of the pedal triangle is equal to 

^17. Shew that the area of the ex-central triangle is equal to 

a6c(a+6+c)/4A. 

18. In the ambiguous case, if ^, a, 6 are the given parts, 
and c^, ^2 the two values of the third side, shew that the distance 

between the circum-centres of the two triangles is ^^-^— ? . 

^ 2 sm ^ 

*19. If /3 be the angle between the diagonals of a cyclic 
quadrilateral, shew that 

*20. Shew that 

^1. Shew that the sum of the squares of the sides of the 
ex-central triangle is equal to 8/2 (4Z2-|-r). 

^2, If circles can be inscribed in and circumscribed about a i 
quadrilateral, and if /3 be the angle between the diagonals, shew 
that 

cos /3 = (cwj *. bd)/{ac + bd), 

23. If ^, m, n are the lengths of the medians of a triangle, 
prove that 

(1) 4(^-i-m«-i-n2)=3(a«-»-62+c«); 

(2) (62-c2)?2-h(c8-a2)mH(a«-68)wa=0; 

(3) 16 (?*-hmHw*)=9(aH&*+c*). 

24. Shew that the radii of the escribed circles are the loots 
of the equation 

25. If Ai, A2, A3 be the areas of the triangles cut off by i 
tangents to tne in-circle parallel to the sides of a triangle, prove I 
that 

Ai Ag Ag A 



(s-af~'{8-b)^'~{8-of~9^' i 



; 
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*M, The trian^e LMX is formed by joiiiiug the points of 
contact of the in-circle ; shew that it is similar to the ex-central 
trianglei and that their areas are as r* to 4^2*. 

27. In the triangle FQR formed by drawing tangents at 
AfByCto the drcum-drcle, prove that the angles and sides are 

lQ0r-2A, 180' -2j5, 180' -2C; 
a b c 



and 



Scosi^GOsC 2cosC7cos^' 2cos^cosJ?' 



28. Jfpf q^rhe the lengths of the bisectors of the angles of 
a triangle, prove that 

,,.1 A I Bl C 1 , 1 1 
(1) - COB « + - COS -zr + - cos -x = - + r + - ; 
P 2 gr 2 r 2 a be* 

. pqr abc{a+b+c) 
^ ' 4A "(6+c)(c+a)(a+6)' 

29. If the perpendiculars A O, BH, CK are produced to meet 
the drcum-drcle in Z, My N^ prove that 

(1) areaof triangle Zi/!iV^=8A cos ^ cos ^ cos (7; 

(2) AL^mA-{- BM^m B + CiVsin C= SR sin A sin B sin C. 

30. If r«, r^, Te be the radii of the circles inscribed between 
the in-cirde and the sides containing the angles A, B, C respec- 
tively, shew that 

_ J 

(1) r» = rtan«— ^- ; (2) *Jri^c+'Jr^a-\''J^arb=r. 

*21n Lines drawn through the angular points of a triangle 
ABC parallel to the sides of the jmal triangle form a tri- 
angle XTZi shew that the perimeter and area of XTZ are 
re^>ectively 

2iZtan^tan^tan(7 and iZ^ tan ^ tan J? tan (7. 

*32. A straight line cuts three concentric circles m A^ B^ C 
and passes at a distance p from their centre : shew that the area 
of the triangle formed by the tangents at A, B, Cia 

BC. CA . AB 
i 16—2 
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MISCELLANEOUS EXAMPLES. F. 

1. If a+/3+y+8=180% shew that 

cos a cos /3+cos y COS d=sin a sin /3+sin y sin d. 

2. Prove that 

cos (15** - -4) sec 15** - sin (15° - A) cosec 15° =4 sin A. 

3. Shew that in a triangle 

cot A-\-BimA cosec B cosec C 

retains the same value if any two of the angles A^ By are 
interchanged. 

4. If a = 2, 6 = V8, -4 = 30°, solve the triangle. 

5. Shew that 

(1) cot 18° =V5 cot 36°; 

(2) 16 sin 36° sin 72° sin 108° sin 144° = 5. 

6. Find the number of ciphers before the first significant 
digit in (•0396)«>, given 

log 2 = -30103, log 3 = -47712, log 1 1 = 1 -04139. 

7. An observer finds that the angle subtended by the line 
joining two points A and B on the horizontal plane is 30**. On 
walking 50 yards directly towards A the angle increases to 75° : 
find his distance from B at each observation. 

8. Prove that cos* o+cos* /3+cos* y+cos* (o+/3+y) 

=2 + 2 cos O+y) cos(y+o)cOfl(a+/3). 

9. Shew that 

(1) tan 40° -i-cot 40° = 2 sec 10° ; 

(2) tan 70° + tan 20° = 2 cosec 40°. 

10. Prove that 

(1) 2 sin 4a -sin 10a + sin 2a =16 sin a cos a cos 2a sin* 3a; 



M 



,^v . 2»r . 4»r . 6»r . . ir . Ztt . Srr 
(2) sm -y-f sm -^ — sm -^=4 sm •= sm -^^ sm -=- . 
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11. lfB^20% 6=3^2-^6, c=6-2V3, solve the triangle. 

12. From a ship which is sailing N.E., the bearing of a rock 
is N.K.W. After the ship has saued 10 miles the rock bears 
due W. : find the distance of the ship from the rock at each 
observation. 



13. Shew that in any triangle 

6«_c* c^-a^ a*-6« 



-0. 



ooaB+coaC cobC+cosA cos^+cos^ 

14. If cos(^— a), cos^, cos(^+a) are in harmonical pro- 
gression, shew that 

cos ^Bs ^2 cos-. 

15. If sin fi be the geometric mean between siu a and cos a, 
prove that cos 20=2 cos^ (j + ° ) * 

16. Shew that the distances of the orthocentre from the sides 
are 2RcoaBG0BCf 2RcoaCcoaA, 2/2 cos ^ cos i?. 

nn T^ ^ cost* — 6 

17. If cosd= 



\ — e cos u ' 



AU A * ^ /l+«x ^ 

prove that tan ^ = w - — tan g- . 

18. If the sides of a right-angled triangle are 

2(H-sind)H-cos^ and 2(l+cosd) + sin^, 

prove that the hypotenuse is 

3 + 2(co8^+sin^). 

*19. Prove that the distances of the in-centre of the ex- 
central triangle IxIJz from its ex-centres are 

o/i sm — :; — , oil sm — -. — , o/t am —. — . 
4 4 4 

*20. Prove that the distances between the ex-centres of ^ 
ex-oentral triangle /^/g/s are 

8/2cos^, 8i2cofl^^, 8/ecos^. 
4 4 4 



230 ELEMENTARY TRIGONOMETRY. 

21. If 

(H-cosa)(l+cos/3)(l+cosy)=(l~cosa)(l-cos/3) (1 -cosy 

shew that each expression is equal to +sin a sin /3 sin y. 

22. If the sum of four angles is 180°, shew that the sum 
the products of their sines taken two together is equal to t 
sum of the products of their cosines taken two together. 

*23, In a triangle, shew that 

(1) //i.7/2.//3=16722r; (2) II^+I^l^^^l^B^. 

24. Find the angles of a triangle whose sides are proportioi 



to 



/IN ^ J? C 

(1) cos 5-, cos^, cos-; 



(2) sin2il, sin2J?, sin26'. 

25. Prove that the expression 
sina (fi + „) ^sin2 (^+/3) - 2 cos (o - ^) sin (^+o) sin {B^ff) 
is independent of B. 

^^. If a, hy c, d are the sides of a quadrilateral describ 
about a circle, prove that 

ad sin* -^ = ftc sin* ^ . 

27. Tangents parallel to the three sides are drawn to t 
in-circle. If p^q^rhQ the lengths of the parts of the tangei 

'DOT 

within the triangle, prove that -tl + i 4—= i, 

[The Tables will he required for Examples 28 and 29.] 

28. From the top of a clifif 1566 ft. in height a train, which 
travelling at a uniform speed in a straight line to a turn 
immediately below the observer, is seen to pass two consecuti 
stations at an interval of 3 minutes. The angles of depression 
the two stations are 13" 14' 12" and 56° 24' 36" respectively ; b 
fast is the train travelling ? 

29. A harbour lies in a direction 46° 8' 8-6" South of W< 
from a fort, and at a distance of 27*23 miles from it. A si 

out from the harbour at noon and sails due East at 10 mi 
hour ; when will the ship be 20 miles from the fort ? 
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236. Thb eqxiatiaii aintf=:^ is satisfied by ^<^ ., nn^l by 

^=v— X, and all ans^es ootorminal with these will Imvo tho 

same sine. This example shews that th«:>o aro aii intliuU^ 
nnmher of angles whose sine is equal to a givou quaiitity. 
Similar remaiks apply to the other functions. 

We proceed to shew how to express by a singlo formula all 
angles which have a given sine, cosine, or taugDut. 

237. From the results proved in Chap. TX., it is i^aMtly tw^\\\ 
that in going once through the four qutuinuitH, thon^ aixt two 
and only two positions of the boundary lino which givo niigUvi 
with the same sine, cosine, or tangent. 

Thus if sin a has a given value, 
the positions of the radius vector 
are OF and OP* bounding the angles 
a and IT -a. [Art. 92.] 



If cos a has a given value, the 
pOBitionB of the radius vector are 
OP and 01" bounding the angles 
aandSfT-o. [Art 105.] 



If tan a has a given value, tlio 
positions of the nuiius vector are 
OP and OP' bounding the angles 
a and w+cu [Art. 97.] 
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238. To find a formula for all the angles which have a given 
sine. 

Let a be the smallest positive 
angle which has a given sine. 
Draw OP and OF bounding the 
angles a and n- - a ; then the re- 
quired angles are those coterminal 
with OP and OF. 

The positive angles are 

2jt?ir+a and 2p7r + (»r-o), 

where p is zero, or any positive int^er. 

The negative angles are 

-(ir+o) and -(2«--o), 

and those which may be obtained from them by the addition 
of any negative multiple of 29r ; that is, angles denoted by 

22^-(ir+o) and 2g'ir - (27r - o), 

where q is zero, or any negative integer. 

These angles may be grouped as follows : 

^+'*'l and /(S^+l)"--"* 
(2^-2)ir+a,/ ^ t(2fir-l),r-«, 

and it will be noticed that even multiples of ir are followed by 
+0, and odd multiples of ir by - a. 

Thus all angles equi-sinal with a are included in the formula 

7Mr+(-l)~a, 
where n is zero, or any integer positive or negative. 

This is also the formula for all angles which have the aame 
cosecant as a. 

Example 1. Write down the general solution of sin B^%r • 

The least value of 6 which satisfies the equation is ~ ; ihexafoie 

the general solution is nr + ( - 1)" . 

o 

Example 2. Find the general solution of sin^^ssin'a. 

This equation gives either 8in^=+8ino (1), 

or sin^= -8ina=Bin(-a) (^ 



y 
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FnHii(l), |i=:ii«'*(-l)«a: 

and from (2), |i=nr*^-iri-a). 

Both TiloBi AK indnded in the formula $ssnw±a. 

230. To find a form^da for all the angle* ^hich hav^ a giren 
eotine. 

Let a be the smalleBt positive 
angle which has a given cosine. 
Draw OP and OF' bounding the 
angles a and 2ir - a ; then the 
required angles are those coter- 
minal with OF and OF'. 

The positive angles are 

Spir + a and 2pfr + (2ir-a), 
where /I is zero, or any positive integer. 

The negative angles are 

-o and -(2fr-o), 

and those which may be obtained from them by the addition of 
any negative multiple of 2ir ; that is, angles denoted by 

2qir — a and Sj'jt - (2n- - a), 

where q is zero, or any negative integer. 

The an^es may be grouped as follows : 

^■*""'l and /(2p+2)ir-a, 
5Lqir-a,} \{2q-2)w\'a, 

and it will be noticed that the multiples of n- are always even, 
but may be followed by +a or by - a. 

Thus all angles equi-cosinal with a are included in the 
formula 

2n7r±a, 

where n is zero, or any integer positive or negative. 

This is also the formula for all angles which have the same 
secant as a. 

Example 1. Find the general eolation of cos ^= - -<^ . 

IT 2ir 
The least valae of^isir-^ior-^; hence the general solution 
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240. To find a formula for aU the ariglea which have a given 
tangent. 

Let a be the smallest positive 
angle which has a given tangent. 
Draw OP and OP' bounding the 
angles a and ir+a; then the 
required angles are those coter- 
minal with OP and OP'. 

The positive angles are 

2pir + a and 2pir + {7r+a), 
where p is zero, or any positive integer. 

The negative angles are 

-{it -a) and -(2»r — o), 

and those which mav be obtained from them by the addition of 
any negative multiple of Sir ; that is, angles denoted by 

2qir — (ir-'a) and gg^ir — (2»r — a), 
where q is zero, or any negative integer. 
The angles may be grouped as follows : 

2f>tr+a,| ({2p + l)7r+a, 

(22'-2)ir+a,J \(2q-l)n+a, 

and it will be noticed that whether the multiple of n- is even or 
odd, it is always followed bv +a. Thus all angles equi-tangential 
with a are included in the formula 

This is also the formula for all the angles which have the 
same cotangent as a. 

Example. Solve the equation oot ^0 = cot 0. 
The general solution is i0=nv+0; 

whence 3^=nir, or ^= . 

o 

241. All angles which are both equv-sinal cmd equi-cotmal 
with a are inducted in the formula 2n9r+a. 

All angles equi-cosinal with a are included in the formula 
27i9r±a ; so that the multiple of ir is even. But in the formula 
W7r+(-l)*a, which includes all angles equi-sinal with a, when 
the multiple of ir is even, a must be preceded by the + sign. 
Thus the formula is 2nir+cu 



I 
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2iX In the solution of eqaadoos, the general value of the 
angle ehotild always be given. 

Exaag^U, SolTeihe equation eo6 9^= cos Stf-ooec'. 

By transpositioii, (oos 9^ + 000^ -cos 5^=0; 

.'. 3oo0 5tfco84tf- COB 5^=0; 
.-. C06 5^(2 008 4(^-1) =0; 
.-. either cos 5^=0, or 3oo84tf-l=0. 

From the first equation, 6^=2«x±^ , or e=- — v- ; 
and from the second, 4^=2iii-±- , or tf =^ — . 



EXAMPIfS. XIX a. 

Find the general solution of the equations : 



1. 


sm^=-. 


2. 


sin^-^g. 


3. 01)8^=^. 


4. 


tan ^= ^3. 


5. 


cot^=-V3. 


6. secd--V2 


7. 


C08«d=-. 


8. 


tan»^=i. 


4 
9. cosot-^— ... 


10. 


C08^=C0Sa. 




11. t&ii^e= 


Btan'a. 



12. sec'^ssec^a. 13. tan2^»tan^. 

14. cosecS^scosecSo. 15. cos3^=cos2^. 

16. sin 5^ + sin ^=: sin 3d. 17. cosd-co8 7d»sin4d. 

18. 8in4d-sin3d+sin2d-sind=0. 

19. 008^+008 8d+cos5d+cos 7^=0. 

20. sin 6^ cos d= sin 6d cos 2d. 

21. Binlld8in4d+sin5dsin2d=0. 

22. V2oo83d~cosd=co8 5d. 

23. 8in7d-V3cos4d=8ind. 

21 l+C0Bd«2sin2d. 25. tii,n^6+tioc6=\. 

26. cafc^d-l=cosecd. 27. cotd-tand=2. 

28. If2co6d=-l and2sind=V3, findd. 
If flecd=V2aud tand=-l, find d. 
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243. In the following examples, the solution is simplified by 
the use of some particular artifice. 

Example 1, Solve the equation C08m9=8inn^. 
Here cos m^=cos [ ^ - n^ j ; 

.: me=2kv^(^-n0\t 

where k is zero, or any integer. 
By transposition^ we obtain 

(m+n)d=r2*+^jir, or (m-n) 0=(2k -^r. 

This equation may also be solved through the medium of the 
sine. For we have 



sin ( ^ - m^ J = sin 7i0 ; 



.*. ^-m0=pv + {-l)Pn0j 

where j7 is zero or any integer; 

.-. {m+(-l)Pn}0=(^-p^w. 

Note. The general solution can frequently be obtained in several 
ways. The various forms whi<di the result takes are merely different 
modes of expressing the same series of angles. 

Example 2. Solve ^8cos^ + sin^=l. 

Multiply every term by -, then 

Y cos ^ + 2 8"* ^=2' 

IT IT 1 

/. COS ^ COS 9+ sin ;; sin^s^rs 
6 6 2 



*. COS 



i'-iH- 



.*. 0=2nv + rr or 2nir--^, 

A O 
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NoTx. In examples of this type, it is a oommon mistake to 
square the equation; bat this process is objectionable, because it 
introduces solutions which do not belong to the given equation. 
Thus in the present instance, 

^3oosd = l-8in^; 

by squaring, 3 cos* ^ = (1 - sin df. 

But the solutions of this equation include the solutions of 

-^3co8d=l-sind, 

as well as those of the given equation. 

Example 3. Solve OOB2$=OOBO+Bm6, 

From this equation, eos^ $ - sin^ ^ = cos ^ + sin ^ ; 

.'. (cos ^ + sin d){coB ^ - sin 9) = cos 9 + sin ^ ; 

.*. either eos^ + sin^=0 (1), 

or cosd-sin^=l (2). 

From(l), tan^=-l, 

4 

Prom (8), ^'xx">-^'^^=^i'' 

- T . - . «• 1 

/. cos cos -7 - sm ^ Sin 7 = -75 . 

4 4 v^ 



•■ °^«(^+i)=i2' 



/. d + j=2nir± j; 

v 
/. ^=2nir or 2nr^-^, 



"EXAMPUEB. XTX. b. 

Find the general solution of the equations : 
1. tan^scot^^. 2. sinm^+cosT^^^O. 

3. 008^-V3sind=l. 4. sind-V3cosd=l. 

8. coB^— V3(l-smd). 6. sind+/iy3cos^=V2. 
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Find the general solution of the equations : 
7. cos ^- sin ^=-^. 8. cos^+sind+V2=0. 

9. cosec^+cot^=i^/3. 10. cot ^- cot 2d =2. 

11. 2 sin d sin 3^=1. 12. Bin3d==8sinSd. 

13. tand+tan3d=2tan2d. 14. cosd-8ind=3COs2d. 

15. cosec d+sec 6=^ij2, 16. sec d- cosec ^=2^2. 

17. sec 4d- sec 2^=2. 18. cos3d+8co8Sd=0. 

19. 1+V3tan2d=(l+V3)tand. 

20. tan8d+cot3d=8co8ec3 2^+12. 

21. sin d= V2 sii3 <^» V^ cos 6=J2 cos <^. 

22. cosec ds=V3 cosec <^, cotd=3cot^. 

23. sec <^ = V2 sec 6, cot6=^Z cot ^. 

24. Explain why the same two series of angles are given by 
the equations 

d+^=w»r+(-l)~J and d-^ = 2w7r±^. 
4 '6 4 3 

25. Shew that the formulaB 

(2«+5).r+a and (»-l^,+(-l)«(|-„) 
comprise the same angles, and illustrate by a figure. 

Inverse Oircnlax Functions. 

244. If sin d=:«, we know that B Ta&j be ofw angle whose 
sine is s. It is often convenient to express this statement 
inversely by writing d=sin~i«. 

In this inverse notation 6 stands alone on one side of the 
equation, and may be regarded as an angle whose value is 
only known through the medium of its sine. Similarly, 
tan~^V3 indicates in a concise form any one of the an^es 
whose tangent is ^JZ. But all these angles are given by the 

formula nn-\--=. Thus 
«$ 

^=tan-V3 and ^=n7r+^ 

o 

are equivalent statements expressed in different forms. 
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245. Expressions of the form cos"i^, sin'^a, ta.n~^b are 
called Inverse Oircolar Functions. 

It must be remembered that these expressions denote angles, 
and that — 1 is not an algebraical index ; that is, 

sin~i X is not the same as (sin x)~^ or —. — . 

^ ' Bmx 

246. From Art. 244, we see that an inverse function has an 
infinite number of values. 

If /denote any one of the circular functions, and/~^ (x)=Ay 
the principal value of f~^(x) is the smallest numerical value 
of A, Thus the principal values of 

COS-1-, sin-iT-gj, c^^s'M-;/^)* tan-i(-l) 

are 60", -SO'', 135°, -45°. 

Hence if ^ be positive, the principal values of sin~*a7, cos~^^, 
tan-^^ all lie between and dO°. 

If ^ be negative, the principal values of sin~* J7 and tan~^ j? 
lie between and -90% and the principal value of cos" ^ or lies 
between 90° and 180°. 

In numerical instances we shall usually suppose that the 
principal value is selected. 

247. If sin B^sx, we have cos 6=^/1 -a^. 

Eipressed in the inverse notation, these equations become 

^=sin~i47, ^=cos~i\/l-^» 

In each of these two statements, 6 has an infinite number of 
valufiB ; but) as the formulae for the general values of the sine 
and cosine are not identical, we cannot assert that the equation 

sin""iiF=cos~^ Vl --^ 

is identically true. This will be seen more clearly from a 

-, /3 

nomerical instance. If ^=5, thenVl-^="2 • 

Here ain"^^ may be any one of the angles 

30°, 150°, 390°, 510°, ... ; 

and COB""* Vl-«* may be any one of the angles 

30°, 330°, 390°, 690°,.... 
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24B. From the relations established in the previous chapters, 
we may deduce corresponding relations connecting the inverse 
functions. Thus in the identity 

„^ l-tan2^ 
1 + tan*^' 

let tan ^=a, so that ^=tan''^a ; then 



cos(2tan"ia)= 



.*. 2tan~^a=cos~i 






Similarly, the formula 

cos 3^=4 cos* ^ - 3 cos ^ 

when expressed in the inverse notation becomes 

3 cos""^ a=cos~i (4a* - 3a). 

249. To prove that 

tan~*4?+tan~^ v^tan"^:; — —, 

Let tan'~^a;=a, so that tana^^o;; 

and tan"'*y=^, so that tan^=y. 

We require a+fiin the form of an inverse tangent. 

tana+tan0 



Now tan(aH-jS) = 



l~tanatan/3 



.-. o+i3=tan-i— ^-^; 

that is, tan-ia7+tan-iv=tan-i=^ — f- 

By putting y=^, we obtain 

- 2a; 
2tan"^^=tan~i 



Note. It is useful to remember that 

tan (tan"ia;+tan-iy) =73 



xy 



ZEC] 



IHVKB8B CULCriAR FUXCTIOK& 



941 



Exawiflf 1. Aram that 

tMi-»5-t»n-»S+tMi-ig=inr+j. 

5 — S 7 

The fizBt lidas tan-i --—-.+ tan'^ - 

1 7 

= tan-i.2— ^=tan-U 



KoTB. The value of n cannot be assigned until we have selected 

7 
some partienlar yalnes for the angles tan"^ 5, tan-^ 8, tan~^ g . If we 

ehooae the prificipaZ value$, then n=0. 

Example 2. Prove that 

. ,4. ,12 . . ,16 r 

sm ^ ■= + co8~* T^ + sin ^ tts = x . 
6 18 66 2 



We may write this identity in the form 



16 



. - 4 . , 12 T . _, 16 _ , .>, 
"^6 + ^^18 = 2-'^ 66=°^ 66 

4 4 

Let a sflin'^ ■= , so that sin a =» > ; 
o 

and pssear^Yoi bo that oos/9=Yg* 

We have to express a+/9 as an inverse cosine. 

Now COB (a + /9) = cos a 006/9 -sin a sin /9; 
whence by reading off the values of the ftinc- 
tions from the figoree in the margin, we have 

__16 
~66' 

lis 
/. a+^=oos-i^. 





H,K.]fi.T. 
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It is sometimes convenient to work entirely in terms of the 
tangent or cotangent. 

Example 8. Proyethat 

2 cot 17 + cos^ - = coseo""* ^^^ . 

6 117 



72-1 8 

The first Bidesoot-^Tr — =+ oot-i-r 

2x7 4 



* 1 24 ^ , 3 
=cot~*-=- + cot"i2 

24 3 , 

y+4 

, , 44 , 126 

=ootijj-^=oosecij^. 





EXAMPLES. XTX. c 

Prove the following statements : 

, . ,-12 . . 5 ^ _-17 . , 8 

1. sm-i=-5=oot-i— . 2. cosec^-3-=tan-i-r^, 

3. sec(tan-i^)=Vr+^. 4. 2tan-ii=tan-i|. 

5. tan"~i--tan-^l=tan-i = . 

6. tan-iYY+cot-i— =tan~^o- 

X i4 , ,15 ^.,84 

7. cot-i--cot-i— =cot i^o' 

8. 2tan-i^+tan-i7=tan-i^. 

5 4 43 

9. tan-i-+tan-i-=:tan"i5+tan"iz^. 

^ o o 11 

10. tan-i^+tan-ii + tan-i~=cot-i3. 
7 o lo 



laS] TSTEBSK dBcruLS FrircnoK& j>4S 

5^ 5 11 

4 9 h*> :2;^ 



li. sin(2sm-ij-)=2rv'l-jrf. 
15l ooB-ix=2aiD-i ^-^'. 

16. 2tMi-i /-=oos-i?^:^. 

17. 2taii-ii+tan-ii+2tan-i^ = ^. 

o i 5 4 



4 2 2 

19. 8iii-i-+oo8-i-7-==oot-*--. 

o 1^5 11 

20. co8-i^+2taii-4=sin-*|. 

OD DO 

2L tan-if»+tan-i«=oo8-i-7^r=z:^_:._=i^„. 

V(l+m«)(l+n«) 

^ i20 , ,16 ,1596 

^^ "^ 29 63 1885 

oo -1 /2 ,V6 + 1 V 

23. coe i^--c<«-.^L_=„. 

24. taii(2taii-ix)=2tan(tan-ia;+tan-ia;3). 

26. tan-.^aastan-i^r— T+tan-i— -, H-tan-ic. 

l+ao 1 + oc 

26. If tan~ia7+tan~iy-i-tan~^«=ir, prove that 

23» If w=cot"i Vcos a - tan~^ Vcos a, prove tb 

sinwsstan^x. 
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250. We shall now shew how to solve equations expressed in 
the inverse notation. 

3r 
Example 1. Solve tan~^ 2x + tan~^ 3a; = nir + -^ . 

^ , X ,2a; + 8x 3ir 

We have tan"' _ — s-5-=««' + -r *» 

2x + 8a: ^ / 3ir\ - 

.•.j-^ = tan^nT+-^j=-l; 

.*. 6aj«-6a;-l=0, or (6ar+ 1) («-!)= 0; 

.*. a?=l, or -g. I 

Example 2. Solve Bin"^a;+sin~^(l-a;)=cos"'ia;. 

By transposition, sin"^ (1 - a?) =cob"^x - Bin~^a;. 
Let C08~^a;=a, and Bin~^a;=^; then 

mxr^(l-x)ssa-p; 
.*. l-d;=:Bin(a-/9)=sinaoo8/9-0O8aBin/9. 

But 008 a = x, and therefore sin a = ^1 -x*; 



also aixps=x, and therefore cos p = njl - x* ; 

/. l-a?=(l-«*)-x«=l-2x«; 
/. 2a:»-a;=0; 

whence a;=0, or ^. 



EZAMPLEa ZDLd. 

Solve the equations : 
1, sin~*a?=cos~^^. 2. tan~^4?=cot~iaR, 

3. tan-i(a7+l)-tan-i(a:-l)-cot-i2. 

4. cot"*a? + cot~i2r=-T-. 

4 

5. sin-i^-cos~i^=sin~^(3a;-2). 

6. coa~^x-ain~^x^Qoa~^a;»j3, 
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^-2 x+2 4 

3 

8. 2cot~^2+co8~^^=cosec~i/r?. 

5 

9, tan~^a;H-tan"'i(l-^)=2tan-i\/'a?— i*» 

1 — a^ 1 — 62 

10. cos-i—— o-cos-i— ^=2 tan-la?. 

l+a^ 1+62 

„ . _- 2a . , 2a: ,1-6* 

11- "^ 'rM«+*^"V--^^^"'iT6*- 

12. cot-i^+tan-i^ + ^=0. 

13. Shew that we can express 

sm-1-5— Y«+sin i-o— ji m the form sm"*-s--*~ 
a*+6* €^+cP ^+y* 

where a; and y are rational functions of a, 6, c, c?. 

14. If sin[2cos-i{cot(2tan-ia?)}]=0, find a?. 

15. If 2tan"i(cos^)=tan-i (2cosec ^), find B, 

16. If 8in.(ir cos B) = cos (n- sin ^), shew that 

3 

2^— + sin■"l-T• 
4 

17. If sin (n- cot ^) — cos (n- tan 0), and n is any integer, shew 

khat either cot 2^ or cosec 2^ is of the form — ^ . 

4 

18. If tan (fr cot B) = cot (n- tan B), and n is any integer, shew 
^t 

tani9=g^^±^^^+/^'^^ 
4 4 

19. Find all the positive integral solutions of 

tan"id7+cot~i5r=tan"i 3, 
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MISOELLANEOnS EXAMPLES. G. 

1. If the sines of the angles of a triangle are in the ratio 
4:5:6, shew that the cosines are in the ratio of 12 : 9 : 2. 

2. Solve the equations : 

(1) 2cos3^+sin2^-l=0; (2) sec3^-2tan2^=2. 

3. If tan /3 = 2 sin a sin y cosec (o + y), prove that cot a, cot 
cot y are in arithmetical progression. 

4. In a triangle shew that 

4r(ri+^2+''3) = 2(6c+ca+a6)-(a2H-62+c2). 

6. Prove that 

1113 

(1) tan~^ 5- tan-^ - + tan-^ f== tan~i — ; 

3 O 7 11 

/«\ • 1 " ■ • _i " , • _i 3d tt 

(2) 8m-ig + 8mij^+8in-ig^=^. 

6. Find the greatest angle of the triangle whose sides s 
186, 222, 259 ; given log 6= -7781613, 

Zcos 39° 14'=9*8890644, diff. for l'=1032. 

7. If tan (a-V&S^n tan (o- ^), prove that -: — ^ = — -:r . 

^ ' \ /» jr sm 2o n-\-\ 

8. If in a triangle 8i22=aH6*+c2, prove that one of t 
angles is a right angle. 

9. The area of a regular polygon of n sides inscribed in 
circle is three-fourths of the area of the circumscribed regul 
polygon with the same number of sides : find n. 

10. ABGD is a straight sea-wall. From B the straight lie 
drawn to two boats are each inclined at 45° to the direction 
the wall, and from G the angles of inclination are 15° and 7 
If 5(7= 400 yards, find the distance between the boats, and t 
distance of each from the sea-walL 



CHAPTER XX. 



FUNCTIONS OF SUBMULTIPLE ANGLES. 

251. Trigonometrical ratios of 22^° or f . 

o 

From the identity 

2sin2 22j" = l-cos45', 
we have 4sin2 22i" = 2-2cos45'' = 2-V2; 

.-. 2sin22i"=V2^V2 (1). 

In like manner from 

2cos2 22j' = H-cos45', 

we obtain 2cos22i'' = V2+V2 ..., (2). 

In each of these cases the positive sign must be taken before 
the radical, since 22^° is an acute angle. 

1 __ Qos 45" 
Again, tan 22i° = — ; — —^— = cosec 45" ~ cot 45° ; 
° ' ^ sm45 • 

.*. tan22j'=;v/2-l. 

252. We have seen that 2 cos -= = V2+V2; 

o 
but 4cos2;^=2+2cos|; 

10 o 

.-. 4cob8^«2+V2+^; 



.-. 2cos^=x/2+V2+V2. 

Similarly, 2cos^ - ^2+72+^2+^2; 

laoon. 
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253. Suppose that cos^ = - and that it is required to find 

. A 
sin-. 



. A 

sm — 

2 



""V T =V 2V'"2)-"\/i--2- 



This case differs from those of the two previous articles in 
that the datum is less precise. All we know of the angle A is 

contained in the statement that its cosine is equal to ^, and 

without some further knowledge respecting A we cannot remove 

the ambiguity of sign in the value found for sin -^ . 

We now proceed to a more general discussion. 

A A 

254. CHven aoaA to find sin-^ and cos-^ and to explain the 

presence of the two values in each case. 

From the identities 

A A 

2sin* — =l-cosul, and 2cos2~=l+cosul, 

we have 



. A . /1-coSil , A . /l + 
»in2 = ±>y/ 2 , and cos2 = ±^ 



Thus corresponding to one value of cos A, there are two values 

A A 

for sin — , and two values for cos -^ . 

The presence of these two values maj be explained as follows. 

If cos A is given and nothing further is stated about the ang^e 

A, all we Imow is that A belongs to a certain group of equi- 

cosinal angles. Let a be the smallest positive angle belonging 

A 
to this group, then A = 2n7r±a, Thus in finding sin— and 

2S 

COS— we are really finding the values of 

sin5(2w7r±a) and cos-(2n?r±o). 
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249 



Now ain^(2n«'+a) = sin(ji«'+|] 



a , .a 

= sinnir ooB TT ± cos 9iir sin - 

2 2 



= +Sin;r, 



for sinmr— and cosmr^ ±1. 

Again, O0B-(2ii«'+a) = coBnirco8 3 + sinYi9rsin3 



= ±««1- 



Thus there are two values for sin— and two values for 

2 

cos^ when oosil is given and nothing further is known re- 

specting A, 

255. Ctoometrical ninstration. Let a be the smallest posi- 
tive angle which has the same cosine as A ; then 

il=s2nir±a, 
and we have to find the sine 

and cosine of -^ , that is of 

Each of the angles denoted 
by this formula is bounded by 
one of the lines OP^, OP^, OP^y OP^. Now 

sin jrOP2=sin | , sin XOP^= "" ®"^ 9 » ^^^ XOP^— "" "^^ o ' 

008X0^2= -cos-, COSX0P3= -COS^, 008X0^4 = cos-. 

A a 

Thus the values of sin -^ are ±sin ^ , and the values of coc 




2 



*>« ±0009- 




250 ELEMENTARY TRIGONOMETRY. [CHAP. 

256. If cosil is given, and A lies between certain known 
limits, the ambiguities of sign in the formulaB of Art. 254 may 
be removed. 

7 
Example, If cos A = -^, and A lies between 450° and 540°, find 



25 



A A 

sin TT and oos ~ . 



sm 



. A /ITcoaA /I/- 7\ /16 .4 

'^2 = V~^~' = V2V^+26) = \/26=^6' 

A /I + cos 4 /rr 7\ /9 ^3 

°*^'2 = V"~2~"=V2V"25;=\/25=^5- 

A A A 

Now — lies between 225° and 270°, so that sin — and oos ^ are 

both negative ; 

. ^ 4 , i4 a 
.*. sin7r=-^, and 00877= -p. 
a o do 

A A 

257. To find sin — a/ic? cos — in terms of sin A and to explain 

the presence offowr values in eabh case. 

A A 

We have sin^ — -i- cos^ -^ = 1, 

A A 
and 2 sin— cos -^ =sin A, 

(A AS? 

sin — + cos — j =H-sin^; 

(A A^ 

sin — - cos — ) = 1 - sin A, 

.-. sin — + COS — = ±VH-siii^ (1)> 

and sin — — cos — = +Vl -sin^ (2). 

A A 

^ addition and subtraction, we obtain sin — and cos— ; and 

liere is a double sign before each radical, there are fow 
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A A 

values far sin — , and four values for cos — correspondiug to om* 

value of sin A. 

The presence of these four values may be explained as 
follows. 

If sin ^ is given and nothing else is stated about the angle A 

all we know is that A belongs to a certain group of equi-nnal 

angles. Let a be the smallest positive angle belonging to this 

A A 

group, then -!=««•+(- 1)* a. Thus in finding sin— and cos^ 

we are really finding 

sin-{fiir+(-l)*a}, and cos - {7i7rH-(-l)*a}. 

First suppose n even and equal to 2m ; then 

sin-{7iir+(-l)*n}=sin f W7r+|j 

a . .a 

= sm mir cos - + cos mir sin - 

2 2 

^ . a 
= ±sm2, 

since sin mv = 0, and cos mv = ± 1. 

Next suppose n odd and equal to 2m+ 1 ; then 

sin^{wir+(-l)*a}=sin f'^+^-l) 

g-^) + cosm^sing-^) 

A 
Thus we have four values for sin — when sin A is gi' 

nothing further is known respecting A. 
In like manner it may be shewn tha' 

cos -jr has the four values ±co« ; 5 



=sm7ii7rcos 
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258. Geometrical niustratioxL Let a be the smallest 
positive angle which has the same sine as A ; then 

and we have to find the sine and cosine of — , that is of 

i{/i7r+(-l)»a}. 

If n is even and equal to 2m, 
this expression becomes rrv!r+-. 

If n is odd and equal to 
2m + 1, the expression becomes 

The angles denoted by the 
formula mirH-^ are bounded by 
one of the lines OP^ or OP2 ; and 

those denoted by the formula mir+fg - x) are bounded by one 
of the lines OF^ or OP^, 




Now 



sinX(?Pi=:sin-; 

sin XOP^^ - sin XOPi = — sin - ; 

smX0P3=sin(^-?); 

sin XOP^— - sin XOP^= - sin ( ^ - 1 j . 



Thus the values of sin — are 



±sin5 and 



±«^(|-i)- 



A a /ir 

ularly the values of cos — are + cos 5 and +cos ( ^ 



XX.] 



259l KinadditicmtotlieTahieof ain^ vekiiowtkat ^ Ii«9i 
oertaio fimita^ the mmbigomes of sign in gqnatiooa (1) 
and (8) of Alt. 257 nuiy be remoTed. 



FxampU h. FomI tok-^ Mad com -^ mtawasttt tan A Mhmi A 
between 450° and 6a0°. 



Inthisease^ lioe behreen 835° and 315°. 
From the a^loining figure H is evident that 
between these Hmits Bn^r^ is greater than 

SI 



eoe ~ and ia neg a t i te. 



.'. sin 



A A I ; — 

-2 + 008-= - Vl + sm -ft, 



and 



■in— -ooe^ = - ^^l-sinil. 




225 



A 



:. 2 sin — = - ^/l +8in il - i^l - sin A^ 
2 



and 



2 008 -5-= - /yr+rinii+ A/r^"50. 



Example 2. Determine the limits between whioh A must lit in 
order that 

2co8il= ->^l + 8in2i4-^/l-8in2i4. 



The given relation is obtained by combining 

8inil + co8il= - ^/1 + sin 2-4 



and 



sin il - 0O8il= + ^/l - sin 2A 



(1), 
.(3). 



From (1), we see that of sin A and cos A 
the numerically greater i$ negative. 

From (2), we see that the cosine is the 
greater. 

Hence we have to choose limits between 
which cos A is nmnerically greater than sin A 
and is negative. From the figure we see that 

A lies between 2nx+ -;- and 2nx+ -7-. 

4 4 




COS 
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Example 8. Trace the changes of cos d-%mO in sign and mag- 
nitude as e increases from to 2ir. 

d - sin d=^2 f -^ cos ^ - -y^ sin d j 

=tj^l cos d cos J - sin d sin 2 ) 

As B increases from to j , the expression is positive and decreases 

from 1 to 0. 

T Sir 
As increases from j to -j- > the expression is negative and in- 
creases numerically from to -,J% 

As $ increases from -7- to -j- j the expression is negative and 

decreases numerically from - /^2 to 0. 

5ir It 
As B increases from -7- t<> x* ^^^ expression is positive and 

increases from to ^2, 

lie 
As B increases from -j- to 2ir, the expression is positive and 

decreases from ,^2 to 1. 

260. To find the sirve and cosine of ^'*, 
Since cos 9°>sin 9" and is positive, we have 
sin Q** + cos 9** = + \/l+sinl8% 
and sin 9" - cos 9" = - VlT^^smlS^. 

.-. sin9''+cos9''= + y^l+^^5^=+^V3+75 
and sin9''-cos9*'=:-y^l-.^-pl=-lV5^V6. 

.\ sin9*'=^{\/3+V5-\/6^V6l> 
^^ i^os 9'' *= - {\/3+V5 + V5+^/6}. 
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EZAMFLES. XX. k. 

L When A lies between -270** and -360% prove that 

. A /l 

"^2 = -V- 



_ . - — oosA 

sin 



2 



2. If 008 A = Y^ , find sin -^ and oos — when A lies be- 
tween 270*" and 360^ 



3. Ifcos^=— 5^, find sin— and cos— when A lies be- 
tween 540° and 630^ 

.A A 

4. Find sin— and cos— in terms of sin -4 when A lies 

between 270° and 450^ 

5. Find sin— and cos— in terms of sin ^ when -^ lies 
between 226° and 315^ 

A A 

6. Find sin— and cos-^ in terms of sin^ when A lies 

between -450** and -630^ 

24 A A 

7. If sin -4=^, find sin— and cos — when A lies between 

90** and 180°. 

8. If sin ^ = - 5^ , find sin — and cos — when A lies be- 
tween 270° and 360% 

9. Determine the limits between which A must lie in order 
that 

(1) 2sin^ = \/r+sm2j--\/r^rr22; 

(2) 2cosJ = -Vl+sin2^ + \/l-sin2ii; 

(3) 2sin^=t-Vl+sin2il+Vl-sin2 
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10. K A= 240"*, is the following statement correct 1 

2 sin ~= Vl +sin ^ - Vl - sin A. 
If not, how must it be modified ? 

11. Prove that 

(1) tan7i''=V6-V3+V2~2; 

(2) cotl42i''=V2+V3-2-V6. 

12. Shew that sin 9° lies between '156 and *157. 

13. Prove that 

(1) 2sinir 15'=n/2-\/2+72; 

(2) tan 11'' 15'=\/4+2V2- (x/2 + 1). 

14. When 6 varies from to 27r trace the changes in sig 
magnitude of 

(1) cos^+sin^; (2) sin ^-^3 cos ^. 

15. When 6 varies from to ir, trace the changes in sig 
magnitude of 

. tan ^-f cot ^ ' 2 sin ^-- sin 2^ 

^ ^ tan^-cot^' ^^ 2sin^+sin2^' 

A 
261. To find tan -^ when tan A is given and to expla'i 

presence of the two valttes. 
Denote tan Ahy t; then 



^=tan j4 = 



2tan- 

J> 

l-tan2^ 



.-. ^tan2^ + 2tan^-^«:0; 

. A -2±V^4+^ -l±^T+t* 
••• **"2 = 2i ^~~1 • 

The presence of these two values may be explaim 
follows. 
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If a be the smallest positive angle which has the given 
tang^it, tiien A^nir+Of and we are really finding the value of 

tan-(ww+o). 

(1) Let n be even and equal to 2m ; then 

I tan-(ww+a)=tan(mir + 2 j=tan|. 

(2) Let n be odd and equal to 29ii + 1 ; then 
tan-(nir+o)=tanrwi7r+| + ^j = tan^| + |j. 



Thus tan — has the two values tan - and tan 



il-t)- 



Example 1. U A = 170°, prove that tan ^ = _L_^+^!i . 

A A 

Here ^ is an acute angle, so that tan ^ must be positive. Henoe 

in the formula -^^'/^+*^*^ the numerator must have the same 

sign as the denominator. But when A = 170°, tan A is negative, and 
therefore we must choose the sign which wil l make the numerator 

.... .A "l-Jl+i&Ji^A 

negative ; thus tan -^ = ^ — ^ . 

2 tan^l 

Example 2. Given oos ^ = *6, find tan-^ , and explain the double 

answer. 

. „A 1-coBil '4 1 

2 1+ooB^ 1-6 4* 
.-. tan-=±-. 

Here all we know of the angle A is that it must be one of a group 
of equi-cosinal angles. Let a be the smallest positive angle of this 
group; then^=2nir±a. 

/. tanx- = tan fnT±|j = tan( ±1 Witan^. 
Thus we have two values differing only in sign. 

H. K* E. X. 
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262. When any one of the functions of an acute angle A 
given, we may in some cases conveniently obtain the functi< 

Jk 

of ~ , as in the following example. 

b A 

Example. Given oos u4 = - , to find the fanctions of ^ . 

Make a right-angled triangle PQR 
in which the hypotenuse PQ=a, and 
base QR = b; then 

OR h 
coa PQR = -^-- = -= oos il ; 

:. I PQR^A, 
Produce RQ to S making Q8= QP; 




Q b H 



.'. IPSQ= lSPQ=^lPQR=^. 

Now SR=a+b, and PR=^a^-h^, 

.'. P5f»=:(a + 6)« + (a«-62)=2a« + 2a6; 

The functions of ^ may now be written down in terms of 
sides of the triangle PR8, 



263. From Art. 125, we have 

cos A =4 cos^ ^ — 3 cos -^ . 

Thus it appears that if cos^ be given we have a ci 

A A 

equation to find cos — ; so that cos — has three values. 

Similarly, from the equation 

A A 

sin A =^3 sin -^-^ sin* — 

it appears that corresponding to one value of sin ^ there 
three values of sin — . 

It will be a useful exercise to prove these two statemc 
analvtically as in Arts. 254 and 257. In the next article 
shall give a geometrical explanation for the case of the cosine 
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A 
264. Given cob A to find cos — , arid to explain the presence of 

the three values. 



Let a be the smallest positive 
angle with the given cosine ; 
then ^=2wir±a, and we have 
to find all the values of 

1 
co8^(2nir±a). 

Consider the angles denoted 
by the formula 

i(27nr±a), 

and ascribe to 9t in succession 
the values 0, 1, 2, 3, 




When »=0, the angles are +- , boimded by OPi and OQ^ ; 

«5 

when 71= 1, the angles are — + - , bounded by OP^ and OQ^ 

when «=2, the angles are -^ + ^, bounded by OP3 and OQ^, 

By giving to n the values 3, 4, 5, ... we obtain a series of 
angles coterminal with those indicated in the figure. 

Thus OFiy OQi, OF^, OQ^, OP3, OQ^ bound all the angles 
included in the formula ^{2njr±a). 



Now 



cos XOQi = cos XOPi = cos ^ ; 



cos 



cos 



XOP3=cosZO%=cos (1^ - 1) ; 
X0e3=cosX0Pj=cos (^ + ^). 



Thus the values of cos — are cos ^ , cos — ^ — , cos — — 
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EXAMPLES. XX. b. 

1. If ^ = 320% prove that 

• A -l + Vl+tanQ 
2 \axLA 

2. Shew that 

ten^=-l±^g^M when ^ = 110-. 

12 
8. Find tan^ when cos 2^4 =— and A lies between 

X«5 

and 225% 

A 4 

4. Find cot — when cos -4 = - - and A lies between 

2 5 

and 270^ 

5. If cot 2^= cot 2a, shew that cot B has the two valuei 
and —tana. 

6. Given that sin ^= sin a, shew that the values of sin ; 

. a . v — a . ir + a 

sm^, sin-^, -sm-^. 

Q 

7. If tan ^=: tan a, shew that the values of tan - are 

o 

. a . ir + a , ir — a 

tan^, tan-g-, -tan-^-. 

8. Qiven that cos 3^= cos 3a, shew that the values o 
are 

±sina, -sinf^ + a], sin(-^±a]. 

9. Qiven that sin 3^= sin 3a, shew that the values o 



are 



+ cosa, cos (^±aj, cos(— ±aj. 



\ 

\ 



I 



CHAPTER XXI. 



LIMITS AND APPROXIMATIONS. 



265. If he the radian measure of an angle leu than a 
right angle^ to shew thcU sin ^, B, tan 3 are in amending order of 
magnitude. 

Let the angle 6 be represented by 
AOP. 

With centre and radius OA de- 
scribe a drcla Draw PT at right angles 
to OP to meet OA produced in T^ and 
join PA, 

Let r be the radius of the circle. 

Area of Ail(9P=5 ilO . OP sin ^0P= ~ r> sin ^ ; 

area of sector AOP^^^t^B ; 

area of A0P!r=5 OP. ^7^=5 r . r tan ^ = 5 r* tan ^. 

ss ss ss 

But the areas of the triangle AOP^ the sector AOP^ and the 
triangle DTP are in ascending order of magnitude ; that is, 

are in ascending order of magnitude ; 

.'. Bin 0^ By tan B are in ascending order of magnitude. 




f 
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»r n A 
266. When 6 is indeJmUely diminished, to prove thai V 

and — -T— each have unity for their limit. 


In the last article, we have proved that sin B, 6y tan 6 are in 
ascending order of magnitude. Divide each of these quantities 
by sin 6 ; then 

B 1 

1, -. — ^ , ^ are in ascending order of magnitude ; 

sm o cos o 

that is, —. — -z. lies between 1 and sec B. 

But when B is indefinitely diminished, the limit of sec^ 

A Ftin /i 

is 1 ; hence the limit of -;— ^ is 1 ; that is, the limit of — ^— 

sin o o 

is unity. 

Again, by dividing each of the quantities sin By B, tan B by 
tan By we find that cos B^ - — ^ , 1 are in ascending order of mag- 
nitude. Hence the limit of is imity. 

These results are often written concisely jn the forms 



Example. Find the limit of n sin - when n= oo . 

n 

nsm- = 9. -.Bm- = ^(8m--!-- |; 
n 6 n \ n nj 

6 6 

bat since - is indefinitely small the limit of sin - -^ - is unity ; 

n 91 n 



.*. Lt. ( nsin- )=$. 
n=flo\ «/ 

Similarly Lt. ( n tan - ] = ^. 
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267. It is important to remember that the conclusions of 
the foregoing articles only hold when the angle is expressed in 
radian measure. If any other system of measurement is used, 
the results will require modification. 

Example. Find the value of Lt. I ] . 

«=o\ *» / 

Let $ be the number of radians in n°; then 

=gj: = -, and n= ; also Binn°=Bm0; 

sin n° __ T sin tf __ t sin ^ 
•*• ""fT" ~ 180^ "" 186* "T" " 

"When n is indefinitely small, is indefinitely small ; 
n=oV » J 180 tf=o\ J' 



180' 






268. When B is the radian measure of a very small angle, 
we have shewn that 

sin^ _ ^ , tan^ _ 

-y=l, cos^=l, -j-=l; 

that is, sin^=^, cos^=l, tan^=^. 

Hence r tan B=r$, and therefore in the figure of Art. 265, the 
tangent PT is equal to the arc PA^ when z AOP is very smaU. 

In Art 270, it will be shewn that these results hold so long 
as ^ is so small that its square may be neglected. When this is 
the case, we have 

sin (a+ ^)=sin a cos ^+cos a sin B 

=sina+^cosa; 

cos(a+^)=cosocos^-sina sin ^ 

=cosa— ^sina. 
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Example 1. The inclination of a railway to the horizontal plane 
is 52' 30'', find how many feet it rises in a mUe. 

Let OA be the horizontal plane, 
and OP a mile of the railway. Draw 
FN perpendicular to OA. 

Let PN=x feet, iPON=e; 




then 



FN 



^p =:Bine=0 approximately. 



But ^= radian measure of 62' 30" = -stt x :rJi, = ^ x :r^ ; 

W loU o loU 

_^ _7 22 J^ 

■*• i760x3""8^y ^180' 

1760x3x22 242 ^^, 

X=s rrr:; = -5- = o0f . 



8x180 



3 



Thus the rise is 801 feet. 



Example 2. A pole 6 ft. long stands on the top of a tower 54 ft. 
high : find the angle subtended by Hhe pole at a point on the ground 
wMch is at a distance of 180 yds. from the foot of the tower. 

Let A be the point on the 
ground, BC the tower, CD the 
pole. 

Let lBAO=a, lCAI>=B\ 

then tana=^^=:^=l; 
AB 540 10' 

. , ... J5D 60 1 




But 



. . . ^, tano + tand tana + ^ . ^ , 

tan(«+g) = ^^^^^^^^^^ = ^_^^^ approximately; 



1 

9 




1 + lOg 
10-^ 



whence ^=qT; that is, the angle is ^ of a radian, and therefore 
contains — x — degrees. 

On reduction, we find that the angle is 37' 46" nearly. 
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200L If B he the nwmber of radians in an acute angle^ to provt 
that co8^>l- — , and sin^>^- — . 

Since co8tf=l-2sin*5, and sin-<5; 



.*. C0S^>1 



-<i)- 



0* 
that is, coB^>l-~. 

Again, sin^=2 8in^cos- = 2tangCos^-; 

but tan->-; 

.*. sin^>2 5COs2- ; 
2 Jt 



But sin ^ < ^ , and therefore 



(l-dn-l). 






.-. 8in^>^ 

.'. BmB>6''-r. 
4 

270. From the propositions established in this chapter, it 
follows that if ^ is an acute angle, 

cos $ lies between 1 and 1 - o" > 

and sin $ lies between and ^ - -r • 

4 

Thus cos B=l-kB^ and sin^=^-/f^, where it and k' are 
proper fractions less than ^ and ^ resx)ectively. 
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Hence if ^ be so small that its square can be neglected, 

cos^^^l, sin ^=3^. 

Example, Find the approximate valne of sin lO^'. 

lOir IT 

The cirotdar measore of 10" is rrrx — ^^^ — 7^ or 



180x60x60 64800' 

•• ^'^ ^^'^64800 ^^ ""64806 ~ 4 (,64806; * 

But -_?L- = ?:ill5??5??^ = . 000048481368 ; 

64800 64800 uuw«o^oxouo 

... ^ < 00005 and (^)'< 000000000000125; 

•• •'^^^"^eiioo ^^ >ei^-i (-000000000000125). 

Henoe to 12 places of deoimals, 

Bin 10"=57^=-000048481368... . 
64800 

271. To shew that when nis an vndejmUdy la/rge integer^ 
,. ., - e B e B BinO 

limit of C0S2iC08 7C0Ss...C0S^r- = — ^— . 

•^ 2 4 8 v!^ 

6 6 
We have sin ^= 2 sin ^ cos ^ 

= 2' sm ^ cos T cos s 
4 4 2 

= 23sm - cos Q cos - cos 5 

o o 4 25 



on • ^ ^ ^ B B 

= 2** sm 2iz COS ^ . . . COS - cos 7 COS s . 
2" 2* 8 4 2 

B B B B miB 



cos - cos -7 COS - ... cos ^r- = 



2* sin — 
2* 

But the limit of 2* sin— is B, and thus the propositioi 



tsstablished. [See Art. 266.] 



li 
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272. 7b skew tAat ~-=— continually decrecues fwm 1 to - cm 
tf eoniiimaibf mcteaaujrom to ^ . 
We shall firat shew that the fraction 

h dsssiotxDg the radian measure of a small positive augla 
Th* fwu4:* _ (^-f A)8in^-^(ain^cosA+oo6^8inA) 

_ B am$ (I - coe h)'^{hsin B - B coa ^n h) 

Now tantf>^, that is sin^>^cos^, and A>sinA; 

.'. Asin^>^cos^sinA. 

Also 1-cosA is positive; hence the nmnerator is positive, 
&Qd therefore the fraction is positive ; 

sin (^+ A) sin ^ 

/. 5;-^ continually decreases as e continually increases. 

*m ^^sin^_ ,, ^ IT sin^2 

When ^=0, — -j- = l; and when ^=n, — t* =-• 

6 2 a IT 

Thus the proposition is established. 



EXAMPLES. ZZI. a. 

In this Exercise take fr^^-y . 

1. A tower 44 feet high subtends an angle of 35' at a point 
A on the groimd : find the distance of A from the tower. 

2. From the top of a wall 7 fb. 4 in. high the angle < 
depression of an object on the groimd is 24' 30" : find its distant 
mm. the wall 
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3. Find the height of an object whose angle of elevation at 
a distance of 840 yards is V 30'. 

4. Find the angle subtended by a pole 10 ft 1 in. high at a 
distance of a mile. 

5. Find the angle subtended by a circular target 4 feet in 
diameter at a distance of 1000 yards. 

6. Taking the diameter of a penny as 1*25 inches^ find at 
what distance it must be held from the eye so as just to hide 
the moon, supposing the diameter of the moon to be half a 
degree. 

7. Find the distance at which a globe 11 inches in diameter 
subtends an angle of 5'. 

8. Two places on the same meridian are 11 miles apart: 
find the difference in their latitudes, taking the radius of the 
earth as 3960 miles. 

9. A man 6 ft. high stands on a tower whose height is 
120 ft. : shew that at a point 24 ft. from the tower the man 
subtends an angle of 31*5' nearly. 

10. A flagstaff standing on the top of a cliff 490 feet high 
subtends an angle of *04 radians at a point 980 feet from the 
base of the cliff : find the height of the flagstaff. 

11. When 71=0, find the limit of 



sin n' ,^v sin n" 



(1) "-:=:^; (2) 



n n 



• Y 29r 

12. When w= oo , find the limit of - nr^ sin — . 

2 n 

When ^=0, find the limit of 

- 1— cos^ -. msmmB—nainnO 

BsiuB ' ' tanm^+tann^ 

15. If ^ = '01 of a radian, calculate cos ( o + ^ ) • 

16. Find the value of sin 30' lO' 30". 

^ 7, Given cos ( ^ + ^ ) = '49, find the sexagesimal value of ^. 
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Birtance and Dip of the VisiUe HoKi«m. 

273b Let ii be a point above the 
earth's Borfaoe, BCD a section of the earth 
by a plane passing through its centre E 
andX 

Let AE cut the circumference in B 
and/). 

From A draw AC Ui touch the circle 
BCD in C, and join EC. 

Draw AF at right angles to AD ; then 
lFAC is called we dip of tbe horizon 
as seen from A, 

Thus the dip of the horizon is the angle of depression of any 
point on the horizon visible from A. 

274. To find the distance of the horizon. 

In the figure of the last article, let 

AB=h, EB=ED=ry AC^x; 
then by Euc. ra. 36, AC^=AB . AD ; 
that is, sfi=h(2r+h)=2hr+hK 

For ordinary altitudes h^ is very small in comparison with 
2hri hence approximately 

^=2Ar and x=>/2hr* 

In this formula, suppose the measurements are m^ide in 
miles, and let a be the number offset in AB ; then 

a=l160x3xh. 

By taking r=3960, we have 

2 X 3960 X a 3a 
" 2 • 



^= 



1760x3 

Thus we have the following rule : 

Twice the sqtuxre of the distance of the horizon measurt 
miles is equal to three times the height of the place of ohsert 
measured in feet. 

Hence a man whose eye is 6 feet from the ground can 
a distance of 3 miles on a horizontal plane. 
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Example. The top of a ship's mast is 66f ft. above the sea-level, 
and from it the lamp of a lighthouse can just be seen. After the 
ship has sailed directly towards the lighthouse for half-an-hour the 
lamp can be seen from the deck, which is 24 ft. above the sea. Find 
the rate at which the ship is sailing. 



BC 




Let L denote the lamp, D and E the two 
positions of the ship, B the top of the mast, 
C the point on the deck from which the lamp 
is seen ; then LCB is a tangent to the earth's 
surface at A, 

[In problems like this some of the lines 
must necessarily be greatly out of proportion.] 

Let AB and AC be expressed in miles; 
then since DB=e^ feet and EG = 24 feet, 
we have by the rule 

ilB2=|x66f=100; 
.-. ^J?= 10 miles. 
^C2=?x24=36; 

.'. ^C= 6 miles. 

But the angles subtended by AB and AC a,i the centre of the 
earth are very small ; 

.-. arc AD=AB, and arc AC=AE. [Art. 268.] 

.-. aiQDE=AD-AE=AB-AC=irxules. 

Thus the ship sails 4 miles in half-an-hour, or 8 miles per hour. 



275. liSt B be the number of radians in the dip of the 
horizon ; then with the figure of Art. 273, we have 



.EC r 



EA A+r 



=(-r^ 



.-. 1 -2sin2- = l-- + -^-... ; 



. . z sm -T — 3'+'.... 

2 r r^ 

h B 6 

Since B and - are small, we may replace sin- by x and 

neglect the terms on the right after the first. 
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Thus -^ = -, or <^=A/y. 

Let N be the number of degrees in B radians ; then 

180^ 180 /2A 

Now iJr=s6S nearly ; hence we have approximately 

180x7xV2A 



IT 



N= 



22x63 



or ir=^V2A, 

a formula connecting the dip of the horizon in degrees and the 
height of the place of observation in miles. 



ZXI.b. 



I Here ir=-=- , and radius of earth =3960 miles, 

1. Find the greatest distance at which the lamp of a 
lighthouse can be seen, the light being 96 feet above the sea- 
leveL 

2. If the lamp of a lighthouse begins to be seen at a distance 
of 15 miles, find its height above the sea-level. 

3. The tops of the masts of two ships are 32 ft. 8 in. and 
42 fL 8 in. above the sea-level : find the greatest distance at 
which one mast can be seen from the other. 

4. Find the height of a ship's mast which is just visible at a 
distance of 20 miles from a point on the mast of another ship 
which is 54 ft above the sea-level. 

5. From the mast of a ship 73 ft. 6 in. high the lamp of a 
lighthouse is just visible at a distance of 28 miles : find the 
height of the lamp. 

6. Find the sexagesimal measure of the dip of the horizon 
from a hill 2640 feet high. 
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7. Along a straight coaAt there are lighthouses at intervals 
of 24 miles : find at what height the lamp must be placed so that 
the light of one at least may be visible at a distance of 3j^ miles 
from any point of the coast. 

* 

8. From the top of a mountain the dip of the horizon is 

I'Sl" : find its height in feet. 

9. The distance of the horizon as seen from the top of a hill 
is 30*25 miles : find the height of the hill and the mp of the 
horizon. 

10. If a: miles be the distance of the visible horizon and J\r 
degrees the dip, shew that 



AT ^ /^ 

^=66 V n- 



When ^=0, find the limit of 

-- sin 4^ cot ^ -„ 1 — cos^+sin^ 

vers2^cot2 2^* ^ "l-cos^-sin^* 

13. When ^=o, find the limit of 

,-. sin ^ — sin o ,_, cos ^- cos a 

14. Two sides of a triangle are 31 and 32, and they include a 
right angle : find the other angles. 



observes 
are 

16. Shew that — ^ continually increases from 1 to qo as ^ 

o 

IT 




continually increases from to ^ . 
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GEOMETRICAL PROOFS. 



276w Tofimd the expa/nnon of tan {A -\-B) geometrically. 
Let LLOM^AyAnd lMON^B\ then LLOJ!i=A-^B. 




. In ON take any point P, and draw FQ and PR perpendicular 
to OL and Olf respectively. Also draw R^ and RT perpendicular 
to OL and FQ respectively. 

tan(^+5)=^^ = ^^-^^ 

RS 



ES FT 
OS "^ OS 

OS 



_,PT 

OS'^ OS 

TF' OS 



Now 



^=tan^, and ^=tan^; 



also the triangles ROS and TFR are similar, and therefore 

TF FR 



W OR 



=tan5. 



I 



X / A . T3\ tan ^+ tan 5 



H. K. £. T. 
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In like manner, with the help of the ^;ure on page 9 
may obtain the expansion of tan [A - B) geometricallj. 



277. To prove g«metrieaUy the Jbrmula for trataformatum. 
of tuna irUo producU. 




Let L EOF be denoted by A, and L EOG by B. 

With centre and any radius describe an arc of a circle 
meetiug OQ in H and OF in K. 

Bisect L KOH by OL ; then OL bisect* SK at right angles. 



It is eaay to prove that the triangles MEL and JfSL aia 
equal in aU respects, so that KU=NS, ML=LN, PR~Rq. 

Also i. 00F= A-B, and therefore 

lHOL'-lKOL=-^~^^; 

... ,«,i.^+d^«.^. 
.1 ^4..inB Jf^j.Je KP+m 
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.-. 8in^+8mJ?=2^.^=28mi20ZcosZ0X 

(JJu Uli. 

„ . A+B A-B 
=2 sm — - — cos — - — . 
2 2 

C08^+C0si?-^ + ^«-^^+^ 
COS^+COS/^-g^ + ^^_ ^^ 

_ (OE--FR)+{OE+RQ ) OR 
OK OK 

^=2 ~. ^=2 COS ROL COS KOL 

^ A+B A-B 
= 2 cos — - — cos — ^— . 

2 ^ 

8111.4— Sm^=:?rT= — T^= z^^sr-- 

OK OH OK 

(KM+LR) - {LR-NH) _ KM 
OK ^ OK 

=^2 ^,^=2 cos LKM Bin KOL 

^ A+B . A-B 
= 2cos— y-sin— — , 

since L LKM^oom^' of lKLM= l MLO^ lLOE=^-^. 

^B cog.!-^^ 0P_^ 0q-0P 
cos/; cos^-^^ ^^ ^^_ 

_ {0R+RQ)-{0R-PR) ^PR ML 
OK "OK" OK 

=2 ^ . ^=2 sin ZiTiTsin iTOZ 

o . A+B . ^-J5 
=2sm-^sin-^~. 
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278. Geo7netrical proof of the 2 A formtdce. 

Let BFD be a semicircle, BD 
the diameter, C the centre. 

On the circumference, take any 
point P, and join PJ5, PC, PD. 

Draw PiV^ perpendicular to BD. 

Let lPBD= A, then 

lPCD^2A. 

And LNPD=comg' of lPDN^ lPBD=A. 

, PN 2PN ^PN PN BP 

sm 2^~ ^p - -2CP - BD ~ 5P • ]?/) 

=2sinP5iVcosPJ5/) 
=2sin^ cos A 

. ON _WN _CN±CN 
cos2^-^p- ^^ - ^^g— 

^ ( JgJT- BC) + ((7i) - JVTZ)) BN-ND 
BD *" i?2> 

^5iV BPND PD 
BP ' BD PD' BD 

=cos A . cos ^ - sin -4 . sin ul 
=cos2^-sin2J[. 

„, CTT GD-DN -DN ^ 2DN 
cos2^=^^=— ^^^ = 1-_=1-^ 

= 1-2 -jjp , d7)= 1 - 2 sm^ . sm ^ 

= l-2sinM. 
^. CiV BN-BG BN , 25iV^ , 

^BN BP ^ ^ 
~ Wp * "^ -1=2 cos A . cos ^ - 1 

==2cos2^ -1. 
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CN'^^CN" BN-ND 



2 



1- 



PN 
BN 



PN 



BN 
2tan^ 



1- 



BN 
PN' M 



1 - tan A . tan A 
2tan^ 



l-tan^ul* 

To find the valvje of sin 18* geometricaUy. 

ABD be an isosceles triangle in which 
gle at the btfse BD is double the ver- 
gle A ; then 

^+2il+2.i = 180*, 

refore^=36*. 

ct lBAD by AE\ then AE bisects 
ight angles ; 

.-. LBAE^l^r. 



s 



. o BE X 
sin 18 =^-^ = -, 
AB a 




AB=ay and BE=a:. 

n the construction given in Euc. iv. 10, 
AC=BD = 2BE==2a;, 

AB.BC=^AC^; 

.'. a(a-2^) = (2^)2; 

-2a±V20a2 -1±V5 



a?= 



8 



upper sign must be taken, since » 

sml8 =-'^— : — . 



Ill 
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Proofs by Projection. 

280. Definition. If from any 
two points A and J?, lines AC and 
BD are drawn perpendicular to OX, 
then the intercept CD is called the 
projection of AB upon OX. 

Through A draw ii^ parallel to OX; then 

CD=AB=ABcoqBAE; 
that is, CI)=:AB cos a, 

where a is the angle of inclination of the lines AB and OX. 

281. To shew that the projection of a straight line is eqtud to 
the projection of an eqtud and parallel straight line drawn, from, a 
fixed poirU. 

Let ABh& any straight line, 
a fixed point, which we shall 
call the origin, OP a straight line 
equal and parallel to AB. 

Let CD and OM be the pro- 
jections of AB and OP upon any 
straight line OX drawn through 
the origin. 

Draw A E parallel to OX. 

The two triangles AEB and 
OMP are identically equal ; 

.-. OM^AE=^CD\ 

that is, projection of OP = projection of AB. 

282. In the figure of the last article, two straight lines OP 
and OQ can be drawn from equal and parallel to AB ; it is 
therefore necessary to have some means of fixing the direction in 
which the line from is to be drawn. Accordingly it is agreed 
to consider that 

the direction of a line is fixed by the order of the lettert. 

Thus AB denotes a line drawn from A to B^ and BA denotes 
a line drawn from B to A. 




D X 
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Hence OP denotes a line drawn from the origin parallel to AB^ 
and OQ deootes a line <bAwn from the origin parallel to BA. 

Similarly the direction of a projected line is fixed by the 
order of the lettefa 

Thus CD is drawn to the right from C to D and is positive, 
while DOla drawn to the left from Dto C and is n^pative. 

Hence in sign as well as in magnitude 

OM^CD, and ON=DC', 

that is, projection of (^P= projection of AB^ 

and projection of OQ»projection of BA. 

Thus the projection cf a straight line can he repreeented hath 
in sif^ and magnitude hy the prelection of an equal and paraUd 
straight line drawn from the origin. 



P Y 




283. Whatever be the direction 
of AB, the line OP will foil within 
one of the four quadrants. 

Also from the definitions given 
in Art 76, we have 

gp=cosZOP, 

that is, 

Oif=OPcosZOP, 

whatever be the magnitude of the 
angle XOP, We shall always sup- 
pose, unless the contrary is stated, that the angles are measured 
in the positive direction. 



284. Let be the origin, P and Q 
anj two points. 

Join OP, OQ, PQ, and draw PM 
and Qi\r perpendicular to OX. 

We have 

OM^ON^^NM, 

since the line NM is to be regarded as 
negative ; that is. 




ihe projection of OP = projection of 0§+j 



«j 
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Hence, the projection of one side of a triangle is equal to 
the sum of the projections of the other two sides taken in order. 
Thus 

projection of 0§= projection of OP + projection of PQ\ 
projection of §P= projection of §0+ projection of OP, 

General Proof of the Addition Formula. 

285. In Fig. 1, let a line starting from OX revolve until it 
has traced the angle A, taking up the position OJf, and then let 
it further revolve until it has traced the angle B, taking up the 
final position ON, Thus XON is the angle A-\-B, 



Fig. I. 





In ON take any point P, and draw PQ perpraidiculaar to 0M\ 
also draw OR equal and parallel to QP, 

Projecting upon OX, we have 

projection of 0P= projection of .0§+ projection of QP 

^projection of OQ+projection of QR. 
.-. OP cos XOP=OecosXO§+0^cosXOi?..,..,......(l) 

= OPQo%BQo»XO<i^OP»mBcoBXOR\ 
.-. cosJr07*=ooBJ?ooBXO§H-sinJ?coflZO/?; 

that is, cos(^+^=cosJ5coB-4+sinJ5ooBj(90°-f ii) 

= cos -4 cos J5 - sin ^ sin A 
Projecting upon OYy we have only to write F for JTin (1); 



1 
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thus OPcoB rOP^OQ COB YOQ+OE cob TOR 

r=OPcoBBcosrOQ+OP&mBcosyOR; 

.'. COB YOP=^cobB COS YOQ+sinB COB TOR; 

that is, 

cob(A+B -90*)=cosjBcos(il-90*)+sin5cos4; 
.'. 8in(-4+jB)=sin-4cosjB-fcos-4sini?. 

In Fig. 2, let a line starting from OX revolve until it has 
traced the angle A^ taking up the position OM, and then let it 
revolve Ixick ctgain until it has traced the angle B, taking up the 
&ial position ON, Thus XON is the angle A-B, 

In ON take any point P, and draw PQ perpendicular to MO 
produced ; also draw OR equal and parallel to QP, 

Projecting upon OX, we have as in the previous case 
OP cos XOP= OQ cos XOQ+OR cos XOR 
^OPcoB (180' - i?) cos XOQ 

H- OP sin (180* - J5) cos X0i2 ; 
.*. cobXOP^— COB B COB XOQ ■\-BixiB COB XOR \ 

that is, 

cos(ul-i?)=-cosjBcos(^-180')+sin5cos(^-90°) 
= -cos-fl(-cos-4)+sin5sin^ 
=008 A cos ^+sin A sin B. 

Projecting vpon OY, we have 

OP cos YOP=OQ cos YOQ-^-OR cos YOR ; 
= OP cos (180° - ^ cos roc 

H- OP sin (180' -5) cos YOR; 
.'. COB rOP= -cos jB cos rO§+sin jB cos FOJR; 

tbatis, 
cos (-4 - J? - 90")= - cos J? cos (^ - 270') + sin J? cos (4 - 180") ; 

/. sin (-4 - -B)= -- cos 5 ( - sin 4) +sin 5 ( - cos A) 

=sin A cos B - cos A sin B. 
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286. The above method of proof is applicable to every oase, 
and therefore the Addition Formula are universally established. 

The universal truth of the Addition Formula may also be 
deduced from the special geometrical investigations of Arts. 110 
and 111 by analysis, as in the next article. 

287. When each of the angles A, B^A-\-B)a less than 90", 
we have shewn that 

cos(^+jB)=cos^cosjB-sin-4sinjB (1). 



But cos {A +5)=sin (u4 +i? + 90") =sin (^ +90" + 5) ; 
also cos A = sin (A -f 90"), 

and - sin ^ = cos (il + 90"). [Art. 98.] 

Hence by substitution in (1), we have 



sin (A +90" + ^=sin {A +90") cos i?+cos (J.+90") sin B. 

In like manner, it may be proved that 
cos (Z+90^ + J5) = cos (^ + 90") cos jB - sin (il + 90") sin A 

Thus the formulad for the sine and cosine of -4 +i? hold when 
A is increased by 90". Similarly we may shew that they hold 
when B is increased by 90". 

By repeated applications of the.same process it may be proved 
that the formulad are true when either or both of the angles A 
and B is increased by any multiple of 90". 

Again, cos(ii+-B)=*oos^cosi?-sinilsin-B (1). 

But cos(il+J5)=-sin(Z+5-90")=-sin(il-90"+i?); 
also cos -4 = — sin (-4 — 90"), 

and sin A = cos {A - 90"). [Arts. 99 and 102.] 

Hence by substitution in (1), we have 
sin {A - 90" + B) = sin {A - 90") cos 5 + cos {A - 90") sin A 

Similarly we may shew that 
cos(^-90"+i?)=cos(^-90")cos5-sin(^-90")sinJ5, 

Thus the formulsD for the sine and cosine oi A-\-B hold when 
A is diminished by 90°. In like manner we may prove that they 
are true when B is diminished by 90". 
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; Bf vqpeaied applicationB of the same process it may be shewn 
that the foarmiilsd nold when either or both of the angles A and 
B ui dnniniflhed by any multiple of 90^ Further, it will be seen 
that the formulsBi are true if either of the angles ^ or £ is 
increased by a multiple of 90*" and the other is mminished by a 
multiple of 90^ 

Thus sin (P+§)=sin Poos §+cos Psin §, 

and cos(P+$)=cosPcos§-sinPsin§, 

where F=A±m.90% and Q=^B±n, 90% 

m and n being any positive integers, and A and B any acute 
angles. 

Thus the Addition Formulae are true for the algebraical sum 
of any two angles. 



mSOELLAJTBOUS EXAMPLES. H. 

1. If the sides of a right-angled triangle are 

cos2a+cos2i3+ 2cos(a+)3) and sin2a+sin2)3Ainl(a+/3), 

a-B ^ 

shew that the hypotenuse is 4 cos^ ^-~ . 

2. If the in-centre and circum-centre be at equal distances 
from BCy prove that 

cos J? + cos (7=1. 

3. The shadow of a tower is observed to be half the known 
height of the tower, and some time afterwards to be equal to the 
height : how much will the sun have gone down in the interval ? 
Qivenlog2, 

Z tan 63** 26' = 10-3009994, diff. for 1' = 3159. 

4. If (l-|-sina)(l+sin/3)(l+siny) 

= (1 - sin a) (1 -sin )3) (1 - sin y), 

shew that each expression is equal to +cos a cos/3 cos y. 

5. Two parallel chords of a circle lying on the same side of 
the centre subtend 72" and 144" at the centre : prove that tY 
distance between them is one-half of the radius. 

Also shew that the sum of the squares of the chords is ec 
to five times the square of the radius. 
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6. Two straight railways are inclined at an angle of 60". 
From their point of intersection two trains P and Q start at the 
same time, one along each line. P travels at the rate of 48 miles 
per hour, at what rate must Q travel so that after one hour they 
shall be 43 miles apart ? 

7. If a=cos-i-+cos-if , 

shew that sin^ a = -« ? cos a + ?« . 

a^ ah c^ 

8. If jo, J, r denote the sides of the ex-central triangle, prove 
that 

a2 ^ '^ 2abc 

9. A tower is situated within the angle formed by two 
straight roads OA and OB, and subtends angles a and /3 at the 
points A and B where the roads are nearest to it. If 0-4= a, 
and OB=by shew that the height of the tower is 

Va* - 62 sin a sin 3 / Vsin (a +/3) sin (a - /3). 

10. In a triangle, shew that 

11. If AD be a median of the triangle ABC, shew that 

(1) cot 5^Z)=2 cot ^ -hcot J5 ; 

(2) 2 cot ADC= cot 5 - cot C. 

12. If p, q, r are the distances of the orthocentre from the 
sides, prove that 

\p q rj \p q rj\q r pj \r p q) 



Oraphical Bepresentation of the Circular Functions. 

288. Definition. Let /(a?) be a function of x which has a 
single value for all values of x, and let the values of j? be repre- 
sented by lines measured from along OX or 0X\ and the 
values of f{x) by lines drawn perpendicular to XX'. Then with 
the figure of the next article, if OM represent any value of a?, 
and MP the corresponding value of /(a?), the curve traced out by 
the point P is called the Graph of j{x\ 



xzn.] 



GRAPHS OF SIN B AND COS B. 
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Graphs of sinO and cosO. 



Suppose that the unit of length is chosen to represent 
a radian ; theni any angle of B radians will be represented by a 
line OM which contains B units of length. 

Graph of sin^. 




Let JfP, drawn perpendicular to OX^ represent the value of 
sin B corresponding to the value OM of B ; then the curve traced 
out by the point P represents the graph of sin B, 

As OM or B increases from to ^ , MP or sin B increases from 
to 1, which is its greatest value. 

As OM increases from x to tt, MP decreases fi^m to 1. 



As OM increases from tt to — , MP increases numerically 

JU 

from to - 1. 

As OM increases from -^ to 27r, MP decreases numerically 

from - 1 to 0. 

As OM increases from 2ir to 47r, from Aur to Gtt, from 6>r to 
8ir, ....... MP passes through the same series of values as when 

OM increases frx>m to 2ir. 

Since sin ( - ^)= - sin B, the values of MP lying to the left of 
O are equal in magnitude but are of opposite sign to values of 
iiP lying at an equal distance to the right of 0, 

Thus the graph of sin ^ is a continuous waving line extendin<r 
to an infinite distance on each side of 0. 

The graph of cos B is the same as that of sin ^, the oi 

being at the point marked - in the figure. 
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Graphs of tanO and cotO. 

290. As before, suppose that the unit of length is chosen to 
represent a radian ; then any angle of 6 radians will be repre- 
sented by a line Oif which contains 6 units of length. 

Let MPy drawn peri)endicular to OX, represent the value of 
tan 6 corresponding to the value OM of 6 ; then the curve traced 
out by the point P represents the graph of tan 6, 

By tracing the changes in the value of tan as B varies from 

to 2n-, horn. 2fr to 49r, , it will be seen that the graph of tan $ 

consists of an infinite number of discontintious equal branches as 
represented in the figure below. The part of each branch be- 
neath XX is convex towards XX , and the part of each branch 
above XX is also convex towards XX'; hence at the point where 
any branch cuts XX there is what is called & point of inflexion^ 
where the direction of curvature changes. The proof of these 
statements is however beyond the range of the present work. 

The various branches touch the dotted lines passing through 
the points marked 

-2' -2' -2' ' 

at an infinite distance fix)m XX. 



Graph of tan 9, 



rT 



X! 




^-2ir 






The student should draw the graph of cot^, which is very 
lilar to that of tan 6. 



1 



# A2FD €!.«»: iK 



^7 



IteoDntecr 
natdy abofv 
unit of 
dotted fines 



cf me0 B ig|amwn i«ii sa 
l i ifinitr numher of cqoftl 
hAm XT, tfie Terteai of 
firom XJ*. The tukkb 
titroagh the points mxrked 

+— +— + — 

-3- -2- ~2 



touch tb» 



at an infinite distanoe finxn XX. 



GK^h of see (^. 




xts"=sr 



-¥ 



-* -f 





The graph of cosec B is the same as that of boo ^, tho origin 
being at the point marked -51^ the figure. 
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SUMMATION OF FINITE SERIES. 

292. An expression in which the successive terms are formed 
by some regular law is called a series. If the series ends at 
some assigned term it is called a finite series ; if the number of 
terms is unlimited it is called an infinite series. 

A series may be denoted by an expression of the form 

where w„+i, the (w+l)* term, is obtained from u^^, the n*^ teim, 
by replacing n by n+1. 

Thus if Wn = cos (a +nff), then u^+i= cos {a + (n+ 1) /3} ; 

and if t*^=cot2*~ia, then t«^+i=cot2*a, 

I 

293. If the r^ term of a series can be expressed as the 
difference of two quantities one of which is the same function of 
r that the other is of r+1, the siun of the series may be readily 
found. 

For let the series be denoted by 

t*i+W2+%+ +%> 

and its sum by S, and suppose that any term 

then ^=K-«'l) + («'3-'^2) + («^4-'^3) + — +K-'«'n-l) + (Vn+i-V») 

Example, Find the sum of the series 

coseca+coseo2a + cosec4a+ + coseo2*~'a. 

1 "°2 '"'('-2) 

coseoa=— — = — ^— — ia= ^ f . 

Bin a . a . . a . 

sm ^ sm a sm ^ am a 



\ 

i 
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Henee ooeeeasoot^-ooto. 

If we vqilafle « by 2a, we obtain 

ooaee 2a = oot a - oot 2a. 

Similailj, oofleo4a=eot2a-cot4a, 

ooaeo 2»-i a = oot 2'^'tt - cot 2*~* a. 
By addition, iSi=oot^-pot2*^~ia. 

294. To find the sum of the sines of a aeries of n angles which 
ire in arithnietioal progression. 

Let the ainenaerieB be denoted by 
8ina+ain(a+/3) + 8in(a+2/3) + +sin{a+(H-l)^}. 

We have the identities 

2 sinasin^= cos (a-^j - cos (a+^j , 

2 8in(a+/3)8in|=cos (°+f)-<5^ («+y)» 
2 8in(a+2/3)sin|=cos ^a+^ -cos ^a+^V 

28in{a+(n-l)^}sin|=cosra+— g— ^j-cosfa+- g- /3j. 

By addition, 

2.S8in|=co8(a-|)-cos(a + ?^/3) 

= 2 Sin ( a+-2- ^) ®^^ 2 5 

Sin— . . 

... S^ Isin^a+^is). 



. /3 



H. K.E.T. 
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295. In like manner we may shew that the sum. of the 
cosine-series 

cosa+cos(a+j8)+cos(a+2j8)+...+co8{o+(n-l)/3} 



. Wj3 
sm^ 

sin| 



cosL+^^^/SJ. 



296. The formulae of the two last articles may be expressed 
verbally as follows. 

The swm, of the sines of a series of n angles in a.p. 

n dif, . 



sm 



2 . first angle + last angle 
-rr-sm 



lif. — 2 

sm-| 



The sum of the cosines of a series ofn angles in A. p. 

. n diff. 

2 first angle + last angle 

-mi^ COS 



liff, 2 

sin -~~ 
2 

Example, Find the sum of the series 

COB a + COB da + COS 5a + +C08(2n-l)a. 

Here the common difference of the angles is 2a; 

^ sin na a + (2n-l)a 

.'. 8=—. cos ^—= — '— 

sma 2 

_ sinyiaC0Bna _ sin2wa 
"" sin a ""2 sin a * 

nQ 
297. If sin -^=0, each of the expressions found in Arts. 294 

and 295 for the sum vanishes. In this case 

-^=zkirj or P— , where k is any integer. 

^ n 

Hence the sum of the sines and the sum of the cosines of n angles 
in arithmetical progression are each equal to zero, when the common 

difference of the angles is an even multiple of - . 
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296. Some series may be brought under the rule of Art 296 
by a simple transformation. 

Exan^le 1. Find the sum of n terms of the series 

cos a - cos (a +/3)+ cos (a +2/3) -COB (a +8/3) + 

This series is equal to 

coStt+cos(tt+/5+ir)+oos(tt+2/3+2ir)+cos(tt+8/3+8ir)+ .^ 

a series in which the common difference of the angles is /S+r, and the 
last angle is a+(n- 1) (/3+ir). 

. n{B+ir) 

tan ^^ ' 

„ 2 ( (n-l)(/5+ir)l 

A 8= ^ . COB ■^a + ^ /v /| 



smC_L_ 



|,^(«-i^| 



Example 2. Find the stun of n terms of the series 
sina+oos(a+/3)-Edn(a + 2j8)-cos(a+8/3) + Bin(a+4/3) + 

This series is equal to 

8intt + sin(a+j8 + ~ j + Bin{o + 2/3 + ir) + Bin.f a + 8/3+-^ j + ..^.,..i 

a series in which the common difference of the angles is j8 + ~ . 

. n(a/?+T) 

■■ * — . i^+» "° r+ i f • 

... Bm-^-T — 



EZAHPZiES. XXnLa. 

Sum each of the following series to n terms : 

L sina4-sin3a+sin5a+ 

2. COSa+cos(a-j3)+COs(a-2j3) + 



3. sina+sinf a--j +sin( a- — j + 



- V , 2Tr , 3ir . 

4. OOS-T + COS-j-+COS'-r- + 
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Find the sum of each of the following series : 

6. COS^+C08j5+CC«jg + + C08-^g. 

. 2b- , 4ir , 6n- , . 20>r 

6. cos2i + co8 2J-+coe2j-+ +cos2r- 

7. sin-+sin — hsin — H ton-1 terms. 

n n n 

8. cos — hcos — hcos — V to2n-l terms. 

71 71 71 

9. sinwa+sin(?i-l)a+sin(7i-2)a+ to 27i terms. 

Sum each o^ the following series to 7b terms : 

10. sin^-sin2d+sin3^-sin4^ + 

11. cosa-cos(a-/3)-|-cos(a-2/3)-cos(ti-3j3) + 

12. coso-8in(a-i8)-cos(a-2i8)+sin(o-3/3) + 

13. sin2^sin^+sin3^sin2^+8in4^sin3^ + 

14. sin a cos 3a + sin 3a cos 5a + sin 5a cos 7a + 

15. sec a sec 2a + sec 2a sec 3a + sec 3a sec 4a + 

16. cosec 6 cosec 3^+cosec Z6 cosec 5^ 

-|-cosec5^cosec7^ + 



17. tan 5 sec a -h tan p sec 5+ tan gg sec 5^-1- 



18. cos 2a cosec 3a + cos 6a cosec 9a + cos 18a cosec 27a + 

19. sin a sec 3a + sin 3a sec 9a + sin 9a sec 27a + 

20. The circumference of a semicircle of radius a is divided 
into 91 equal arcs. Shew that the sum of the distances of the 
several points of section from either extremity of the diameter is 



«(«>t^-i)- 



21. From the angular points of a regular polygon, perpen- 
diculars are drawn to XX' and YY' the horizontal and vertical 
diameter of the circumscrihing circle : shew that the algebraical 
sums of each of the two sets of perpendiculars are equal to 
zero. 
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299. By means of the identitieB 

2sm^a=l-oos2a, 2cos'a=l+cos2a, 

4sin'a=dsina-8in3a, 4cos3a=3cosa+cos3a, 

we can find the sum of the squares and cubes of the sines and 
cosines of a series of angles in arithmetical progression. 

Example 1. Find the sum of n terms of the series 
8in«o+8in*(o+/3)4-sin»(o+2j8) + 

2iSf={l-oos2o} + {l-cos(2o+2j8)} + {l-oos(2o + 4/3)}4- 

=n-{oo82tt+cos(2a+2/3)+oo8{2o+4|3) + }; 

_ mnnfi 2a+{2a + (n-l)2p} ^ 

— W ; ~ OOS jr I 

sm/S 2 

Example 2. Find the sum of the series 

oos' a +008' da +008*50+ +oos8(2n-l)o, 

45 = (8 008 a +008 3a) + (3 COS 3a + 008 9a) + (3 COS 5a + 008 15a) + 

=8(008 a+0O8 8a+0O8 5a+ ) + (oo83a + oos9a+ooBl5a+:.... ) 

_ 38in na / a+(2n-l)ct) si nSna f 3a + (2/1-1) 3a ] 
"""^SIT *^^ I 2 f **■ 7S^ "^^ I 2 ~[ ' 

. 8sinnaoosna sindnaoosSna 

• Si= ■ -1 

4 sm a 4 sm 3a 

ZOO. The following further examples illustrate the principle 
of Art. 293. 

Example 1. Find the sum of the series 

tan" \ , ^ Q — l+tan- \ , , . — 2+ +tan-i--; — ——.. 

1 + 1. 2. x^ l + 2.3.a;2 l+n(n + l)a;* 

As in Art. 249, we have 

X 

tan~^ ~ ; TT— 5= tan-* (r+l)x- tan'^raf ; 

l+r(r+l)x" ^ ' 

,% S=tan^*(n + l)ar-tan-*a?, 
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Example 2. Find the sum of n terms of the series 
tano+2tan| + ^tan^ + ^3tan^+ 



We have tana=cota-2cot2a. 

Beplaoing a hy ^ and dividing hy 2, we ohtain 

1. o 1 .a , 
?**^2^2°^*2"" **' 

Similarly, _ tan^^^gjOOtlj - -cot^; 



a 



1 a 1 « 1 . 

1 a 

By addition, S = ^j^ cot ^^ - 2 oot 2a. 



EXAMPLES. XZm.b. 

Sum each of the following series to n terms : 

1. cos2^+cos«3d+cos2 5d+ 

2. sin^a+sin^^a+^^+sin^^a+^V 

3. coa^a+coa^fa-'^ +coa^(a-—\+ 

4. sin»^+sin8 2d+sin3 3d+ 

5. sin'a+sin^f a+— j+sin3^o+-^j + 

6. cos^a+cos^ la — ^ J +cos' (a — -) + 

7. tan ^ + 2 tan 2^ + 22 tan 22^ + 

8. 1 I 1 I 1 . 
cosa+cos3a cosa+cos5a cosa+cos7a 
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9. Sin2^sin2^+ism2 2^sm4^+isin2 4^sin8^ + 

2 4 

B 6 6 6 6 
10. 2 cos ^ sin2 - + 22 cos - sin^— ^+23 cos psin2^+ 

15. From any point on the circumference of a circle of radius 
r, chords are drawn to the angular points of the regular inscribed 
polygon of n sides : shew that the sum of the squares of the 
choiSs is '^m^. 

16. From a point P within a r^ular polygon of 2n sides, 
perpendiculars Al^, PA^y PA^y ,,.PA^ are drawn to the sides : 
shew that 

PAj^+PA^+...+PA^^i=PA^+PA^+,..+PA^=:nr, 

where r is the radius of the inscribed circle. 

17. If AiA^o,,.A^^.i is a regular polygon and P a point on 
the circumscrioed circle lying on the arc AiA2n+ij shew that 

PAi+PA3-^...-\'PA^+i=^PAi+PA^ + ..,+PA2n' 

18. • From any point on the circumference of a circle, perpen- 
diculars are drawn to the sides of the regular circumscribing 
polygon of n sides : shew that 

3nr2 

(1) the sum of the squares of the perpendiculars is — ^ ; 

(2) the sum of the cubes of the perpendiculars is —^ . 



CHAPTER XXIV. 



MISCELLANEOUS TRANSFORMATIONS AND IDENTITIES. 



Symmetrical Expressions. 

301. An expression is said to be symmetrical with respect to 
certain of the letters it contains, if the value of the expression 
remains unaltered when any pair of these letters are interdiang^ 
Thus 

cos a + cos /3+ cos 7, sin a sin /3 sin y, 

tan(a-^) + tan(/3~^)+tan(y-^), 

are expressions which are symmetrical with respect to the letters 

302. A symmetrical expression involving the 8wm of a 
number of quantities may be concisely denoted by writing 
down one of tne terms and prefixing the symbol 2. Thus 2 cos a 
stands for the sum of all the terms of which cos a is the type, 
2 sin a sin j3 stands for the sum of all the terms of which sin a sin /§ 
is the type ; and so on. 

For instance, if the expression is symmetrical with respect to 
the three letters a, /3, y, 

2 cos j3 cos 'y=cos /3 cos y +COS y COS a+cos a cos /3 ; 

2sin(a-^)=sin(a~^)+sin(/3-^)+sin(y-^). 

303. A symmetrical expression involving the product of a 
number of quantities may be denoted by writing down one of 
ih& factors and prefixing tne symbol IL Thus n sin a stands for 
the product of all the factors of which sin a is the type. 

For instance, if the expression is symmetrical with respect to 
the three letters a, j3, y, 

ntan(o+d)=tan(a + d)tan(/3+^)tan(y-|-^); 
n (cos j8 4- cos y ) = (cos /3 + cos y) (cos y + cos a) (cos a + cos /3). 



SYMMETRICAL EXPRESSIONS. 297 

30i. With the notation just explained, certain theorems in 
Chap. XII. involving the three angles A^ B, C. which are con- 
nected by the relation A+B'{'C^lSO% may be written more 
concisely. For instance 

2 sin 2^ = 411 sin ui ; 
2 sin ^=411 cos-- ; 
2 tan ^ =n tan ^ ; 
Stan — tan- = l. 

Example 1. Find the ratios of a : & : e from the equations 
aoos^ + &8in^=e and aoo8</>+hajiif>=c. 

From the given equations, we have 

aoo8^+5Bin^-c=0, 
and aoos0+5sin0-e=O; 

whence by cross multiplication 

a b c 

sin^-sin^ cos ^- cos ^ sin^oos^-cos^sin^* 

a be 



2 cos 21^- sm ^-^- 2 sm ^-^ f^^-^-jr 

a A 2 2 

Dividing each denominator by 2 sin ^^r— , we have 



c 



COS — ^ sm —^ COS — ^ 

A 2 2 

Note. This result is important in Analytical Geometry. 

It should be remarked that cos (0 - 0) is a symmetrical function 
of and 0, for cos {0 - 4>) =cos (0 - 0) ; hence the values obtained for 
a:b :c involve and </> symmetrically. 

Example 2. If a and j8 are two different values of which satisfy 
the equation a cos + bain0^Ct find the values of 

4co8^^oos^^, sina+sinjS, sin a sin/3. 
« 2 
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From the given equation, by transposing and squaring, 
(a COS ^ - c)2=6asin«^=6a(l - oos^d) ; 
/. (a^+b^)coB^e-2acCiOB0+c*-b^=zO. 

The roots of this quadratic in cos are cos a and cos j3 ; 

2ac 
.-. cosa + cosj8=^^^f-j-^ (1), 

and cosoco8/3=-5^^ (2). 

And 4cos2~cos2^=(l+cosa)(l+cos/3) 

2ac c^-68 

IT 'IT 

From the data, we see that ^ - a and ^ - j3 are values of which 
satisfy the equation a sin ^ + & cos d=c. 

By writing a for b and & for a, equation (1) becomes 

or smtt+8m^=^^-j-p 

Similarly, from equation (2) we have 



cos 



25e 



sma8m/3=-r — 7^. 

These last two results may also be derived from the equation 
(6 sin ^-c)2=a2 cos*d=a«(l-sin«^). 

Example 3. If a and /3 are two different values of which satisfy 

the equation a cos ^ + & sin 9=e, prove that tan — ^r^ = - . Also if thjQ 

a a 

values of a and j3 are equal> shew that a^+h^=:c^, 

l-tan^l 2tan| 

By substituting cos^=«i-^>^-^ and 8in^ = 



l + tan^l l + tan^l 
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in the given equation a ooB + 6 Bin ^=: c, we have 

a (l - tan«|^ + 26 tan I =c (l + tanS^V 

that is, (c+o)tan«|-26t«i| + (c-a)=0 (1). 

The roots of this equation are tan^ and tan^ ; 

.*. tan - + tan - = « and tan::rtan^ = : 



/. tan '^ 



_ 26 // c-o\ _6 
"e + a/x c + aj^a 



2 c+a/\ c+aj a 

If the roots of equation (1) are equal, we have 

6»=(c+a)(c-a); 

whence a^+6^=c*. 

NoTB. The substitution here employed is frequently used in 
Analytical Geometry. 

Example 4. If cos 0+oo8 0=a and sin 0+sin 0=6, find the values 
of cos (^ + 0) and sin 29 + sin 20. 

From the given equations, we have 

sin9+sin0 6 
COS9+CO8 a* 

.*. tan— ;r^=-. 

2 a 
For shortness write t instead of tan —^ ; then 

and sm(d+0)= 



k 



Multiplying the two given equations together, we have 
sin 29 + sin 20+ 2 sin (9 + 0) =2a6 ; 

/. 8in29 + sin20=2a6(l - ^sryj ) • 
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Example 5. Besolve into factors the expression 

oos^a + OOS2/3+ oos^7+ 2 cos a cos j8 cos 7 - 1, 

and shew that it vanishes if any one of the four angles a±p±y is 
an odd multiple of two right an^es. 

The expression = cos^a + (oos'/S + cos^7 - 1) + 2 cos o cos /S cos 7 
= cos* a + (cos*/3 - sin27) + 2 cos a cos /3 cos 7 
= oos2a + cos(/S+7) cos (/3- 7)+ cos a {cos (/J+7) + cos (/3 -7)} 
= {cos o + cos (/S + 7) } {cos a + cos (/3 - 7) } 

= 4 cos — 5 — ^^ — o — °®^ — o — ^^ — ^o — • 

The expression vanishes if one of the quantities cos ^ — ^=0; 

that is, if one of the four angles — 5 — - = (2n+ 1) ^ ; 
that is, if a:i:j8=t7= (2n+ 1) x, where n is any integer. 

sin a sin i3 

Example 6. If tan^= ^, 

^ cosa+cos/3 

prove that one value of tan ^ is tan ^ tan^ . 

From the given equation, we have 

2 - sin^ g sin^/S _ (cos a + cos jg)* + (1 - cos* a) (1 - cos* /3) 
^^ ~ (cos a + cos /S)*"" (cosa+oos/3)* 

_ 1 + 2 cos tt cos/3 + 008*0 008*/? 

~ (oosa+cos/3)* 

m 1 . XI. *t^ ^ i. n l + OOSttOOS/J 

Takmg the positive root, sec 8= ~ ; 

** *^ cosa+coB/3 

cosa+cosiS 

.-. COS^ = :; ^. 

l+cosacos/3 

1 - cos 6 _1- cos a - COB/3 + COS a cos iS __(! - cos a) (1 - cos /3) ^ 
" 1 + cos ^ ~ 1 + cos a+ cos /3 + cos a C08)3 "~ (1 +cos a) (1 + coB /S) ' 

.-. tan*|=tan*|tan*|; 



a. S 

and therefore one value of tan ^ is tan - tan ^ . 

4 4 4 
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Example 7. In any triangle, shew that 

2a' 008 il = a5c (1 + 4n 008 il). 

Let A;-_^-_A_-_:^. 

Sin ^ Bin B smC ' 

so that a=X;8in^, h=kBiaB, e=kanC. 

By 8ab8titating these values in the given identity, and dividing 
by k^, we have to prove that 

2BinMcos^ = 8inil sinBsinCCl+^IIcos^). 

Now 82 an* A oos ^ ±= 42 wa*A sin 2A 

=22(1 -cos 2^) sin 2^ 
=22sin2^-2 8in4il; 

and it has been shewn in Example 1, Art. 135, that 

2sin2^=4nsinil; 

and it is easy to prove that 

2sin4ii=:-4nsin2^=-d2n8inil.nooBil; 

/. 82sin'iloos^=8nsinil + 32n8inil.nooSil; 

.. 2sin'^cos^=n8in^(l + 4IIcosil). 



FiXAM?TiB8> ZZIV.a. 

1. If ^ =: a, and B=p satisfy the equation 

111 
-cos^+Tsin^=-, 
a c 

., . a+jS , . 0+/3 a — p 

prove that acos— ^=©sm— ^ = ccos— ^. 

Solve the simultaneous equations : 

2. -cosa+Tsino=l, - cos/3+Tsin/3=l. 
Oi o a 

3. -cosa+f smo=l, -sma-TC0Sa=l. 
a ^ a 
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If a and j3 are two different solutions of acos^+5sin^=i 
prove that 

4. cos(a+«=^^. 5. cos«~^ = ^^^3. 

. «« 4a6(2c2-a2-62) 

6. sin2a+sin2^= (^2^52)2 — -' 

7. sin^o+sin^iSrr ^ — -^ — y^~ -, 

8. If acoso4-ftsino=acosj8+6sinj8=<?, prove that 

sin(o+/3)=^-j-p, and coto+cot j8=^— ^. 

If cos^4-cos^=a and sin^+sin^=6, prove that 

9. C0S^C08<^ = ^^^^^. 

10. cos2^+coB2* = (?!zW+^Z?). 

11. tan^+tan<^=^^^-j-p^2— jp, 

12. tan|+tan| = ^^pg^. 

13. Express 

1 - cos^ a - cos* j8 - cos? y + 2 cos a COB /3 cos y 

as the product of four sines, and shew that it vanishes if any or 
of the four angles a±j8±y is zero or an even multiple of ir. 

14. Express 

sin* a + sin* /3 — sin* y + 2 sin o sin fi cos y 
as the product of two sines and two cosines. 

15. Express 

sin* a -f sin* /3 +sin* y - 2 sin a sin /3 sin y - 1 
as the product of four cosines. 



16. If 



^ cosa— cosiS 

008^ = :; ^, 

1— cosaCOS/3 



6 a B 

>rove that one value of tan - is tan - cot ^ . 

^ 2 2 



17. If 



tan* 6 cos*^^-^ = sin a sin ft 



6 a B 

prove that one value of tan* - is tan :;: tan - . 

2 2 2 

18. If tan^(coso+sin/3)=sinacos/3, 

prove that one value of tan ^ is tan ^ tan f ^ - i J . 

2 2 \4 2/ 

In any triangle, shew that 

19. Sa'sinjB8in(7=2a6c(l+cos.4cosjBcos(7). 

nh/* 

20. Sacos3^=j^(l-4cos.4cos5cosC). 

21. %a^coB{B-C)^Zabc. 

22. If a and /3 are roots of the equation a cos ^+6 sin ^=c, 
form the equations whose roots are 

(I) sin a and sin/S; (2) cos2a and cos 2/3. 



Altematiiig EzpressioiUL 

905. An expression is said to be altematirM with respect to 
certain of the letters it contains, if the sign of the expression but 
not its numerical value is altered when any pair of these letters 
are interchanged. 

Thus cos a- cos j3, sin(o-/3), tan(a-/3), 

cos* a sin (/3 - y) +cos* j8 sin (y — a) +cos* y sin (a- /3) 

are alternating expressions. 

306. Alternating expressions may be abridged by means of 
the symbols 2 and u. Thus 

S Bm*asin(/3- y)=«sin*o8in 08-y)-f sin*/3sin(y-o) 

+sin*ysin(a-^); 

IItan08-y)=tan(/3-y)tan(y-o)tan(o-/3). 
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We shall confine our attention chiefly to alternating ezpret 
sions involving the three letters a, /3, y, and we shall sudopt tt 
cyclical arrangement jS— y, y— a, a— ^ in which /3 follows ^ 
y follows /3, and a follows y. 

Example 1. Prove that Zoo8(a+^)8in(/3-7)=0. 
2^ cos (a + ^) sin - 7) = 2! (cos a cos 9 - sin a sin 9) sin (/3 - 7) 

= cos 9 2 cos d sin (j8 - 7) - sin ^ Z sin a sin (/3 — ' 

=0, 
since Zco8asin(/3-7)=:0 and 2 sin a sin (/3- 7) =0. 

Example 2. Shew that Z sin 2 (/3 - 7)= - 411 sin (/3 - 7). 
sin2(/J-7) + sin2(7-a) + Bin2(a-/3) 

= 2 sin (/3 - a) cos (a + /3 - 27) + 2 sin (a - j8) COS (a ~ /3) 
= 2sin(a-/3){coB(o-/J)-cos(tt+/3-27)} 
=4 sin (a - /3) sin (a - 7) sin (j8 -7) 
= -4n sin 03-7). 

Example 3. Prove that 

(1) Stan(/3-7)=ntan(i8-7); 

(2) 2tan/Stan7tan(/3-7)=-ntan(/S-'y). 

(1) From Art. 118, if -4 + B + C=0, we see that 

tan ^ + tan B + tan C = tan ^ tan B tan C. 

Henceby writing-4=/S-7, 5=7- a, C=a-ft wehave 

Stan 0-7)=n tan (/3-7). 

(2) From the formulsB for tan(/3-7), tan (7 -a), tan(a-/3), i» 

have 

S(l + tan/3tan7)tan(/S-7)=sS(tan/5-tan7)=0; 

whence by transposition 

S tan /3 tan 7 tan (/3- 7)= -Stan(/3-7) 

= -n tan 03-7). 
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Example 4. Shew that 

ScOB 3a Bin 03 - 7)'=4 cos (a+/3+7) 11 sin (jS - 7). 

Since 2 cob 3a Bin 03 - 7) = sin (3a + /3 - 7) -sin (3a -/3+ 7), 
B^e have 

2Sco83oBin 03-7)=Bin (3a + /3-7) - sin (3a-/3 + 7) + sin (3/3 + 7-a) 

-Bin(3/3-7 + a) + sin(37+a-/3)-sin(37-a+/3). 

Combining the second and third terms, the fontth and fifth terms, 
the sixth and first terms, and dividing by 2, we have 

2 COB 3a sin 03 -7) 

=coB(a+/3+7){sin203-a) + 8in2(7-/3) + sin2(a-7)} 
=4oos(a+/3+7)nsin(/3-7). [See Example 2.] 

2ffl. The following example is given as a specimen of a 
concise solution. 

Example. If (y+ie^)tana+(2+^) tan/3+(a;+2^)tan7=0, 
and a;tan/3tan7+2^tan7tana+2tanatan/3=2;+^+2, 
prove that x sin 2a +^ sin 2/3 +2^ sin 27=0. 

From the given equations, we have 
X (1 - tan /3 tan 7) +t^ (1 - tan 7 tan a) +2 (1 - tan a tan/3)=:0, 
and x(tan/3+tan7)+2^(tan7+tana)+2(tana+tan/3)=:0. 

If we find the values ot x i y \ z hy cross multiplication, the 
denominator of a; 

=(1 - tan 7 tan a) (tan a+ tan/3) - (1 - tan a tan/3) (tan 7 + tan a) 

= (tan /3 - tan 7) + tan^ a (tan /3 ~ tan 7) 

= (1 + tan* a) (tan j3 - tan 7) 

= sec* a (tan /3 - tan 7) 

secasinQS -- 7) 
* ""cos o cos /3 cos 7* ... 

Hence ^ ^ ^= _; ■ =: ik c* 

8ecasm03-7) sec/3sin(7-a) sec 7 sin (a - /3) 

.*. a; sin 2a + y sin 2/3 + « sin 27 = A;S sin 2a sec a sin (/3 - 7) 

=^ 2&Z sin a Bin (/3 *- 7) 
=0. . • ; . 

B. K. B. T. 20 



Lt 
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Allied formula in Algebra and Trigonometry. 

308. From well-known algebraical identities we can deduce 
some interesting trigonometrical identities. 

Example 1. In the identity 

(x - a) (6 - c) + (a; - b) (c - a) + (a: - c) (a - 6) = 0, 
pat a; = cos 2^, a = cos 2a, &=;:COs2/3, c = cos27; 

then x-a= cos 26 - cos 2a = 2 sin (a + 6) sin (a - ^)f 

and 6-c=cos2/3-oos27= -2 sin (/3+ 7) sin (/S- 7); 

.-. Ssin(a + d)sin(o-^) sin 03+7) sin(/3-7)=0. 

Example 2. In the identity 

2a2(6-c)=-ll(6-c), 

put a—sin^a, 6=sin2/3, c=Bia^yy 

then 6-c=:sin«/3-sin*7=sin(/3+7)sin(/3-7); 

.-. S8in4asin(/3+7)sin(/3-7)= -Ilsin (/S+7) .nsin(j8-7). 

Example 3. In the identity 

2a8(6-c)=-(o + 6 + c)JI(6-c), 
put a=cosa, &=co8/3, e=co8 7; 

.-. S cos'a (cos /3 - cos 7) = - (cos a + cos /3 + cos 7) II (cos /3 > cos 7). 

But 2coBa(cos/3-cos7)=0; 

.*. 2 (4 cos^a - 3 cos a) (cos/3 - CO87) 

= -4(008 0+008/3+0087)11(008/3-008 7); 
that is, 

2 cos 3a (cos /3- cos 7) =s - 4 (cos a + cos /3 + 00s 7) 11 (cos )3- cos 7). 

Example i. If a+6+c=0, thena* + 6*+<j^=8d6c. 

Here a, b, c may be any three quantities whose, sum is zero; tbi0 
condition is satisfied if we put a=cos(a+^)sin(/3-7), and b and c 
equal to corresponding quantities. 

Thus 2 cos3 (o + d) sin* (/3 -7)= 311 cos (a + ^) sin (/3 - 7}. 
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309. An al^braical identity may sometimes be established 
by the aid of Tngonometry. 

Example, U x+y+z=: xyz, prove that 

«(l-y»)(l-2«)+y(l-2«)(l-a:»)+z(l-««)(l-y«) = 4a?yz. 

By patting as=tana, y=tan/3, 2=tan7, we have 

tan a + tan j9+ tan 7 = tan a tan /3 tan 7; 

, . tanj8+tan7 ^ ,^ , 

whence tana=-:= — J^ ' ^ — ^=-tan(/3+7); 

l-tan/3tan7 ^ " 

.'. a=nT-{p+y), where n is an integer; 

.-. a+/J+7=nir; 

.*. 2a+2p+2y=2nT. 

From this relation it is easy to shew that 

tan 2a + tan 2/3 + tan 27 = tan 2a tan 2/3 tan 27 ; 

• -?5. . ^y . ^ 8a?yg 

"l-a;* '**l-ya ■**!-««■" (l-««)(l-y9) (1-^8)* 

EXAMPLES. XZIV.b. 

Prove the following identities : 

1. S8in(a-^)8in(/3-y)=:0. 

2. Scos^cosysin(/3^y)=Ssin/38iny8in(/3-y). 

3. Ssin(/3-y)cos(/3 + y+^)=0. 

4. Scos2(/3-y)=4ncos(i8-y)-l. 

5. Ssinj8sinysin(/3-y)— -nsin(/3-y). 

6. 2cot(a-i8)cot(a-y) + l=0. 

7. S sin 3asin (/3-y)=4 sin (o+/3+y) 11 sin (/3-y;. 

8. Scos'asin(j8-y)=cos(a+i84-y)nsin(j8-y). 

9. S cos (3+a) cos (/3+y) sin {0-a) sin (/3-y)=0. 

10. Ssin«/3sin«ysin(/3+y)sin(/3-y) 

== - n sin (j8+y) . IT »'« ''^ - • 
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Prove the following identities : 

11. S cos 2/3 cos 2y sin (/3 + y) sin (/3 - y) 

^ - 411 sin (/34-y) . n sin (/S - y). 

12. Scos4asin(i3+y)sin(/3-y) 

= -811 sin(i3+y). nsin (/3-y). 

13. S sin 3a (sin /3 - sin y) 

= 4 (sin a4- sin /3 + sin y) 11 (sin ^ — sin y). 

14. 2 sinS (/3+y) sinS 0- y)=3n sin (/3+y) . n sin (/3- y). 

15. 2 cos8(/3+y+^) sin3 03-y) 

=3n cos (/3+y+^) . n sin O-y). 

16. If x-\-y-\-z==^xyZy prove that 

^n^3^"" r=^3^' 

17. If yz -^rzx + a?y = 1, prove that 

2^ (1 -y2) (1 - ^) = 4i?y2. 

310. From a trigonometrical identity many others may be 
derived by various substitutions. 

For instance, i£ A, B, C are any angles, positive or negative, 
connected by the relation A -\-B-\-C^ir, we know that 

sin -4+ sin 5+ sin (7= 4 cos— cos— cos — . 

Let A=ir-2a, J5=ir-2ft C=ir-2y; 

A 

then sinil=sin2a, and cos — =sina. 

Also 2(o+i3-hy)=3w-(il+J54-C7)=2fr; 

.-. a+i3+y=ir, 
and sin2a+sin2j3+sin2y=4sinasin/3siny. 

Again,let 4=|-^, ^=l-i> (^=1-1' 

then sinil=cos2j, and cos— = cos — ^—, 

2 2 4 
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Also a+/3+y=3ir-2(ii+5+(7)=3jr-2ir; 

tnd C08s+co8^+oo8s=4cos — 5 — cos — 7^ cos — 5-'. 
2 2 2 4 4 4 

Example, If ii +B + C=ir, shew that 

-4 B C . r-^A T+B t-C 

008-27+008^-008 77 =4008— 2 — 008 —3 — 008--; — . 
J J 4 4 4 4 

*^' 4 ~a' ~r"~2' T~""2' 

then oo8-^=cos( a-^ j^sina, and coB^=ooBf 7+^ )= -siny, 

BO that the above identity becomes 

Bin a + sin /3 + sin 7 = 4 cos ^ COS ^ 00s ^ , 

which is dearly trne since 

a+^+7=2+— 2— =2+2='- 

311. When ^ +-B+ (7=W7r, 

tan(-4+jB)=tan(nir-C)= -tan (7; 
whence we obtain 2 tan ^ = 11 tan A. 

When n=:0, the given condition is satisfied in the case of any 
three angles whose sum is ; as for instance if 

^=/3+y-2a, 5=y+a-2i8, (7=a+^-2y. 

Hence S tanO+y-2a)=ntan03+y-2a). 

Example, If a+/3+7=:0, shew that 

Scot(7+a-/3)oot(a+/3-7) = l. 

Put /S+7-a=^, 7+a-/S=B, a+p-y=G; 

then, by addition, 

^ + B+C=a + /S+7=0; 

/. cot (^ +B) = - cot C ; 

whence 2 cot ^ cot B = 1, 

tiiatis, Scot(7+a-/S)cot(a + /3-7) = l. 
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312. The foUowiim example is a further illustration of the 
manner in which an identity may be established by appropriate 
substitutions in some simpler identity. 

Example, Prove that 

2n cos (/3 + 7) + n COB 2a= 2 008 2a 008^ (|3 + 7). 

In Example 5, Art. 133, we have proved that 

4 COB a cos /3 cos 7 = 2 cos (/3 + 7 ~ a) + cos (d + /3^+ 7). 

In this identity first replace a, /3, 7 by /3+7f 7+0, a+/3 respec- 
tively, and secondly replace a, p, 7 by 2a, 2/3, 27 respectively. 

Thus 8ncos(/3+7)=2Scos2a + 2cos2(a+/y+7), 
and 4nco82a=Zcos2(/3 + 7-a) + co82(a + /3+7); 

whence by addition 
SIX cos (|8 + 7) + 4n cos 2a 

=2Scos2a + Scos2(/3+7-a) + 3cos2(o+/3+7) 

=22 cos 2a+2 {cos 2 (/3 + 7- a) + C0B2 (a + /3 + 7)} 

= 22 COB 2a + 22 cos 2 (/3 + 7) cos 2a 

=:22cos 2a {1 + cos 2 (/3+7)} 

= 42 cos 2a cos' (/3 -rf 7) ; 

.-. 211 COB (/3 + 7) + 11 cos 2a= 2 cos 2a cos' 03 + 7). 

313. Suppose that A'BC is the jpedal triangle of ABC^ and let 
the sides and angles of the pedal triangle be denoted by a', b\ </, 
and A\ Bj C\ and its circum-radius by R, Then fix)m Arts. 224 
and 225, we have 

R. 

a'=acos^, 6'=6cosJ5, c'=ccos(7, ' ^2'= — , 

^' = 180°-2^ ^=180°-25, 6)"=180°-2a 

By means of these relations, we may from any identity proved 
for the triangle ABC derive another, as in the following case. 

In the triangle ABC^ we know that 

2a cos ^ = 4/2 sin ul sin ^ sin (7 ; 

hence in the pedal triangle A'BC'^ 

Sa' cos ^' = 472' sin A' sin B sin C; 

.-. 2acos^cos(180°-2il)=2i2nsin(180°-2^); 

that is, - 2a cos A cos ^A == 2B sin 2A sin '2,3 sin 2C7. 



J 
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314 IfA^B^^ be the ex-cential truu^ o£ ABi\ we may, 
as m the jprecediiig artidc^ from anj identitj pror^ fi>r the 
trian^ .i^ deme aDodier bj iDMDs of the idatioDS 



Oi^aooaec-^y fr|=6ooaec — , «rj=ccoeec— , Ri^^JC^ 

Z Z 2a 

Ji=9(r-^, i»,=jw-|, c.^sw-^. 

315. The fiJlowing Exerciae consLstB of miscellanecnis quee^- 
tioiis oo the subject of this Chapter. 
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L Shew that 

S cot (2o+/3 - 3y) cot (?/3 +y - 3a) = 1. 

2. Shew that 

(1) 2nsm(/3+r) + nsm2a=Sain2asiu^(j3+y); 

(2) nsmO+y-a}+2nsma»Ssm<a8in(/9 + y~a). 

3. In any triangle, prove that 

(1) a*coB^A-b^coa^B=^RccoaCam2{B-A)\ 

(2) a*cosec*— -6*cosec* — =s4jKccoseo — sin — r-^ ; 

(3) S(6cos-5+ccos(7)cot^=-27Qooi 
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4. If sin 2^= 2 sin d sin y, 

and cos 2^ = cos 2a cos 2/3= cos 2y cos 2d, 

prove that one value of tan 6 is tan /3 tan d. 

5. If tan^tan|=tan|, 

and secacos^=secj3cosd)=cos'y, 

prove that sin^ y = (sec o - 1) (sec jS - 1). 

cos ^— cos a sin^acos/S 



6. If 



cos &— COS ^ sin' j8 cos a ' 



A n S 

prove that one value of tan ^ is tan - tan - . 

7. If sin ^= cot a tan y and tan^=:casatan/3, 
prove that one value of cos 6 is cos /3 sec y. 

8. If a and ^ are two different values of B which satisfy 

6c cos ^ cos ^ + ac sin ^ sin ^ = a6, 
prove that 

(62+c2-a2)cosacos/3 + (c2+aa-62)sinasin^=a2 + 62-c«. 

9. If ^ and y are two different values of 6 which satisfy 

sin a cos ^+cos asin ^=:COS a sin a, 

prove that cos ff cosy ^ sin ffsiny^^ 

cos^a sin* a 

10. If /3 and y are two different values of 6 which satisfy 

^2 cos o cos ^+^ (sin a+sin ^) + 1 =0, 

prove that F cos /3 cos y-\-k (sin /3 + sin y) + 1 = 0. 

11. If /3 and y are two different values of 6 which satisfy 

cos 6 cos 4i sin 6 sin ^ , , _^ 
cos^a sm^a 

,, , cos/3cosy , sinjSsiny . , ^ 

prove that ^ — '- •\ P-s — - + 1=0. 

^ cos^a sm^a 



CHAPTER XXV. 

MISCELLANEOUS. THEOREMS AND EXAMPLES. 

Ineaualities. MaTlma and MiTilTna. 

316. The methods of proving trigonometrical inequalities 
are in many cases identical with those by which algebraical 
inequalities are established. 

Example 1. Shew that a* tan' 0+h^ cot' > 2ab. 

We have a^taa^0+b^ooi^d={at&ne-boote)*+2ab; 

.-. a«tan«d + 6«oot2^>2a6, 

unless atan^-5oot^=0, or atan'^=&. 

In this ease the inequality becomes an equality. 

This proposition may be otherwise expressed by saying that the 
minimum value of a' tan^^ + b^ cot^6 is 2ab, 

Example 2. Shew that 

1 + Bin' a + sin' /3 > sin a + sin /3 + sin a sin /3. 

Since (1 - sin a)' is positive, 

1 + sin' a > 2 sin a ; 
similarly l + sin'/3>2sin/3, 

and sin' a + sin' /3> 2 sin a sin /3. 

Adding and dividing by 2, we have 

1 + sin' a + sin' /3 > sin a + sin /3 + sin a sin /3. 

Example 3. When is 12 sin ^ - 9 sin' $ a maximum ? 

The expresBion=4 — (2~3Bin^)', and is therefore a maxim 
when 2 - 3 sin ^=0, so that its maximum value is 4. 
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317, Tofimd ike nvmerically greatest values of 

acos^-f bsin^. 

Let a=r cos o and ft=rsina, 

so that r^=a^+b^ and tana=-: 

a 

then acos^-fftsm^=r(cos^coso+sin^sino) 

= rcos(^-a). 

Thus the expression is numerically greatest when 

cos(^-o)= ±1; 
that is, the greatest positive value=r=\/<**+^*> 



and the numerically greatest negative value = -r= - V«*+i^- 

Hence, if <^>a^+b^, 

the maximimi value of a cos ^4-6sin^4-cisc+ V«* + ^*> 
and the minimum value is c - V«* + &^' 

318. The expression a cos (a+ffj+b cos (/3 + 3) 

= (a cos a+b cos /3) cos ^ - (a sin o+6 sin /3) sin ^ ; 

and therefore its numerically greatest values are equal to the 
positive and negative square roots of 

(a cos a+b cos 0)^+{a sin a -f ft sin /S)^ ; 

that is, are equal to 

+ V«*+5H2a6cos(o-/3). 

In like manner, we may find the maximum and minimum 
values of the sum of any number of expressions of the form 
a cos (a+3) or a sin {a+0). 

319. If a and /3 are two angles, each lying between and - , 

whose sum is given, to find the moLximum value of cos a cos j3 and 
of cosa+co8)3. 

Suppose that a-\-^—(T\ 

then 2 cos a cos = cos (a +0)+ cos (a -/3) 

= cos tr + cos (a - ff), 
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md is therefore a maximum when a-/3=0, or a=/3=J. 
Thus the maximum value of cos a cos /3 is cos* -^ . 

Again^ cosa + cos/3=2cos— ^cos^^-^ 

a a- a — fi 
=2cos^cos-^, 

ind is therefore a maximum when a=p=-^. 

Thus the maximum value of cos a + cos is 2 cos ^ . 

Similar theorems hold in case of the sine. 

Example 1. If ^, JB, C are the angles of a triangle, find the 
naximum value of 

sin ^ + sin JB + sin (7 and of sin ^ sin JB sin C 
Let us suppose that C remains constant, while A and B vary. 

sm4 + 8mB + smC=2Bm — ^ — cos — ^— + sinC 

=2 cos -^008 — ^+smC. 
This expression is a maximum when A^B, 

Hence, so long as any two of the angles ^, B, (7 are unequal, the 
sxpression sin^ + sinJB + sinC is not a maximum; that is, the 
sxpression is a maximum when ^=jB=(7=60°. 

3*73 
Thus the maximum value =3 sin 60°= -~- . 

Again, 

2 sin -4 sin B sin C= {cos (ii - B) - cos (4 +S)} sin C 

= {cos (4 - S) + cos C7}Bin C 

This expression is a maximum when A=B. 

Hence, by reasoning as before, sin ^ sin B sin C has its maximun* 
value when ii = B = C= 60°. 

Thus the maximum value = sin^ 60°= -~- . 

o 
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Example 2. If a and j9 are two angles, each lying between and 

f 

■^ , whose sum is constant, find the minimnm value of sec a+seoj9. 

_,- , _ 1 1 cosa+co8j9 

We have seca+seci8=:- 1 ;;= ~ 

^ cos a coB/3 008 a COB j9 

a + B a-3 ^ a + B o-/3 
4 cos —^ cos '^ 2co8— ^cos— ~- 

^co8(o+/3) + cos(o-^)'^ ja-^ aina""'"^ 

cos -^-sm -y- 

a+P / 1 1 

^^ 2 I a-B . a+B a-B . a+B 

\ 008-2"^ + sin -^ cos— ^- Bin— ^ 

Smce a+j9 is constant, this expression is least when the denomi- 

a + B 

nators are greatest; that is, when a=j9=— ^ . 

d+B 
Thus the minimum value is 2 sec -~^, 

320. Tjf a, ft y, d, cure n angles^ each lying between and 

- , wJiose sum is constant^ tojmd the maximum valice of 
It 

cos o cos /3 cos y cx)s d 

Let a+/3+y+d + = <r. 

Suppose that any two of the angles, say a and ft are unequal ; 
then if in the given product we replace the two unequal factors 

cos a and cos /3 by the two equal factors cos and cos ° ■, 

the value of the product is increased while the sum of the angles 
remains unaltered. Hence so long as any two of the angles 
a, ft y, d, ... are unequal the product is not a maximum; ttiat 
is, the product is a maximum when all the angles are equaL In 

this case each angle =- . 

° n 

Thus the maximum value is cos** - . 

71 

In like manner we may shew that 

the maximum value of cosa+cosfl+cosy+ =7tco8-. 

' n 
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32L The methods of solution used in the follo¥dng examples 
are worthy of notice. 

Example 1. Shew that tan 3a cot a cannot lie between 3 and ■= . 

.^ , tan 3a 3 -tan' a 

We have tan3acota=-: = = — sr — s— =^8*7? 

tana l-3tan'a "^ 

n-3 3-n 

••**^'*=3S3i=r:3;*- 

These two fractional values of tan' a must be positive, and there- 
fore n must be greater than 3 or less than ^ . 

Example 2. If a and h are poeitiYe quantities,, of which a is the 
greater, find the minlmntn value of a sec ^ - 6 tan B, • 

Denote the expression by a;, and put tan 0=t\ 
then x=a*Jl-\-t^~bt; 

,\ hH*+2hxt + a^^a^{l-^t^); 
:. t2(62_a2)^.26a;t + a;2-a«=0. 

In order that the values of t found from this equation may be real, 

62aJ«>(&a-a2)(x2-a2); 
.-. 0>aa(a»-6«-a;2); 
.-. a;2>a2-62. 

Thus the minimum value is jja^ -b^- 

Example 3. If a, &, c, k are constant quantities and a, /3, y 
variable quantities subject to the relation a tan a+b tan j8 + c tan 7 = A;, 
&ad the minimnm value of tan^ a + tan^ p + tan^ 7. 

By jnultiplying out and re-arranging the terms, we have 
(a«H-6»+c") (tan^'aH-tan'^-f tan^Y) - (a tan a+ 6 tan /84-c tan 7)» 
= (6 tan 7 - c tan /3)*-i- (c tan a- a tan y)^-h {a tail ^ - 6 tan a)*. 

But the minimum value of the right side of this equation is zero; 
hence the minimnm value of ' 

(aHft^ + c*) (tanaa + tan2/8+tan27)- A;«=0 ; 

thai is, the minimum value of 

tan' a + tan V + ton« 7 =^^^^;^, . 
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EXAMPLES. XXV. a. 

When B is variable find the minimum value of the followi 
expressions : 

1. ^cot^+2'tan^. 2. 4sin2^+cosec2^. 

3. 8sec3^+18(Jos2^. 4. 3-2cos^+cos2^. 

Prove the following inequalities : 

5. tan*o+tan2/3+tan*y>tan/3tany 

+ tan y tan a + tan a tan /3. 

6. sin*o+sin2^>2(sina+sin^-l). 

When B is variable, find the maximum value of 

7. sin^+cosd. 8. cosB-\-^3BinB, 

9. acos(o+d)+6sin^. 10. p cos ^4-$' sin (a + ^). 

K o-=a+/3, where a and fi are two angles each lying betwc 

and ^ , and o- is constant, find the maximum or minimi 

value of 

U. sina+sin/3. 12. sinasin/3. 

13. tana+tan/3. 14. coseca+cosec/3. 

11 A, JB^ C axo the angles of a triangle, find the maximi 
or T"^"^"inTn value of 

15. cos -4 cos 5 cos (7. 16. cotil+cot^+cotO'. 

ABC 

17. sin* — +sin^ — +sin2-. 18. sec^+seci?-|-sec(7. 

Jb ji Ji 

19. tan2^+tan2|+tan2|^. ri7«eStan|tan^=l.l 

20. cot2^+cot^^+cot2(7. [C7«eScot^cotC=l.] 

21. If &^<4ac, find the maximum and minimum values o: 

a sin? $+ b sin B cos B+c cos^ B, 
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22. If a, j8, y lie between and - , shew that 

sin a + sin + sin y >sin (a +0 + y). 

23. If a and 5 are two positive quantities of which a is the 
greater, shew that a cosec B>h cot 6 + s/a^ - h^, 

24. Shew that — 5-3 — 7 — ^ lies between 3 and ^ . 

sec o -J" tan o o 

oe T?- J XI. . 1 -tan*d-oot2^+l 

25. Find the maximnm value of 7 — ^-tt-. — it-;; — i- • 

tan^^+cot^^-l 

26. If Oyb, Cj k are constant positive quantities, and a, /3, y 
variable quantities subject to the relation 

a cos 0+ 5 cos /3+c cos y =/r, 

find the minimum value of 

cos^a+cos^/S+cos^y and of acos^a+ftcos^/S+ccos^y. 

EUmination. 

322. No general rules can be given for the elimination of 
some assigned quantity or quantities from two or more trigono- 
metrical equations. The form of the equations will often suggest 
special methods, and in addition to the usual algebraical artifices 
we shall always have at our disposal the identical relations sub- 
sisting between the trigonometrical functions. Thus suppose it 
is required to eliminate 6 frK)m the equations 

^cos^=o, ycot^=6. 

Here secd=-, and tan^=?; 

but for all values of B, we have 

sec2d-tan2^=l. 
.'.by substitution, 

From this example we see that since B satisfies two equations 
(either of which is suflScient to determine B) there is a relation, 
independent of B, which subsists between the coefficients and 
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constants of the equations. To determine this relation ^ 
eliminate 0, and the result is called the eliminant of the giv< 
equations. 

323. The following examples will illustrate some udef 
methods of elimination. 

Example 1. Eliminate $ between the equations 

2cos^+msin^+n=0 and p<iQ8d + q8m6+r=0, 

From the given equations, we have by cross multiplication 

COB sin ^ 1 

mr — nq tvp —Ir Iq— snip ^ 

.-. cos $=^z ^ , and sm 6= ^^ : 

Iq-mp Iq-mp 

whence by squaring, adding, and clearing of fractions, we obtain 

{mr— nq)^ + {np - Ir)^ = (^ - mp)^. 

The particular instance in which q = l and p= -m is of freque 
occurrence in Analytical Geometry^ In this case the eliminant m; 
be written down at once ; for we have 

Z cos ^ + m sin ^= - n, 

and lsin0-mcoB0= -r; 

whence by squaring and adding, we obtain 

Example 2. Eliminate between the equations 

ax 6w « - 

;.- -T^=c^ and ltan^=m. 

cos ^ sm ^ 

From the second equation, we have 

sin ^ _ cosg _ y/^^J+co^ 1^ 



m 



^ Vwi*+P Jm^+P^' 



.-. sm^=— T=,and coB^= 



By substituting in the first equation, we obtain 

ax by _ c^ 
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Example 3. Eliminate between the equations 
a;=cot^+tan^ and y=sec^-cos^. 

From the given equations, we have 

1 ^ ^ l + tan3^ 

X = ^ ;: + tan^ = — : rr— 

tan tan 

_8ed^0 
■"tan^' 

1 Bec2^-1 

and y=Beo0 - = rr— 

' sec sec ^ 

tan^^ 



sec^ ' 

From these valnes of x and y we obtain 

fl;'y=sec'^ and xy^=t&n^0. 

But 8ec2^-tan2^ = l; 

.-. {xhf)^-(xy^)^ = l; 
that is, a;*y3 - ajty s = l. 

Example 4. Eliminate from the equations 

X 1/ 

-=cosd + cos2d and f = sin ^ + sin 2tf, 
a 

From the given equations, we have 

X ^ S0 
-=2cos2-co82, 

and |^ = 2sm-jr-cos-; 

2 2 

whence by squaring and adding, we obtain 

x^ y^ , ^0 
-3 + |=4cos^2- 

But -=2coss(4cos'--3cos j 

= 2cos2|^4cos»|-3V 
2x (x^ y^\ (x^ 3/2 \ 

H. K. E. T. 21 
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324. The following examples are instancies of the elimination 
of two quantities. 

Example 1. Eliminate $ and </> from the equations 
asin2^ + 6cos2^=wi, bsin^<l>+acos^</>=7i, at&n6 = bi&nip. 

From the first equation, we have 

a Bin* d + b cob^ ^ = m (sin^ $ + cos^ 0) ; 
.*. {a - m) sin* = (m-b) cos* ; 

J. o., fn-b 

:. tan2^= . 

a-m 

From the second equation, we have 

6 sin* + a cos* = n (sin* </> + cos* 0) ; 

:, tan*0=i-— . 
b-n 

From the third equation, 

a2tan*^=l>*tan*0; 

a*(m-6) _ 6*(n-fl) 
a -TO ~" 6-w ' 

.'. a* (6to - 6* - W7t + 6n) = 6* (an -a*- TOW -frtw) ; 
.*. mab {a-b)+ nab (a - 6) = wn (a* - 6*) ; 
.*. mab+nab-=mn(a'\-b)\ 

1111 

/. - + - = - + -. 
?i TO a 

Example 2. Eliminate ^ and from the equations 

X cos ^ + 2/ sin tf =a; cos 0+^ sin <l>:=2at 2 sin ^ sin ?= 1. 

From the data, we see that and are the roots of the equation 

X cos a + 1/ sin a = 2a ; 
/. {x cos a - 2a)* = ?/* sin* a = y* (1 - cos-^ a) ; 
.-. (a;* + y*) cos* a - ^ax cos a + 4a* - y* = 0, 
which is a quadratic in cos a with roots cos and cos 0. 

But 1 = 4 8in2 ^ sin-'' ^ = (1 - cos ^) (1 - cos 0) ; 
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whence cos + cos =cos 6 cos <p ; 

4ax _ 4a2 - y^ 

.*. y^=^a{a-x), 

325. The method exhibited in the following example is one 
frequently used in Analytical Geometry. 

Example, If a, 6, c are unequal, find the relations that hold 
between the coefficients, when 

aQOB$ + bBm0=c, 
and a 008^^ + 20 COB ^ sin ^ + 6 sin3^=c. 

The required relation will be obtained by eliminating $ from the 
given equations. This is most conveniently dond by making each 
equation homogeneous in sin ^ and cos 6. 

From the first equation, we have 

acos^ + 6sin^=c aJco^T+^^\ 
whence, by squaring and transposing, 

(a^-c^) cos2^ + 2a6cos^8mtf + (62-c2)sin2^=0 (1). 

From the second equation, we have 

a QOB^0+2a cos ^ sin ^+ 6 sin^ ^=c (cos* + sin* $) ; 
.-. (a-c)oos2^ + 2acostf8intf+(6-c)sin«tf=0 (2). 

From (1) and (2) we have by cross-multiplication, 
cos* cos ^ sin ^ 



2ad(6-c)-2a(6*-c*)~(6*-c2)(a-c)-(a*-c*)(6-c) 

8in*g 

'"2a(a2-c*)-2a6(a-c)' 

cos* cos 9 sin sin* 



or 



-2ac(6-c) {h-c){a-c)(b-a) 2a{a-c){a+c-h)* 
.-. -4a«c(6-c)(a-c)(a+c-6) = (fe-c)«(a-c)*(6-a)2. 

By supposition, the quantities a, &, c are unequal ; hence dividing 
by (6 -c){a- c), we obtain 

4a*c(a+c-6) + (6-c)(a-c)(a*6)*=0. 

21—2 



324 ELEMENTARY TRIGONOMETRY. fCH 

EXAMPLES. XXV. b. 

Eliminate 3 between the equations : 

1. -cos^+f sin^=l, -sin ^-^ cos ^=1. 
a a 

2. asec^-^tan^=y, 6sec^+ytan^=^. 

3. co8^4-siu^=a, cos 2^=6, 

4. ^=sin ^+cos ^, y =tan ^+cot 6, 

5. a=cot^-f cos^, 6=cot^ — cos^. 

Find the eliminant in each of the following cases : 

6. ^=cot B + tan ^, y =cosec ^- sin 6. 

7. cosec^ — sin^=a3^ sec ^ — cos ^=6^ 

8. 4^7= 3a cos O-^-a cos 3^, Ay = 3a sin ^ - a sin 3^. 

9. a7=tan2^(a tan^ — ^), y=sec2^(y — asec^). 

10. x^a cos 6 (2 cos 2^-1), y = 6sin ^ (4cos2^- 1). 

11. If cos (^ - a) = a, and sin ( ^ - )8) = 6, 

shew that a? - 2ab sin (a-p)-\-b^= cos^ (a - /3). 

Find the relation that must hold between a; and y if 

12. ^+y=3-cos4^, :F-y=4sin2^, 

13. ia7=sin ^+cos 3 sin 2B, y =cos ^-f sin 6 sin 26, 

14. If sin ^+cos 3=a, and sin 2^H-cos 2^=6, 
shew that (a« - 6 - 1 )2 = «« (2 - aZ), 

15. If cos 6 — sin B=by and cos 3^ + sin 36 = a, 
shew that a = 3ft - 2^3. 

16. Eliminate 6 from the equations : 

a cos ^- 6 sin 6=0, 2ah cos 2^+(a2-' 62) gj^ 26=^2cK 

17. If ^=:a cos ^ + 6 cos 26, and y =a sin ^-f 6 sin 2^, 
shew that a^ {{a^-hb)^-\-f}==(x^-^f- b^y. 
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18. If 7 — hi i = r > and a cos 2a + o cos 26=c, 

tan(^-a) a-b ' 

shew that a^+c^— 2ac cos 2a = 6^. 

19. If 47 = a (sin 3^ - sin 6\ and y = a (cos ^ - cos 3^), 
shew that (:r» +y2) (2a2 - a?2 - y2)2 =4a*^. 

Eliminate ^ from the equations : 

20. ^•cos^-ysin^=acos2^, or sin ^ +y cos ^= 2a sin 2^. 

Ai A A / o . o cos2^ sin*^ I 

21. a?sm^-ycos^=V^Hy^ — «" + 



a^ 6* a^-\-y^' 

-^ ^cos^ . vsin^ _ . . . / ., . o -; — Yo ^-A 

22. h^— r — = 1, a?sin ^-y cos d= v^^sm^ ^+62cos2 ^. 



a 



23. If cos (o - 3^) = m cos^ ^, and sin (o - 3d) = m sin^ d, 
shew that m^-\-m cos o= 2. 

Eliminate 6 and from the equations : 

24. tan d+tan 0=07, cotd+cot0=y, d4-0=a. 

25. sind+sin0=:a, cosd+cos0=6, B-<t>=a. 

26. asin2dH-6cos2d=acos2 0+6sin2 0=l, atand=6tan0. 

X 1/ /IS IJ 

27. If -cosd+Tsind=-cos0+rsin0 = l, and $-d}==a. 

a b a b -r > 

shew that - o + t5 = sec^ - . 

a^ 0^ 2 

28. If tand+tan0=a, cotd+cot0=6, d-0=a, 
shew that a6 (a6 - 4) = (a + 6)2 tan^ a. 

Eliminate d and <t> between the equations : 

29. acoB2d+6sin*d=mcos2 0, asin2d-}-6cos2d=wsin2 0, 

m tan^ d — ?i tan^ = 0. 

30. A'cosd+ysind=2aV3, o7cos(d+0)+ysin(d+0) = 4<^i, 

0? cos (6 - <t>) +y sin {B-<t>) — 2o. 

31. csind=asin(d+0), asin0 = 6sind, cos d — cos = 2m. 
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Application of Trigonometry to the Theory of 

Equations. 

326. In the Theory of Equations it is shewn that the solu- 
tion of any cubic equation may be made to depend on the solution 
of a cubic equation of the form ^+aa?4-6=0. In certain cases 
the solution is very conveniently obtained by Trigonometry. 

327. Consider the equation 

ot^-qx-r—^ (1), 

in which each of the letters €[ and r represents a positive quantity. 

From the identity cos 3^ = 4 cos^ ^ - 3 cos ^, 

1 • >i 3 ^ cos 3^ _ 
we have cos8^---cos^ — =0 (2). 

Let x—y cos ^, where y is a positive quantity; then from (1), 

cos3^-^cos^--^=0 (3). 

If the equations (2) and (3) are identical, we have ^ = t , so that 

if 



y= + f^ ^ , since y is positive ; and 



-y3- \ 64^3 * 



cos 3^ 

4 y^ 'V 64^^ 



/27r2 
whence cos3^=W j-^ . 

Hence the values of ^ are real if 27r2<4g^ ; 

that is. if (Sl<{tf- 

Let a be the smallest angle whose cosine is equal to a/ ^-3- ; 
then cos 33 = cos a ; whence ZB == 2w7r ± a. 



Thus the values of cos B are 

a 27r + 

-, cos -3- , ™ 3 



a 27r-fa 27r — o pc . , a£*Ai 

cos ^ , cos — ^ — , cos —^ — . [See Art. 264.J 
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But 



x^y cos B= f^/ -^Qo^6^ 



and therefore the roots of a^ -qx-r^O are 
/^ m Stt + o /4q 



2n-a 
cos — :r— 



328, Following the method explained in the preceding article, 
we may iise the identity 

• *» /I 3 • ^ sin 3^ ^ 

4 4 

to obtain the solution of the equation 

a^ — q.v+r=Oj 
each of the quantities represented by q and r being positive. 



Example, Solve the equation a^ - 12x +8=0. 
We have 



• azi 3 • n , 8in3^ . 
sm* e - .- sin e + — i — = 0. 
4 4 



In the given equation put a;=^ sin $f where ^ is positive ; then 

1 Q 

Bin3^-:^sin^+-^,=0. 

y^ y^ 

.'. -r = — =; whence ^=4; 
4 y2 



and 



»^* = -^ = l; whence sin 3«4. 
4 y8 3' 2 



Suppose that is estimated in sexagesimal measure ; then 

3^=n.l80°+(-l)»30° 

By ascribing to n the values 0, 1, 2, 3, 4 we obtain 

^ = 10°, ^=60°, ^=130°, ^=170°, ^=250°; 

and by further ascribing to n the values 5, 6, 7, ... it will easily be seen 
that the values of sin are equal to some one of the three quantities 

sin 10°, sin 50°, - sin 70°. 

But re =^ sin d= 4 sin d, and therefore the roots are 
4 sin 10°, 4 sin 60°, - 4 sin 70°. 
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Application of the Theory of Equations to 

Trigonometry. 

329. In the Theory of Equations it is shewn that the equation 
whose roots are a^, a^, aj, , a^ is 

{a; — ai){a;—a2){a;—a^) (:f— aj=0, 

or af'-JSiaf^-^ + S2af*-^-S^x^-^+ -f (-1)'*/S;=0, 

where /S'j =sum of the roots ; 

^Slg^sum of the products of the roots taken two at a time; 

AS^3=sum of the products of the roots taken three at a 
time; 

Sn = product of the roots. 
[See Hall and Knight's Higher Algebra^ Art. 638 and Art. 539.] 

Example 1. If a, /3, y are the values of $ which satisfy the 
equation 

atan8 6^ + (2a-fl;)tan^ + y = (1), 

shew that (i) if tan a + tan p=hy then ah^ +(2a-x)h=y\ 

(ii) if tan a tan j8 = A, then y^+(2a-x) ak* = a^J^. 

(i) From the theory of equations, we have from (1), 

tan a + tan /3 + tan 7 = ; 
.•. /i + tan7=0, or tan7=-/t. 

But atan'7 + (2a-a:)tan7+y=:0; 

/. ah^+{2a-x)h-y=0, 

(ii) From the theory of equations, we have from (1), 

tan a tan iS tan 7= --; 

'^ a 

.\ k tan 7= - - , or tan 7= - ^ . 
'a ' ak 



Substituting in a tan' 7 + (2a - x) tan 7+^=0, we have 

.-. y'+(2o-a:)a«:»-o»*'=0. 
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Example 2. Shew that 

./2t \ „/2t \ 3 

coB^a + cos*! y+oj +<^s*( y-a j = ^. 

Suppose that cos 8^ = ^ ; 

then 4co8'tf-3coBtf = cos3^=/f ; 

8 k 

4 4 

The roots of this cnbio in cos are 

COS a 



, cos (-^ + a) » and cos (■^- «) » 



where a is any angle which satisfies the equation coBSa=k, For 
shortness, denote the roots by a,b,c; then 

9/2^ \ „/2t \ 3 

.-. C0S*0 + C0S2( — +oj +COS*( -5--O jsg. 

330. If 56—27i/ir, where n is any integer, we have 

3e=2nTr-2d; 
.'. sin 3^= -sin 2^. 

The values of sin B found from this equation are 

_ . 2w . 4xr . 6fr . Stt 
0, sin -z- , sm — , sin — , sin — , 
o o 

being obtained by giving to n the values 0, 1, 2, 3, 4. It will 
easily be seen that no new values of sin B are obtained by 
ascribing to n the values 5, 6, 7, .... 

T» . . Gtt . 47r . TT 

But sin -^ = - sm -=- = - sm - , 

5 . 5 o 

, . Stt . 27r 

and sin -— = - sm -=- : 



hence rejecting the zero solution, the values of sin B found from 
the equation sin SB= - sin 2B are 

± sm ^ , and + sin -=- . 
5 5 
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If we put sin ^=^, the equation sin 3^= — sin 2B becomes 

3^ - 4^ = - 2:p V 1-^. 

Dividing by a?, and thus removing the solution 07=0, we have 

(3-4^)2=4(l-a;2), 

or 16^-20^+6=0. 

This is a quadratic in ji^, and as we have just seen the values 
of ^2 are 

sin2 - and sin* - . 
5 5 

From the theory of quadratic equations, we have 

. .TT . . „27r 20 5 

' air . a 27r 5 
sm^ - sin2 — - = — . 

5 5 16 

Example, Shew that 

sm y + Bmy +Bmy =~V7. 

If 7$=2nir, where n is any integer, we have 

Bin 4^= -sin 3d. 

The values of sin found from this equation are 

^ , . 2ir , . 4ir . . 8ir 
0, ±smy, ±smy, ±8my, 

. 6ir . 8ir 

If 8m6=Xy the equation sin 4d= - sin SO becomes 

4a; (1 - 2x^) Jl'-^= ^-hx\ 
whence rejecting the solution a;=0, we obtain 

16 (1 - 4x2 + 4a;*) (1 - a;2) = 16a;* - 24a;2 + 9, 
or 64aJ8- 112a;* + 56a;2- 7 = (1). 

The values of n^ found from this equation are 

. A 2Tr . „ 4Tr . « Sir 
sin2 — - , sm2 -— , sin^ -— ; 

7 ' 7 * 7 
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, . -2t . . „4ir . . „8ir 112 7 

hence sin^ — + sin^ — + sin^ _. = _ = -^ . 

T» . . 2Tr . 4ir . 2ir . 8ir . 4ir . 8ir 

But sin -=- sm -=- + Bin-=- sin -=-+ sin -=r- sm -=- 

7 7 7 7 7 7 

1 f/ 2t 6t\ / 6ir lOirN / 4jr 127r\) 

= 2 |\^°0S y - cos y j + ^^COS y - COS — j + (^COS y - COS-y- jj- 



=0. 



/ . 2t . 4t . 8t\2 . „2t . . 
/. ( sin — + sm— +8in-=- J =sin2-=-+si 



sin2y + sin2y =-; 



. 2t . 4ir . St 1 ._ 

sin — + sin— + 8in-^=sx/7. 



331, If 7^ = 2w7r, where n is any integer, we have 

.*. cos 4^=008 3^. 

By giving to n the values 0, 1,2, 3, the values of cos 6 obtained 
from this equation are 

2ir 47r 67r 

1, cos-=-, cos-=-, cos-=-. 

J 7 ' 7 7 

It will easily be seen that no new values of cos $ are found by 
ascribing to n the values 4, 5, 6, 7, ; for 

&7r Gtt lOir 4jr 
cos T=- = cos -^ , cos -=-=cos -77-, 

7 7 ' 7 7 

Now cos 4^=8 cos* ^ - 8 cos^ $+ 1, 

and therefore if 1^7= cos d, the equation cos 4^= cos 30 becomes 

or 8:c*-4r3-ac2+3^+l=0. 

Removing the factor ^-1, which corresponds to the root 
cos d== 1, we obtain 

8a;3+4^_4j;-.l==0, 
the roots of which equation are 

27r 47r 67r 

cos y , cos y , COS y . 
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Example 1. Find the values of 

tan^ - + tan^ -=- + tan^ — and tan ^ tan y tan — . 

If 7$=mr, where n is any integer, we have 

tan 4^= -tan 3^. 

By writing tan ^ = e, this equation becomes 

4f-4t» _ Bt-t^ 

or t«-21e*+35t2-7=0. 

The roots of this oubio in t^ are 

tan^^, tan*^, tan^?;^. 
7 7 7 

/. tan2^+tanay+tan2y^=21, 

and tan =- tan y tan ~ = n/7» 

the positive value of the square root being taken, since each of the 
factors on tiie left is positive. 

Example 2. Shew that 

.IT, .2t. .Hv 13 
co8*-+cos*y + cos*y^ = jg; 

and sec* - + sec* -=- + sec* -;^ = 416, 

Let y denote any one of the quantities 

„ TT „ 2ir „ 3ir 

cos^^, cos^-— , cos2-=-; 
7 7 7 

then 2y = l-\'Xy where x denotes one of the quantities 

2ir 4ir Gtt 

cos -=- , cos -=- , cos -=- . 
7 7 7 

From Art. 331, the equation whose roots are 



2ir 4ir 6ir 

s -=- , cos -=- , cos -=- 
7 7 7 

8x3 + 4a:«-4x-l = 0; 
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whence by substituting a; =2?/ - 1, it follows that 

ft T „ 2ir „ 3ir 

cos' - , cos* -=- , cos' -=- 
7 7 7 

are the roots of the equation 

8 (2y - 1)3 + 4 (2y -1)2-4 (2i/ - 1) - 1=0, 

or 64y»-80y3+24i/-l=0. 

„ir „2ir „3ir 80 6 

.-. oos'^ + cos'y+cos'y =g| = ^; 

, „ „ir „2ir 24 3 

and >. cos« 7 <*08« y = g^ = - . 

By squaring the first of these equations and subtracting twice the 
second equation, we have 

.TT .2v .3ir 13 

cos* ^ + COS* y + cos* y = Jg . 

By putting 2=- , we see that 

„ IT « 2ir o 3ir 

sec' =• , sec' -=- , sec' -_- 
7 7 7 

are the roots of the equation 

«»- 242' + 80;? -64=0; 

.-. sec* 5 + sec* y + sec* y = (24)' - (2 x 80) = 416. 

332. To find cos 5^ and sin 5^, we may proceed as follows : 
cos 5^+ cos ^ = 2 cos 3^ cos 2^ 

= (4cos3^-3cosd)(4cos2^-2); 
.-. coso^=16cos*^-20cosM+5cos^. 

sin 5^ -H sin ^ = 2 sin 3^ cos 2^ 

= (3 sin ^ - 4 sin3 ^) (2 - 4 sin^ B) ; 
.-. 8in5^=16sinfi^-20sin3^+5sin^. 

It is easy to prove that 

cos6^=32cos«^-48cos*^+18cos2 ^-1, 

and sin 6^ = cos ^ (32 siu^ ^ - 32 sin^ ^ + 6 sin B). 
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EXAMPLES. XZV.c. 

Solve the following equations : 
1. ^-.3a--1=0. 2. 0,-3-307+1=0. 

3. o?3-3a7-/i/3=0. 4. Sas^-Qx-^-^^^O. 

5. Sa^a!^-6cuv+2smZA=0, 6. x^-^a^a-2a^coBSA=0, 

7. If sin a and sin j3 are the roots of the equation 

a sin^ d -I- 6 sin ^+c=0, 
shew that (1) if sin a + 2 sin/3 = l, then a^-{'2b^+Zab+ac=0, 
(2) if csina = asinft then a+c= ±b. 

8. If tan a and tan j8 are the roots of the equation 
atan2^-6tand+c=0, and if a tan a+6 tan 3=26, 

shew that b^(2a-h)+c{a- hf = 0. 

9. If tan a, tan /3, tan y are the roots of the equation 

atan3^+(2a-07)tan^+y=0, 
and if a (tan* a + tan* p) — 2x- 5a, shew that x ±y = 3a. 

10. If cos a, cos /3, cos y are the roots of the equation 

cos^ ^+a cos* ^+6 cos d+c=0, 
and if cos a (cos j8 + cos y) = 26, prove that ahc + 26^ + c* = 0. 

Prove the following identities : 

11. secaH-sec(-;|^H-aj+secf-|^-aj=-3sec3a. 

12. sin2a+sin*(|?^+a) + 8in2^y + a) = |. 

13. coseca+cosec f -^ + a) + cosecf — + a j = 3cosec3a. 

14. cosec* ■= + cosec* -- = 4. 

O D 

2»r . Air 1 , 27r 47r 1 

15. cos -^ + cos -r = - « , and cos -r- cos -^ = - t . 

5 5 2 5 5 4 
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16. Form the equation whose roots are 

(1) COS^, COSy, cosy; 

/Ck\ • « ^ • « "'r • 9 ^^ 

(2) 8iu2— , sinS— , sin2 — . 

17. Form the equation whose roots are 

sm^ i , sm^ -=- , sm* -^r ; 

and shew that S sin* -— = — and 2 cosec* -=- =32. 

«=»! 7 Id n=i 7 

18. Form the equation whose roots are 

... 27r 4w 6ir Stt 

(1) COSy, COSy, COSy, COS — ; 

(2) cos-, COSy, COSy, COSy. 

19. Form the equation whose roots are 

„ir „27r oStt o47r 

C0S2-, C0s2y, C0S2y, COS^y, 

and shew that S cos* -77- = t^ » and 2 sec* ^=1120. 

20. Form the equation whose roots are 

tan* ^, tan2 y , tan* y , tan* y , 

and shew that cot* ^ + cot* ?^ + cot* ^ = 9. 

<7 (7 «/ 

21. Prove that 

(1) cosec* =+cosec*-=-+cosec*-=-=8; 

,_. IT 27r 3ir 47r Stt 1 

(2) cos yj cos - cos J- cos ^ cos- = 3^. 
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MISCELLANEOUS EXAMPLES. L 

1. If atana+6tanj8=(a+6)tan^-^, 

prove that a cos /3 = 6 cos a. 

rt J. sin* a cos* a * 1 



a b a+b* 



., , sin^a . cos® a 1 

prove that _^ + _^ = __^. 

3. Shew that 

2tan-i{tan?tanff-f)l=tan-(-^lS^A). . 
[ 2 \4 2/J \C08a+smj3/ 

• 4. If the equation 

gin2n + 2^ COs2* + 2^ ^ 

sin*** a oos'^* a 

is true when n=l, prove that it will be tnie when n is any 
positive integer. 

5. If a COS ^+6 sin ^=c and a cos^ B-\-b sin^ 6= c, 
prove that 4a-b^ +(b-c){a- c) (a - 6)2 = 0. 

6. Prove the following identities : \ 
(i) SsinO-y)cos(a-/3)cos(a-y)= -IlsinO-y); 
(ii) SsinasinO-y)cosO+y-a)=0; 

(iii) S sinasin(/3-y)sin(/3-fy-a) = 2[IsinO-y). 

7. If P be a point within a triangle ABC^ such that 

L FAB^ L PBC= L P(7^ =», 
prove that (1) cot tt)=cot il +cot i5+cot C ; 

(2) cosec* a> = cosec* A + cosec* B 4- cosec* C. 

8. A hill of inclination 1 in 169 faces West. Shew that a 
railway on it which runs S.E. has an inclination of 1 in 239. 

9. Two vertical walls of equal height a are inclined to one 
another at an angle a. At noon the Breadth of their shadows 
are b and c : shew that the altitude 6 of the sun is given by the 
equation 

a^ siu2 y cot^ 0=b^+c^-\' 2bc cos y. 
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16 17 8 


17 




j% 


12 13 6 12 


1. 


17 * 8 * 16 ' 


16' 




2. 


6 ' 12' 13' 13' 


3. 


26 ^ i ? 


6 
'3- 




4. 


7 24 26 
^' 26' 7 ' 24' 


5. 


87 87 36 
86' 12* 12' 


86 
37* 




6. 


in. 1, 4 3 4 

12mohe8,g,^,g. 


7. 


24 7 
^^'26'26- 






8. 


40ft., j;,^. 



« oA** . 20 . 21 , ,20 

9. 20 ft., Bine = QQ , cosine = ^s > tangent = ^r . 

10. 8ine=-Tr, cosine =-T^, tangent = 



12 13 77 86 
^- TS' 12' 86' 77* 



12. 



2* 

3 4 20 29 
6' 3' 29' 20' 



in. c. Page 23. 



1. ;;3.>/3- 



4 3 
^* 6' 6' 



8. 



1 V16 
V16' 4 



S. K* E. T. 



22 
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^48 1 1 25 J l-oos«^ >/l:ieoBM 

^' ^r*;/48- *• 24»24' ^' ^^ ^^^^'^^ oos^ ' 

/, 15- coto ^ Jaec^e-l 1 

10. cosec ^ = -; — i , COS A = Vl - sin^^, sec ^ = , . , — » 

tan^ = -p:: . „ ■ , COtil = ^ : 5 . 11. ^2. 

Jl-bin^A BmA ^ 

"• g- "• "2m ' m^ + l* "' p' + q'' 2pq ' 

p^ — q^ 
16. 3. 17. — g- — « . " 

IV. a. Page 26. 
1, 5. 2. IJ. 



6. IJ. 7. 9. 

3 
4' 



11. -r. 12. 0. 



3. 0. 


4. 2i. 


'■\- 


8. 2. 


9. 2^. 


10. i. 


13. m. 


u.-^- 


16. 6. 



IV. b. Page 28. 

1. 22° 30'. 2. 64° SO' 30". 3. 79° 68' 67". 4. 46° +4. 

5. 46° -J5. 6. 60° +B. 7. 60^. 8. 60°. 
9. 18°. 10. 9°. 11. 22° 30'. 12. 46°. 

13. 30°. 14. 16°. 30. 1. 31. tan^. 

rV. c. Page 31. 

1. 45°. 2. 60°. 3. 60°. 4. 46°. 5. 60°. 

6. 30°. 7. 45°. 8. 60°. 9. 46°. 10. 60°. 
11. 45°. 12. 60°. 13. 45°. 14. 30°. 15. 45°. 
16. 60°. 17. 30°. 18. 60°. 19. 46°. 20. 60°. 
21. 30°. 22. 30°. 23. 60°. 24. 46°. 

26. 45°or30^ [(2sin^-l)(tan^-l)=0.] 26. 60°. 28. lor^. 
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inSOELLANEOnS EXAMPLES. A. Page 32. 

1. (1) -2537064; (2) .704. 3. ??, ||. 4. ^7^. 

6. (1) 16° 28' 7-6"; (2)1' 37-2". 7. 41, 1, ^, g. 

8. (1) possible; (2) impossible; (3) possible. 



10. iJH^, Vn^f-^. 11. 6. 

cot a ^ 



12 


m 


Jm^ + n^ 
n 


16. 


20 
21' 


29 

20* 






^Jm^+n^' 




18. 


10°. 


20. (1) 30°; 


(2) 46°. 




22. 


30°. 


26. 


5 
14* 


29. (1) 30°; 


(2) 30°. 









V. a. Page 37. 

1. c=2, 5=60°, C=30°. 2. a=6^3, ^ = 60°, C=30°. 

3. c=8V3, ^ = 30°, B=60°. 4. c = 30^3, iJ=30°, C=60°. 

6. 6=20 <^2, J = 0=45°. 6. 6=10^3, ^ = 30°, B = 60°. 

7. a=2^2, 5=C=46°. 8. a=9, ^ = 60°, C=30°. 
9. B=60°, 6=27, c = 18V3. 10. C=60°, 6=2, c = 2^S. 

U. B=30°, a=4^3, 6=4. 12. B=90°, a = 3^3, c = 3. 

13. ^ = 30°, a=50, c = 60V3. 14. C=90°, a=20, c = 40. 

15. ^=90°, a=4^2, 6=4. 16. ^ = 90°, 6 = 4, c = 4^3. 

17. 700. 18. 31. 19. 86-47. 20. 978. 

21. 0=64°, a=73, 6 = 124. 22. B = 68° 17', 0=21° 43', 6 = 93. 

23. 0= 50° 36', a = 34-3875, c = 30-435. 

24. c = 363, ^ = 39° 36', B = 50° 24'. 

V. b. Page 39. 

1. 10^3. 2. a=10;^2, c=20. 

3. 4J5=10V3ft., ^O=10ft., ^D = 5V3ft. 4. 12,4 

6. 24^3. 6. 20(^3-1). 

7. 20(3 + ^3). 8. DO=5D = 100. 
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VL a. Page 42. 






173-2 ft. 


2. 


277-12 ft. 3. 60°. 


4. 


60 ft.; 100 ft. 


22-5 ft.; 38-97 ft. 


6. 30 ft. 


7. 


200 yds. 


61 yds., 81 


yd6. 


9. 86-6 yds. 


10. 


46-19 ft. 


273-2 ft. 




12. Each= 70-98 ft. 


13. 


6 miles. 


73-2 ft. 




16. 64 ft. 


16. 


300 ft. 


1193 yds. 




18. 277-12 yds. 
VI. b. Page 47. 


• 





1. 

6. 

8. 
11. 
14. 
17. 



1. 666-6 yds.; 1131-2 yds. 

8. 29 miles. 

6. 10 miles ; 24-14 miles. 

7. 9-656 miles. 

9. 296-1 knots. 



2. 8*464 miles ; 6 miles. 

4. 10 miles per hour. 

6. 16 miles ; S. 26° W. 

8. 6-77 miles; 11-64 miles. 

10. 6' 196 miles per hour ; 18 miles. 



9. 296-1 knots. 10. 6-196 miles per . 

11. 31 minutes past midnight. 12. 38-97 miles per 



hour. 



Vn. a. Page 54. 



1. 


IT 

4* 


2. ^. 3. 


77r 
12' 


4. 


IT 

8* 


^' 10- 


6. 


23ir 
72 • 


7 ^"^ 8 
^' 26* ®- 


It 
16* 


9. 


-4509. 


10. -664 


11. 


1-4899. 


12. 1-1999. 


13. 


2-7489. 


14. 


•9163. 


16. 


135°. 


16. 28°. 


17. 


33° 20'. 


18. 


37° 30'. 


19. 


22° 30'. 


20. 80° 


21. 


37° 30'. 


22. 


166°. 


23. 


•638. 


24. 1-282. 


26. 


20262. 


26. 


2-9979. 






VU. I 


L Page 56. 






1. 


3 
4' 


^* 3^2' ^* 


44. 


*• ^2- ' 


1. 9. 


6. 


3 

4* 


7. 1. 13. 

vn. c 


T 2ir 
4* 16* 

!. Page 60. 


14. 


Sir 6ir 
6 ' 7 


1. 


1 
6* 


2. 300 ft. 


3. 


A radian. 


4. 


6-86 yards. 6. 330. 




6. 


1 , 
44 of a 


> second. 


7. 


588. 


8. 40 yds. 


9. 


1-16192 miles. 


10. 


17-904. 


U. 2° 6', 


» 


12. 


46 feet. 


» 
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MISOELLANEOUS EXAMPLES. B. Page 61. 



25. 



2. 95-26. 



1. 9°. 

6. 30°. 

10. a= 6 ^/3, c = 12, perp. = 3 J'6, 

14. 120°, 36°, 24°. 16. 

17. (1) possible; (2) impossible. 

21. 90. 24. 



3. 54°. 



8. 22J°, |. 9. 67J°. 



35 

8 



4. 3438 inches. 



12. 17-32 ft. 



19 - - - 
^*- 6* 3' 15* 



v 

8* 
29. 200 yards. 



26. (1) 30^ 



18. 8*66 miles. 
4 miles per hour, 1-732 miles. 

27. 



1. Second. 

5. Second. 

9. Sine. 

13. Sine. 

17. Cosine. 

21. 46°, V2. 
60°, 2. 

1. -^/3. 



2. 
6. 



vm. a. 

Third. 

Second. 
10. Cosine. 
14. Tangent. 

18. 



(2) 30°. 
30. 33 feet. 

Page 69. 

3. First. 

7. Third. 

11. Tangent. 

16. Sine. 



14 



60°, ^. 



19. 
23. 



30°, 4^ . 



^^°' Ty 



22. 30°, 2. 
26. 60°, ^3. 

vm. b. Page 72. 
1 

n/2- 



4. Third. 

8. Third. 

12. Sine. 

16. All. 

20. 45°, 1. 

24. 45°, 1. 



2. 



3. -^ 



1 
2* 



4. -r^ 



7. 



12 
l3' 

2 ' 



12 
5 • 
1 
V3- 



8. 1, -V2. 



4 
3' 



6. ^, -s 



3 



5 b 

®- 13' 12* 



IX. Page 79. 
1. cot A decreases from oo to 0, then increases nmnerioally from 
to '00, then decreases from oo to 0, then increases numerically 
from to - 00 . 2. cosec decreases from oo to 1, then increases 

from 1 to 00 . 3. COB decreases numerically from - 1 to 0, 

then increases from to 1. 4. tan A decreases from oo to 0, 

then increases numerically from to - oo . 6. sec ^ decreases 

numerically from -oo to -1, then increases numerically from -1 
to - ocf . 6. 3. 7. 1. 8. - 2. 9. 2. 
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MISCELLANEOUS EXAMPLES. 0. Page 81. 



1. ±|. 3. -4 = 60°, B = 30°, a=?^-. 




*• 24' 


6. 1813 miles, nearly. 6. 301 feet. 
8. 12*003 inches. 10. 200 feet. 


7. 


^10* 



X a. Page 87. 



1. 


1 

n/2' 


2. 


1 
2' 


3. 


V3. 


4. 


-x/2. 


6. 


V3 
2 • 


6. 


1. 


7. 


-1. 


8. 


1 
"2* 


9. 


2. 


10. 


-1. 


11. 


n/3 
2 • 


12. 


-2. 


13. 


-2. 


14. 


1 

n/2' 


16. 


V3. 


16. 


sin^. 


17. 


i&nA, 


18. 


— cos -4. 


19. 


-sec -4. 


20. 


- cos A, 


21. 


- tan A, 


22. 


- cos 0, 


23. 


tan 0. 


24. 


- cosec 0. 


26. 


1. 


26. 


2 sin A. 


27. 


tan2 ^ 







X. b. Page 91. 



1. 


1 
2- 


2 -^^ 
^* 2 • 


3. 


1 
2' 


--!■ 


6. -1. 


6. 


1. 


2 

''• V3- 


8. 


1 


9. - s/2. 


''' vV 


11. 


0. 


"• V2- 


13. 


-V2. 


14. -1. 


16. -V2 


16. 
21. 


1 

"n/2' 
±30°, 


17. - 1. 
±330°. 


18. 


2. 
22. 


210°, 330°, - 


20 ^ 

^' v/3- 

-30°, -150°. 



23. 120°, 300°, - 60°, - 240°. 24. 135°, 315°, - 45°, - 225°. 
30. 3. 31. cot2^. 32. -1. 34. -4. 

XL a. Page 97. 

^24 ^ 33 16 ^ 85 

*• ^5 25- ^' 65*' 65' ^' "36* 
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XI. b. Page 100. 



_ , ^1 o n 12 278 1 



11. cos A cos B cos G - cos ^i sin £ sin (7 - sin ^i cos £ sin C 

-sin^ sin £ cos C\ 
sin ii cos B cos C - cos ^ sin JB cos (7+cosil cosBsinC 

+ sin ^ sin B sin C. 
tan A - tan B - tan C - tan A tan B tan C 



12. 
13. 



1 - tan JB tan C+tan C tan ^ +tani4 tanB * 

cot ^ cot B cot C - cot ^ - cot JB - cot (7 
cot B cot C+cot C oot^ + cot^ cot B - 1 ' 

XI. d. Page 104. 



1. 


7 
"9- 


2. 


17 
25* 


3 ^^ 
^' 25* 


5. 


7 24 
26' 26* 


6. 


1 
3* 

XI. e. 


Page 106. 


1. 


23 
27* 


2. 


117 
126* 


3 ^ 
^- 13- 



••I- 



[. a. Page 112. 

1. sin 4^+ sin 2d. 2. sin9d-sindd. 3. cos 12^ + cos 2^1. 

4. cos A - cos 5A, 5. sin 9^ - sin 0, 6. sin 12d - sin 4d. 

7. cos 6d - cos 12d. 8. sin 16d - sin 2d. 9. cos 13a + cos 9a. 

10. cos 5a - cos 15a. 11. 5 (sin 11a - sin 3a). 

12. ^ (cos 2a - cos 4a). 13. ^ (^in 2-4 + sin -4). 

1 7d 

14. 5 (sin 6/1 - sin A). 16. cos -^ + cos 6, 

16. ^ { COS ~ - cos d j . 17. cos (a+ /3) + cos (a - 3/3). 

18. co8(2a-i3)-cos(4a+j8). 19. sin(3d-0) + sin(d + 30). 

20. sin(4d-0)-sin(2d+30). 21. ^(^-01120]. 
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Xn. b. Page 114. 

1. 2 sin 6^ cos 2^. 2. 2 cos 3^ sin 2^. 3. 2 cos 5^ cos 2^. 

4. 2 sin 10^ sin 0» 6. 2 cos 6a sin a. 6. 2 cos -^ cos -jr- . 

1\A 7 A 
7. 2 sin 8a cos 5a. 8. - 2 sin 8a sin 2a. 9. 2 cos -^ cos -^ . 

10. '•2ooB7ABin^A. 11. sin 20°. 12. ,^3 cos 10°. 

XTTT. a. Page 128. 

1. 60°. 2. 120°. 8. .4 = 30°, B = 120°, ^=30°. 4. 45°. 

6. 90°. 6. ^ = 75°, B= 45°, (7=60°. 

7. ^ = 80°, B = 136°, (7=16°. 8. 28° 56'. 9. 101° 83'. 
10. ^Q, 11. 7. 12. 8. 13. 14. 14. 9. 

16. 6 = 2^6, ^ = 75°, C=80°. 16. a=V6 + l, 5 = 86°, C=72°. 

17. C=75°, a=c = 2^3 + 2. 18. .4 = 106°, 0=^3 + 1, c=^/3-l. 
19. C=80°, a=2, 6=^3+1. 21. 2. 22. 6. 28. 60°. 

24. 105°, 45°, 80°. 25. 105°, 15°, 60°. 26. ^ , 106°, 16°. 



[. b. Page 132. 

1. -8 = 60°, 120°; C=90°, 30°; c = 2, 1. 

2. B=60°, 120°; .4 = 76°, 16°; a=d + jS, S-JS. 

8. A = 46°, B = 76°, 6 = ^3 + 1 ; no ambiguity. 4. Impossible. 

6. C=46°, 135°; .4 = 106°, 15°; a=3+V3, 3-^3. 

6. (7c=75°, 106°; .4=46°, 15°; a=2^3, 3-^3. 

7. .4=76°, 105°; 5=90°, 60°; 6=2^6, 3^2. 

8. JB = 90°, C= 72°, c = 4 J 6 + ^5 ; no ambiguity. 9. Impossible. 

Xm. cL Page 136. 

1. 72°, 72°, 36°; each 8ide=V5 + l. 

2. .4 = 60°, a = 9-3V3, 6 = 3(^6-^/2), c = d^2. 

3. ^ = 105°, JB = 16°, C=60°. 4. JB = 54°, 126°; C = 108°, 36°. 
6. C=60°, 120*; .4 = 90°, 30°; a=100JS. No, for C=90°. 

6. 18°, 126°. 8. .4 = 90°, B = 30°, C= 60° ; 2c = a <^3. 
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MISCELLANEOUS EXAMPLES. D. Page 138. 

2. 43. 3. 00,1. 4. -1. 6. a = 2, B = 30°, (7=105°. 
9. ^ = 30°, -B = 75°, 0=76°. 

XIV. a. Page 145. 

321 «^^ 17 

1- -^O* ^» "2' 3' 2' ~ 3'4*~2'4' 

3. 2401, -6, ^^ , 1, 1 , 1000, 10000. 

4. 6, 3, 8, 4, 0. 5. 0, 2, 2, 0, 4, 3, I. 

6. 1-8091488, 6-8091488, 4-8091488. 7. 3-26, 826, -000826. 

8. 2-8863613. 9. 3-3714373. 10. 1-6476286. 

11. 1-9163822. 12. 1-4419030. 13. 2-'3880134. 
14. 1-6989700. 15. 1-8125919. 16. -0601716. 

17. log 2 =-3010300. 18. 1- log 2 = -6989700. _ 19. 1-320469. 
20. -0260316. 21. -2898431. 22. 7-2621538. 

23. 7; 4. 24. 2068. 

XIV. b. Page 149. 

1. 9-076226. 2. 3-01824. 3. 2467266. 

4. 2-23. 5. 3-54. 6. 1-72. 7. 32, 79, 

8. 22-2398. 9. 3-32. 10. 677. 11. 205. 

12. X = 2 log 2 = -60206, y = - 2 log 6 = - 1-89794. 

13. x= ^^g^- -9.71...- ^Qg^ 



i^^3:n^g2=2-^^' 2/ = i^^3Z15p=a.-l = l-71. 
1 
2 



14. 3(6-a-c + 2), l(2a-3c + 6). 



16. 6 + C-2, ^(3a + 26 + 3c-5). 

MISCELLANEOUS EXAMPLES. E. Page 150. 

8. 6=^3-1, ^ = 135°, C=30°.. 8. ^ = 106°, 5 = 46°. 

XV. a. Page 155. 

1. 6-6947486. 2. -5404924. 3. 6-4547860. 

4. 1-7606731. 5. 6-^7840083.' 6. 65740-83. 

7. 673-5466. 8. -0106867. 9. -008287771. 

10. -2531925. 11. 2-031324. 12. 1-389495. 

13. 2-424463. 14. 2069138. 
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XV. b. Page 159. 



1. 


•6164825. 


2. 


•7928863. 8. 1-2164838. 


4. 62° 42' 31". 


6. 


30° 40' 23". 




6. 


48° 46' 44". 7. 


9-8440664. 


8. 


10-1317778. 




9. 


9^7630646. 10. 


44° 17' 8". 


U. 


66° SO' 39". 




12. 


9-6666661. 13. 


101912872. 








XV. c. Page 161. 




1. 


2-36962. 




2. 


84336. 8. 


3327476. 


4. 


•03803142. 




6. 


112184. 6. 


1226 608. 


7. 


27-90209. 




8. 


•680303. 9. 


6-84829. 


10. 


3*288764, 


1-236122. 


11. 


2273-64. 


12. 


•6096328. 




13. 


7-29889. 14. 


•046800373. 


16. 


•1972946. 




16. 


•0001706363. 17. 


•644066. 


18. 


9-62912. 




19. 


-3176271. 20. 


•336869. 


21. 


•4221836. 




22. 


124272-2. 23. 


2602367. 


24. 


(1) 36° 45' 22"; 


(2) 19° 28' 16". 25. ^441785. 26. 68° 26' 6". 








XVL a. Page 166. 




6. 


1 
2* 






'i- 





XVI. b. Page 169. 
1. 113° 34' 41". 2. 49° 28' 26". 3. 66° 46' 16". 

4. 78° 27' 47". 6. 64° 37' 23". 6. 35° 6' 49". 7. 93° 36'. 

8. A = 67° 22' 49", 5 = 63° 7' 48", C = 69° 29' 23". 

9. ^ = 46° 34' 3", B = 104° 28' 39", C = 28° 67' 18". 

XVI. c. Page 173. 
1. ^ = 79° 6' 24", B = 40° 63' 36". 2. ^ = 6° 1' 64", C = 108° 68' 6". 
3. A = 24° 10' 69", B = 95° 49' 1". 4. B = 78° 48' 52", G = 66° 41' 8". 

5. ^=27°38'45", 0=117° 38' 45". 6. 82° 57' 16", 30° 32' 45". 

7. ^ = 74° 32' 44", C=48°59'16". 

8. 5 = 100° 47'!", C= 14° 12' 59". 

9. A = 136° 36' 21^8", i^ = 13° 14' 33 •2". 
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XVL d. Page 174. 

1. 89-646162. 2. 265-3864. 8. 92-788. 4. 6=186, c=192. 

6. 321-0793. 6. a = 7664321, c = 1036-43. 

7. 6=767-72, c= 1263-68. 

XVI. e. Page 176. 

1. 32° 25' 35". 2. 41° 41' 28" or 138° 18' 32". 

3. A = 100° 34', B = 34° 26'. 4. 61° 18' 21" or 128° 41' 39". 

5. ^=28°20'49", 0=39°36'11". 6. ^=81° 46' 2", or 23° 2' 58". 

7. (1) Not ambiguous, for 0=90° ; 

(2) ambiguous, 6 = 60-3893 ft. ; 

(3) not ambiguous. 

XVL f. Page 180. 

1. .4 = 68° 24' 43", B= 48° 11' 23", 0=73° 28' 64". 

2. 112° 12' 64", 46° 63' 83", 21° 63' 83". 8. 76° 48' 64". 

4. 4227-4816. 5. B= 108° 12' 26", 0=49° 27' 34". 

6. ^ = 105° 38' 57", B = 15° 38' 67". 7. 17-1 or 3-68. 

8. 180°26'6", 53°7'48", 18°26'6". 9. 126°22'; 96°27', or 19°3'. 
10. B=80°46'26-6", 0=63°48'33-6". 11. 70° 0' 66", or 109° 69' 4". 
12. 4 0249. 13. 41° 45' 14". 

14. .i=42°0'14", B= 66° 66' 46", 0=82° 3'. 

15. 41° 24' 35". 16. ^ = 60° 6' 84", 0=29° 64' 26". 
17. 889-2664 ft. 18. 72° 12' 69", 47°47'1". 

19. 44-4878 ft. 20. A = 102° 66' 38", B = 42° 3' 22". 

21. B = 99° 64' 23", 0=32° 60' 37", a = 18 -7264. 22. 72° 26' 26". 

23. ^ = 27° 29' 56", B=98°65', 0=63° 36' 4". 

24. JB=32°16'49", 0=44*' 31' 17", a =1180-625. 

26. a =20-9059, c = 33-5917. 26. a =2934 -124, 6=3232-846. 

27. B = 1°1'23", 0=147° 28' 37", a =4389-8. 

28. ^=26° 24' 23", B = 118° 18' 25", 6 = 642-766. 

29. 63° 17' 55", or 126° 42' 6". 

30. ^ = 31°39'33", 0=96°1'27", a=878-763. 
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81. 5 = 4028-38, c= 2831-67. 

82. B = 76° 63' 29", or 104° 6' 31" ; ^ = 60° 64' 19", or 32° 41' 17". 
88. Base = 2-44846 ft., altitude = -713321 ft. 

84. 90°, nearly. 86. (1) impossible; (2) ambigaoas; (3) 63*996. 

36. ^=72°3r63", c = 12-8255. 87. d=60°13'62", c = 19-623977. 

XVn. a. Page 185. 
1. 146 -4 ft. 2. 880^3 = 1624 ft. 6. ah] {a -b) ft. 

6. 1^6= -816 miles. 7. 10(^10+^2) =46-76 ft. 

o 

9. lor 5. 10. 9fft. 12. 48^/6= 117-6 ft. 

o 

14. 750^6 = 1837 ft. 16. 2640 (3 + ^3) = 12492 ft. 

XVn. b. Page 190. 
1. 30 ft. 2. ai^2ft. 5. 100 ft. 

12. V500-200>^3 = 12 -4 ft. 

XVH. c. Page 195. 

1. 1060-6 ft. 2. ^^y^ =408ft. 

o 

8. 120^6 = 294 ft. 6. 106 ft. 

10. Height = 40 ^6 = 98 ft. ; distance = 40 (^^14 + ^2) = 206 a 

11. 60 J 120 + 30^ = 696 yds. 

XVn. d. Page 197. 

1. 6 miles nearly. 

2. Height = 19-6376 yds.; diBtance= 102-9093 yds. 

3. 200-017 ft. 4. Height = 418 -4046 ft. ; distance = 430 ft. 
6. Height = 916-86^4 ft. ; distance = -984808 miles. 

6. Height = 46- 14021 ft.; distance =99 '92 ft. 

7. 11 -660316 or 25 -9733 miles per hour. 

8. Height = 169 -4221 ft. ; distance = 216 -6762 ft. 
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XVIU. a. Page 206. 

84 
1. 9000 sq.ft. 2. 16390. S. ^. 

4. 24, ii?, ^. 5. 226Bq. ft. 6. 672sq. ft. 

7. 36 yds. 8. r=4, 12=8^. 9. 12,6,28. 

10. 12, 16, 20. 

XVUL b. Page 210. 

1. 26*46 sq.ft. 8. 9*685 yds^ 7'188758q. yds. 

4. 216-23 sq. ft. 6. 128352 in, 6. 101-78 ft. 

7. 57-232 ft. 8. 63-09 sq. ft. 

XVlli. c. Page 218. 






IT 

3+' 



XVIII. d. Page 223. 

1. If, 2^. 4. Diagonals 66, 63; area 1764. 

B. 2^77+6^11. 

XVin. e. Page 225. 

2. 7071 sq. yds. 6. . /- + ?^ + i . 13. 20, 21, 29. 

^/ y z X 

MISCELLANEOUS EXAMPLES. F. Page 228. 

3. Expression = cot A + cot B + cot G. 

4. B = 45% 135°; C=105°, 15°; = ^/6+^2, ^6-^2. 
6. 126. 7. 68-3 yds., 36^36 yds. 

11. C=45°, 135°; .4 = 105°, 15°; 0=2^3, 4^3-6. 

12. 10 miles; 10 ^2 - ^2 miles. 

24. (1)90°-|,90°-J, 90°- J; 

(2) 180° - 2 A, 180° - 2B, 180° - 2C. 
26. Expression = sin^ (a - p), 28. 21 -3 miles per honr. 

29. Ihr. 30'; 2hrs. 16'. 
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XIX. a. Page 235. 



1. 


nir + {-ir 


IT 

6* 


2. 


n»-+(-l)«j. 




3. 


2nx=fc-. 



4. 






6. 


"'"F- 




6. 


2nir± ^ . 


7. 


4 




8. 


"'*^ 




9. 


n^^l. 


10. 


2wir±o. 




11. 


nir±o. 




12. 


nv^a. 


13. 


mr. 




14. 


3+(-l)-a. 




15. 


2nr 
2nir, or — =— 



16. 

« a 


rnr 

-3-, ornir 

(2n + l)ir 




17. 


4. or 3+(- 
(2n+l)T 


1)- 


IT 

18- 





IT 



^ (2n + l)ir (2n + l)ir (271 + 1)^ 

19. ^ / , or ^ 4 ^ , or g-^. 

(2n+l)ir ^, nir nir 

20. nir, or i — ^^ 21. -y, or -g-. 

^ (2n+l)ir ^ir __ {27i + l)ir nir . -._» 

22. i g-^— , or nirig. 23. ^ — g-^^, or — + (-!)•»_ . 

24. (2n+l) IT, or 2niri|^. 25. 2nir, or 2»ir±-^. 

26. nir + (-l)«g-,ornir + (-l)»»— . 27. -y+g- 

88. 2nT+~. 29. 2n7r-j. 

» ■ 4 



b. Page 237. 

2(|> + 9) 2(n-m) 2(n+TO) 3 

4. 2nir + ^, or (2n+l)ir + g. 5. 2n7r+|^, or 2iiir+^. 

6. 2wir+Y2 » or 2n7r-Y-. 7. 2nir + j^* or 2wt- j^. 

8. 2rMr + -7-, or 2n7r--j-. ®* 2nir + r-, or (2n+l)ir. 

-* ^w" / ix. ^ ,, (2n4-l)ir , ir 

10. Y"^^" ^ 12* ^' 4"^'°'"*" 6*. 



I 



12. nrr, or nir±7r. 

6 

14. nir + j, or 2nir, or 2nir + — . 



13. nir, or -^ . 



[In some of the following examples, the equations have to be squared 
so that extraneous solutions are introduced,] 



2n7r IT ft . «■ 
15. '-3- + 4» or 2nx + j. 

(2n+l)ir (2n + l)ir 



17. 



10 



or 



19; WT + y,ornir+^. 

4 D 



16. nir-j, or -^ + (^1)* — 

,^ (2n + l)ir ^ir 

18. ^ g-^— , or nrig^. 

20. -H- + (-l)*+^Tfo,or 



2 



12 



2 • 



IT IT 

21. ^=nir=fc-r, 0=nir±-, 
4 



IT TT ' 

22. ^=nir=fc^, 0=n7r=fc5-. 

D O 



IT IT 

23. ^=nir=fcj, 0=nir±-. 



.. !. 



. d. Page 244. 



2. =kl. 



1. ± — . 

n/2- 

6. 1, or s* 6. 0, or ±-. 



10. 



a-b 



1 + ab* 
13. x:sae-bdt y=:bc-\-ad. 



15. nir + 7- . 

4 



3. ±2. 



'• ";72- 



11. 



b-a 



-3±V17 



. 25 



12. VS. 



l + a6' 
14. ±1, or ±(liV2). 

19. x=l, y = 2; x = 2,y = 7. 



inSGELLANEOUS EXAMPLES. G. Page 246. 

2. (1)<?!^, 2n.=i=|; (2) 2n.^l. . 



6. 78° 27' 4". 



9. 6. 



10. 800 yds, 146-4 yds, 546*4 yds 



a. Page 255. 



A 



A 



12 



^- **"'2=i3''^'2="i3- 



. ^ 16 ^8 

'• ^^°2 = -i7'"^'2 = 17- 
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4. 2 8in— = - A/l+flinZ+Vl-sin-^; 
2 COS -= - Jl + sin il - mJI - sin -4. 

5. 28iii-5-= - /^l + siiiil - /^l-sinyl; 

6. 2 sin -s-= + /yr+mnrZ+ */ l-8m2 ; 

2 cos - = + ^r+riO - Vl-sin"^' 

7. ««- = -. 0082=5- 8. 8m- = -,co8^=-^. 
9. (1) 2nir-j and 2nT + j; (2) 2nT + ^ and 2TMr + ^; 

(3) 2n7r + -^ and 2rMr+-^. 
4 4 

10. No; 2 sin ^= a/1 + sin ^ + a/1 -sin -4. 

14. (1) =V2cos^^-^V (2) =2sin^^-|V 

15. (1) =-sec2^; (2) =tan«|. 

XX. b. Page 260. 

8. g. 4.r--. 

XXL a. Page 267. 

1. 1440 yards. 2. 342f yards. 3. 22 yards. 

4. 6' 34". 5. 4'36". 6. lift. 11 in. 

7. 210 yards. 8. 9 33. 10. 60 ft. 

13. \. 14. «t-«. 16. i-^=-«l- 
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b. Paqs 871. 

1. 12 miles. S. 150 ft S. 16 miles. «. 80 ft 8 in. 

6. 804 ft 2 in. 6. 54' 33". T. 104 ft 8 in. 

8. 10560 a 9. 610ft, ^V110minate8~86' 18". 

U. 8. 13. -1. 18. (1) 008a; (8) -sin a. 

14. 46° 64' 33", 44^6' 27". 

MISGELLANEOnS EXAMPLES. H. Paob 283. 
3. 18° 26' 6". 6. 36 miles or 18 miles per hour. 



a. Page 291. 

. sin^na ^ , nB / »* - 1 ^\ / . iS 

1. — -. . 2. sm -s- cos I a s— i^ ) / sin £ . 

smo 2\2^y/2 

« / . '■\/ . TT ^ . nv (n + l)ir / . t 

8. -c^{a+^y«n^. 4. am ^ 008 5^^- / 8.n ^ . 

5. jT . 6. - s • 7. cot ji- . 8. - 008 — . 

2 2 2n n 

9. smna. 10. sm — ^-s— • 8m ( -~-^4— s-t J /Bin— ^. 

11. sm ^ ^ ^^ 008 W^ ^ — t2l /sin-^. 

_^ . n(ir-2j8) ( (n - 1) (ir - 2/3)1 / . ir-2iS 

12. sm ^ ^^ COS '[a+ ^ '-j -' V / sm —^ ^ . 

ncos^ 8inn^cos(n + 2)^ 



13. 
14. 



2 28in^ 

sin2na8ln2(n+l)a n sin 2a 



2 8in2a 2 

16. co8eca{tan(n+l)a-tana}. 



a 



16. 00860 2^ {cot ^-oot(2n+l)^}. 17. tan a - tan ^. 

18. ^(ooseoa-coseoS^a). 19. ^(tan8**a-tana). 

H. K. E. T. o« 
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XXTIL b. Page 294. 



n 8in4n^ o ^ ^ 

^' 2"*'47iH2^* ^* 2' ^' r 

^ . n$ . (n + 1)^ . 3n^„. 3(n+l)^ 
3 Bin "2 Bin ^—g-^ sin -^ sin -A__L_ 

4. ^— ■^" 



4 Bin 5 4 Bin — 

5. 0. 6. 0. 7. cot ^ - 2« cot 2»^. 

8. ^®OBeca{tan(n + l)o-tana}. 9. — ■= -^^^^ — . 

B X 

10. sin2^-2'»Bin2— -. 11. tan-^x-tan-^ 



2** — n+1 

12. tan-i(n+l)-|. 13. tan-i{l+n(n+l)} - ^. 

14. tan~in(n + l). 

XXIV. a. Page 301. 

2. a;=acos— 2^ /cob— 2^, y = 6 Bin— ^ / cos-^^. 

3. x=a(cosa+sina), 2(=&(Bina-co8a). 

t • a+/3 + 7 . j8+7-a . 7+0-/3 . + /3-7 
18. 4 Bin ^ — '- Bin ^^— ^ sin ^ ^ sm — |^ — '- . 

14. 4 sm — ^^ — - Bin — ^ — - cos •- — ^ cos -^ — ^—^ . 

/a + B + y ir\ „ /8 + y-a ir\ 

15. _4co8^— ^-j)nco8(^e_Z_ + 4J. 

22. (1) (tt2+62)a;2-26ca;+c2-a2=0; 

(2) (a2+6Y«*-2(a*-&')(2c2-a2-62)a: + a4 + 64 + 4c*-2a»6» 

-4aV-46«c3=< 

[U«<; oos2ocos2/3=cos2(a-/3) -Bin2(a + j8).] 



«N>f- 



2. 4. 



MaTinrnm = i sin - . 



a. p^GK 3ia 

11. Maximiim=8Ui*:r. 



t. t. 



Minimam = 3 tan 



IC Ifiwiwtmw ^ !i <<ftWWfl ; 



>. Maxiinam = 



8 



r. 
I 
L. 
J. 



Minimom =— . 
Minimiiin=l. 






IC Mmiiniim=^/S. 

18. Miniinmn=s6. 

90. Minimnm = 1. 
5 



as. 



8' 



XXV. b. Page 324. 

2. x« + y«=a« + 6«. 8. 6«=a«(2-a«), 



1. ~Q + r« ^^ ^« 

4 t 14 

4. y(x«-l) = 2. 5. (a«-6»)«=16a6. 6. ar»y»-.ry=l. 

S S S 4 6 6 4 

7. a%^(a^ + b^) = l, 8. a:» + y»=a». 9. aV-*V="'- 

? ! ? a^ v« , 

6. a^ + b^=2c\ 20. (a?+y)»+(a;-y)« = 2a». 21. v,+ 9«1. 

2. - + ^=a + 6, or {a{y^-b^)-b{x^-a'^)]^= -4a6xV. 

4. xy = {y-x)ia.na. 25. a' + 6'-2co8a=2. 26. a + 6""f 
9. (a + 6)(wi+n)=2mn. 80. x« + y' = 16a'. 

1. (a - 6) {c2 - (a + 6)2} = iabcm. 
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XXV. c. Page 334. 

1. 2 COS 20°, -2 COS 40°, -2 cos 80°. 

2. 2 sin 10°, 2 sin 60°. - 2 sin 70°. 

8. 2 cos 10°, -2 cos 60°, -2 cos 70°. 

4. sin 16°, sin 45°, -sin 76°. 

5. ^ sin A, - sin (60° -A), -~ sin (60°+ il). 
a a CL 

6. 2acoSi4, 2a cos (120° =t^). 

16. (1) 8ar»-4a:2-4a; + l = 0; (2) 64y»-802^a^24y-l=0. 

17. 64y8- 112y«+56y - 7=0. 

18. (1) 16x* + 8a:»-12x«-4a: + l=0; (2) 16a:*-8a;»>12x«+4a:+l: 

19. 266y*-448y»+240y«-402^ + l=0. 

20. t8-36t«+126t4-84«a+9=0. 
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